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Brief overview of the presentation

= Background and motivation.

= The flip-transpose top with random shuffle.

= Background theory to study the flip-transpose top with random shuffle.
= Formulation as random walk on the hyperoctahedral group.

= Spectrum of the transition matrix.

= Total variation cutoff phenomenon.

= Biased variant.
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Background and motivation

= The convergence rate related questions for random walks on finite groups are
useful in randomization algorithms.
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Background and motivation

= The convergence rate related questions for random walks on finite groups are
useful in randomization algorithms.

= This has application in many subjects including mathematics, computer science,
statistical physics and biology.

= This theory took a new direction in 1981, when Diaconis and Shahshahani
introduced the use of non-commutative Fourier analysis techniques.

= Our model is mainly inspired by the transpose top with random shuffle studied by

Flatto, Odlyzko and Wales in 1985. Diaconis proved the total variation cutoff for
the transpose top with random shuffle in 1987.
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The flip-transpose top with random shuffle

= Given an arrangement of n distinct oriented cards in a row, the shuffling scheme
is the following: Choose a card uniformly at random from the row and transpose
it with the last (or nth) card after a random decision of flipping (both) the
card(s) or not.
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The flip-transpose top with random shuffle

= Given an arrangement of n distinct oriented cards in a row, the shuffling scheme
is the following: Choose a card uniformly at random from the row and transpose
it with the last (or nth) card after a random decision of flipping (both) the
card(s) or not.

= Typical transition for the flip-transpose top with random shuffle of 9 distinct

oriented cards: 193456987

123456@ 89

123456987

= This can be described as a random walk on the hyperoctahedral group B,,.

Aim: Study the mixing time for the flip-transpose top with random shuffle on Bj,.
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Signed permutations and arrangements of oriented cards

= A signed permutation is a bijection w from {—n,...,—1,1,...,n} to itself
satisfying m(—i) = —n(¢) for all 1 < i < mn.

= A signed permutation is completely determined by its image on the set
[n] :={1,...,n}. Given a signed permutation 7, we write it in window notation

by [71,...,7n], where 7; is the image of ¢ under 7.

= The set of all signed permutations forms a group under composition and is known
as the hyperoctahedral group and is denoted by B,.
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Signed permutations and arrangements of oriented cards

= A signed permutation is a bijection w from {—n,...,—1,1,...,n} to itself
satisfying 7(—i) = —m(¢) for all 1 < i < n.

= A signed permutation is completely determined by its image on the set
[n] :={1,...,n}. Given a signed permutation 7, we write it in window notation
by [71,...,7n], where 7; is the image of ¢ under 7.

= The set of all signed permutations forms a group under composition and is known
as the hyperoctahedral group and is denoted by B,.

= We associate a signed permutation 71, 72,..., 7] to an arrangement of n
oriented cards in a row in the following way: The ith card (counting started from

left) has label |7;|, and its orientation is determined from the sign of ;.

= Thus every arrangement of the oriented cards in a row represents a signed
permutation in its window notation.
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Mixing time and cutoff phenomenon

= Consider a discrete time Markov chain with finite state space 2 and transition
matrix M. Assumption: The chain is irreducible and aperiodic.

= [T be the stationary distribution of the chain.

= lim IIpM® = II for any initial distribution TI.
t—o0
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Mixing time and cutoff phenomenon

= Consider a discrete time Markov chain with finite state space 2 and transition
matrix M. Assumption: The chain is irreducible and aperiodic.

= [T be the stationary distribution of the chain.

= lim IIoM! =TI for any initial distribution IIj.
t—oo

= Total variation distance: ||y — v||Tv := sup |u(A) — v(4)|.
ACQ

= Mixing time: The e-mixing time (0 < & < 1) is defined as follows,

tmix(€) := min{t : d(t) < €}, where d(t) = rnas)l( ||Mt(z, ) —1I||7v.
TE

= Cutoff phenomenon: Let {X (")}, be a sequence of Markov chains and t,(:;z (e)
denote the e-mixing time for X (™). Then the sequence is said to satisfy the

cutoff phenomenon if

. (n) . t(’?)(g)
lim ¢ -(¢) =oc0 and lim ———"— =1forall0<e<1.
n—oo n— oo tr(n"ll)g(l _ 5)
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= tmix(e) := min{t : d(t) < e}, d(t) = max |[|[M!(z,-) — ||pv-
TEQ

= Recall the definition of the cutoff phenomenon: Let {X(”) }n be a sequence of Markov chains and

tfn':;) () denote the e-mixing time for X (™) Then the sequence is said to satisfy the cutoff
phenomenon if
£ (o)
lim ¢ (e) = oo and lim —™X "  _ lforall0 <e < 1.
n—oo MX n~>x1<“)(]7€)
mix




Representation theory background

= Linear representation of a finite group: p: G Hom., GL(V), Vis a
finite-dimensional vector space and GL(V) is the set of all invertible linear maps
from V to itself. The vector space V is called a G-module in this case.
Dimension d, is the dimension of V.

Hom.

= Right regular representation: R : G —— GL (C[G]) defined by,

g ZchhHZchhg ,CLEC, gEG.
heG heG
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Representation theory background

= Linear representation of a finite group: p: G Hom., GL(V), Vis a
finite-dimensional vector space and GL(V) is the set of all invertible linear maps
from V to itself. The vector space V is called a G-module in this case.
Dimension d, is the dimension of V.

Hom.

= Right regular representation: R : G —— GL (C[G]) defined by,

g ZChhi—)ZChhg , CheC, geQG.
heG heG

= |rreducible representation: There does not exist any non-trivial proper subspace
W of V such that p(g) (W) C W for all g in G. The set of all irreducible
representations of G is denoted by G.

» Decomposition C[G] into irreducible G-modules:

ClG1 = & dim(V°)Ve.
0'68

8/22



Non-commutative Fourier analysis techniques

= Convolution of probability measures on G:  (p* q)(x) = g plxy™ 1 )a(y
yeG

= Fourier transformation of p at a representation p: p(p) = E p(x)p(x).
z€G
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Non-commutative Fourier analysis techniques

= Convolution of probability measures on G:  (p* q)(x) = g plxy™ 1 )a(y
yeG

= Fourier transformation of p at a representation p: p(p) = E p(x)p(x).
z€G

= Random walk on G driven by p: Markov chain on GG with transition probabilities
Mp(z,y) =P (X1 = y|Xo = @) := p(z~'y), z,y € G.

My = (Mp(2,9)), yei = (PR) "

= The distribution after k™" transition will be p**, more precisely
P (X, = y|Xo = z) = p*F(z~y).

= |rreducible if and only if the support of p generates GG. In that case the stationary
distribution is the uniform distribution on G.
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Our model as random walk on B,

= The flip-transpose top with random shuffle on B,, is the random walk on B,
driven by P, defined on B,, by

if 7 =1id, the identity element of B,
ift=(i,n)for1 <i<n-—1,
if = (—i,n) for 1 <i<m,

otherwise.

P(m) =

S

Recall shuffling scheme: Choose a card uniformly at random from the row and transpose it with the last (or nth)
card after a random decision of flipping (both) the card(s) or not.
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= The flip-transpose top with random shuffle on B,, is the random walk on B,
driven by P, defined on B,, by

2i, if 7 =1id, the identity element of B,
n
1 . Q Q
P(r) = 5m0 AT =(i,n) for 1 <i<n—1,
2i, if = (—i,n) for 1 <i<m,
n
0, otherwise.

= The support of P generates By, thus irreducible. It is also aperiodic.
= Stationary distribution is the uniform distribution Ug, on By,.

= Transition matrix: ﬁ(R)

Recall shuffling scheme: Choose a card uniformly at random from the row and transpose it with the last (or nth)
card after a random decision of flipping (both) the card(s) or not.
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Definitions of useful combinatorial objects

Y4
s Partition: A= (A1,...,A) Fnif AL > - > A¢ > 0 and |} ::Z)\izn.

i=1
= Young diagrams of shape A:
[ ] |
LITTT L[ ]
(4) (3,1) (2,2) (2,1,1) (1,L,L,1)
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Definitions of useful combinatorial objects

[
s Partition: A= (A1,...,A) Fnif AL > > A > 0and [\ := Z’\i —n.
i=1
= Young diagrams of shape A:
[ ] |
LITTT L[ ]
(4) (3,1) (2,2) (2,1,1) (1,L,L,1)

= Dy: set of all (Young) double-diagram with n boxes, ordered pair of Young
diagrams such that the total number of boxes is n.

= tabp(n,p): set of all standard (Young) double-tableau of shape p.

3[4[8] [1]2]
6|7 ° [5]

= ¢(bp(7)): content of the box in T' (€ tabp(n, 1)) containing 1.
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Spectrum of the transition matrix

Theorem (—)

For each p = (u(l),u@)) € Dy, satisfying m := |pM)] € {0,1,... [51} let
T € tabp(n, ). Then C(bT(:LL)H'l and C(ba(n)) are eigenvalues o
multiplicity M (p) each, where

q,d
B
=
z
(=
=

n . -
M(/J,) = (m)du(l) dp,(Q)» if 0 <m < 55
%(TT:L) d,d, e, ifm= 5 (when n is even).
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Spectrum of the transition matrix

Theorem (—)
For each u = (u(l),,u@)) € Dy satisfying m := || € {0,1,..., [51} let
T € tabp(n, u). Then C(bT(:)H'l and C(bq;fn)) are eigenvalues of }/5(R) with

multiplicity M (p) each, where

M(u)—{l
2

(:rlz.)du(l) du(g), if0<m< %,

(::L) d,)d, ), if m=3 (whenn is even).

lllustration for n = 2: The eigenvalues of the transition matrix for the flip-transpose

top with random shuffle on Bg are the following: 1, % s % s % ,0,0,0, f%

(¢,),(¢H) (D@, (3, o)
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Proof idea: Vershik-Okounkov approach to the representation theory of

= The sequence By C By C --- C B, forms a multiplicity free chain.

= Thus irreducible B,,-modules V' has a canonical decomposition into irreducible
Bi-modules.

= This decomposition is known as the Gelfand-Tsetlin decomposition and the irreducible
Bi-modules are known as the Gelfand-Tsetlin vectors of V.
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Bi-modules.

= This decomposition is known as the Gelfand-Tsetlin decomposition and the irreducible
Bi-modules are known as the Gelfand-Tsetlin vectors of V.

= GT, is a maximal commuting subalgebra of C[B,,] generated by Z1, Za,..., 2y,
where Z; denotes the center of C[B,].

= GT, is known as the Gelfand-Tsetlin subalgebra of C[B,,].

= Elements of GT), act by scalars on the Gelfand-Tsetlin vectors of all irreducible
representations of B,,.

= The Gelfand-Tsetlin subalgebra for this chain is generated by the Young-Jucys-Murphy
elements X1, ..., X, of C[B,].

= The Young-Jucys-Murphy elements of C[By,] are given by X; = 0 and

i—1
X; = Z ((,3) + (=4, 1)) € C[B;] for all 2 < i < m.
=i

13/22



Upper bound for ||P** — Up

ol

Theorem (—)
For the flip-transpose top with random shuffle on B,,, we have the following:

HP*k — UB"HTV <\/2(e+1)e ¢+ o(1),

for k > nlogn + cn and ¢ > 0.
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Upper bound for ||P** — Up,

} TV

Theorem (—)
For the flip-transpose top with random shuffle on B,,, we have the following:

||P™* - U, | |TV <+\/2(e+1) e ¢ +o(1),

for k > nlogn + cn and ¢ > 0.
Proof sketch: Using Diaconis-Shahshahani upper bound lemma we have

4P v, |,

S(n_l)zfuzdx > ((c(bT(n>)+1)2k+(c(bﬂn)))”“)

AFn Tetab(X)
N ()
+ > M > ((—C( z(n) + ) +(—C Al ) >
m=1 1D m Tetabp (n,pn) " "
pPr(n—m)

u:(u(l), ,L<2>)

Recall: For each p = (p(l),u@)) € Dy satisfying m := |;L(1)\ € {0,1,..., 3]} let T €

tabp (n, u). Then C(bT(:))Jrl and C(bq;(n)) are eigenvalues of ?(R) with multiplicity M () each.
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Upper bound for ||P** — Up, ||, (continued)

= For k > nlogn, we have

EY clbr(n) + 1\%*  (c(br(n) )"
ﬂ; o omMw| > ((T) +<T>>

1MW m Tetabp (n,u)
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Upper bound for ||P** — Up, ||, (continued)

= For k > nlogn, we have

oy o mw| Y ((M)Z’“+<M)2k>

m=1 1MW m T etabp (n,u)

o 3 (e ()
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Upper bound for ||P** — Up, ||, (continued)

= For k > nlogn, we have

% oo omw| > ((M)Z’“+<M)2k>

m=1 1MW m T etabp (n,u)

AFn

P (( n)) + 1) . (c(bq;fn))>2k)
X (n)

2*M 4k 2k
<4<e” e n —1) +e n fe n.

= Therefore

m

4||P** —Ug, |3y §267% + (4 +4e) (e” S —1) —i—ef%7 for k > nlogn.
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Lower bound for ||P** — Up

ol

= Let us define a surjective homomorphism f from B,, onto S,, as follows:
fim—= (f(m) i |w(3)], for 1 <i<n), form € By.
i.e., f(m) € Sp sends ¢ to |7(i)| for 1 <7 < n.
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Lower bound for ||P** — Up,

TV

= Let us define a surjective homomorphism f from B,, onto S,, as follows:
fim—= (f(m) i |w(3)], for 1 <i<n), form € By.
i.e., f(m) € Sp sends ¢ to |7(i)| for 1 <7 < n.

= The homomorphism f projects the flip-transpose top with random shuffle on B,
to the transpose top with random shuffle on S,,.

= If Q is the generator of the transpose top with random shuffle on S, then
*k
Pf~1 = Q. For any positive integer k we can prove that (Pf_l) = prkyg-1
(induction on k). We also have Ug, f~1 = Usg,,.

= We have HP*k - Usg,, > HQ*k —Usg,

i he following | :
HTV > using the following lemma

[l

Lemma ([4, Lemma 7.9])
Given two probability distributions u and v on 2 and a mapping ¥ : Q — A, we have

[l —vllrv > ||pp~t — vp~ 1|1y, where A is finite.
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Lower bound for ||P** — Ug, ||, (continued)

= Diaconis (1987) proved the following inequality for large n.

2 (3 +3(n—2)e " —2n—1)e" 7 + o(l))
||Q*k_USnH 21— , fork>1.

e (1—1—(1’1—2)67%)2
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= Diaconis (1987) proved the following inequality for large n.

2 (3 +3(n—2)e " —2n—1)e" 7 + o(l))
||Q*k_USnH 21— , fork>1.

e (1—1—(1’1—2)67%)2

_k — 2k
2| 3+3(n—2)e” n —2(n—1)e n +4o(1)

a 2 )
(1+(n—2)ei n )

[ ||P*k_UB"||TV21_ fOrk>].
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Lower bound for ||P** — Up

(continued)

ol

= Diaconis (1987) proved the following inequality for large n.
(3 +3(n—2)e % —2(n— e > + o(l))
'r\/ - B\
(1 +(n— 2)675>

||Q*k Us, H , for k> 1.

_k — 2k
2| 3+3(n—2)e” n —2(n—1)e n +4o(1)

k& 2 )
(1+(n—2)e E)
Theorem (—)

For the flip-transpose top with random shuffle on B,,, for large n, we have the
following:

|| = Us, ||y 21 for k> 1.

2 (3+3e=c+o(1)(e2 + e~ +1))

v = 1+ (1+o0(1))e)?
when £k =nlogn + cn and ¢ < 0.

)

|| = s, |
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Total variation Cutoff

= For appropriate choice of a positive integer Ny, ¢1 > 0 and ¢y < 0 depending on
£, we have

nlogn + con < tg:g () < nlogn+ cin, for all n > Npy.

Recall: tr(nz()(e) := min{k : ||P"‘)c -Ug, { |TV <e}, 0<e<1

. ||P*k7UB"||TV< \/2(e+1) e ¢+ o0(1), for k > nlogn + cn and ¢ > 0.

2(3+3e*c+o(1)<e*20+e*c+1)
, when

. Forlargen,||P*k7UBn|| >1- >
™v (1+a+oye=c)
k =mnlogn + cn and ¢ <K 0.
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Total variation Cutoff

= For appropriate choice of a positive integer Ny, ¢1 > 0 and ¢y < 0 depending on

£, we have
nlogn + con < tg:g () < nlogn+ cin, for all n > Npy.
(n)
L e

n—oo N log n

= Cutoff at nlogn.

Recall: tr(nz()(e) := min{k : ||P"‘)c -Ug, { |TV <e}, 0<e<1

. ||P*k7UB"||TV< \/2(e+1) e ¢+ o0(1), for k > nlogn + cn and ¢ > 0.

2(3+3e*c+o(1)<e*20+e*6+1)

« Forlarge n, || P*F —Upg >1- , when
v

2
(1+a+oye=c)
k =mnlogn + cn and ¢ < 0.
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= Let 0 < a < 1. Given an arrangement of n distinct oriented cards in a row,
choose a card uniformly at random and choose the last card. Then perform one
of the following moves:
1. Transpose the chosen cards with probability 3.
2. Transpose the chosen cards after flipping both the cards with probability 3.
3. Transpose the chosen cards after flipping one of the cards with probability FT“

19/22



= Let 0 < a < 1. Given an arrangement of n distinct oriented cards in a row,
choose a card uniformly at random and choose the last card. Then perform one

of the following moves:

1. Transpose the chosen cards with probability 3.
2. Transpose the chosen cards after flipping both the cards with probability 3.
3. Transpose the chosen cards after flipping one of the cards with probability FT“

= o = 1 provides the flip-transpose top with random shuffle on B,,.
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= Let 0 < a < 1. Given an arrangement of n distinct oriented cards in a row,
choose a card uniformly at random and choose the last card. Then perform one
of the following moves:

1. Transpose the chosen cards with probability 3.
2. Transpose the chosen cards after flipping both the cards with probability 3.
3. Transpose the chosen cards after flipping one of the cards with probability FT“

= o = 1 provides the flip-transpose top with random shuffle on B,,.

= This is the random walk on B,, driven by the probability measure P, on By,
defined below.

% o & if = (i,n) or (—i,n) for 1 <i <mn, here (n,n):=id,
Pr(m)= % . 1_Ta, if = (—n,n)(,n) or (—i,i)(z,n) for 1 <14 < mn,
0, otherwise.
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Biased variant (continued)

Theorem (—)

For each pu = (,u(l),,u@)) € Dy satisfying m := || € {0,1,..., 5]}, let

T € tabp(n, ). Then C(bT(:))'H and C(ba(n)) (200 — 1) are eigenvalues of ﬁa(R)
with multiplicity M (p) each.

Recall from the flip-transpose top with random shuffle: For each p = (;1.(1>, ;1.(2)) € Dy, satisfying m :=
G+ .y Epn)

|u(1)| € {0,1,..., 5]} let T € tabp(n,u). Then are eigenvalues of

}/’\(R) with multiplicity M () each.
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Biased variant (continued)

Theorem (—)

For each pu = (,u(l), u(2)) € Dy satisfying m := || € {0,1,..., 5]}, let

T € tabp(n, ). Then C(bT(:)H'l and C(ba(n)) (200 — 1) are eigenvalues of ISQ(R)
with multiplicity M (p) each.

" —1<2a—1<1 implies that ||[P** — Ug_ ||tv and ||P:* — Up,, ||ty have the
same upper bound.

Recall from the flip-transpose top with random shuffle: For each p = (u(D, ;1.(2)) € Dy, satisfying m :=
G+ .y Epn)

|u(1)| € {0,1,..., 5]} let T € tabp(n,u). Then are eigenvalues of

}/’\(R) with multiplicity M (u) each.
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Biased variant (continued)

Theorem (—)
For each p = (,u(l),u@)) € Dy satisfying m := || € {0,1,..., 5]}, let

T € tabp(n, ). Then C(bT(:)Hl and C(ba(n)) (200 — 1) are eigenvalues of ISQ(R)
with multiplicity M (p) each.

" —1<2a—1<1 implies that ||[P** — Ug_ ||tv and ||P:* — Up,, ||ty have the
same upper bound.

= The same mapping f defined by f: 7 (f(7) : i+ |7(7)|, for 1 < i < n), for
m € By, projects this biased variant to the transpose top with random shuffle on
Sn. Therefore || P** —Up, ||ty and || P —Ug, ||1v have the same lower bound.

Recall from the flip-transpose top with random shuffle: For each p = (,u,(l), u(2)) € Dy, satisfying m :=

c(bT(:))Jrl and C(brl;(n)) are eigenvalues of

] € {0,1,...,[ 2]} let T € tabp(n, ). Then
}/’\(R) with multiplicity M (u) each.
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Biased variant (continued)

Theorem (—)

For each p = (,u(l), u(2)) € Dy satisfying m := || € {0,1,..., 5]}, let

T € tabp(n, ). Then C(bT(:)Hl and C(ba(n)) (200 — 1) are eigenvalues of ISQ(R)
with multiplicity M (p) each.

" —1<2a—1<1 implies that ||[P** — Ug_ ||tv and ||P:* — Up,, ||ty have the
same upper bound.

= The same mapping f defined by f: 7 (f(7) : i+ |7(7)|, for 1 < i < n), for
m € By, projects this biased variant to the transpose top with random shuffle on

Sn. Therefore || P** —Up, ||ty and || P —Ug, ||1v have the same lower bound.

= The biased variant have total variation cutoff at nlogn.

Recall from the flip-transpose top with random shuffle: For each p = (,u,(l), u(2)) € Dy, satisfying m :=

c(bT(:))Jrl and C(brl;(n)) are eigenvalues of

] € {0,1,...,[Z]} let T € tabp(n,u). Then
}/’\(R) with multiplicity M () each.
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