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Assume that there are two diffusion processes 5,1 and 5,2 such
that

d&l = o1(&)aw; + by(&) dt,  d&f = oo(E8)dws + bo(EF) dt,

and &) = & = xo.

PROBLEM: to obtain an estimate of the difference between the
corresponding distributions x} and p2:

ni(B) = P(¢l € B), uf(B)=P(f € B).



Applications:

» Nonlinear equations
Optimal control problems
Mean Field Games
Computer simulations

>
>
>
» Ergodicity problems



Fokker-Planck—Kolmogorov equations
We recall that 1} and ;2 satisfy the following equations

Oupig _axﬁxl(aq 2y’ >_6X"< it )’

where
A1’2 = 0'1720—1(72/2

and we assume the summation over the repeated indexes.
Thus we would like to estimate the distance between ] and ;2
over the difference of by — b, and Ay — As.



We consider the Cauchy problem
Oyt = Ox,0x (@) — Ox ('), pili—o = v. (1)

> A(x,t) = (al(x, 1))1<ij<d is a positive symmetric matrix
(called the diffusion matrix) with Borel measurable entries,

> b(x,t) = (b'(x,1))1<i<q is a Borel measurable mapping
(called the drift coefficient),

> v is a probability measure on RRY.
Set Lu = aldy0xu + b'oyu, L*u= dy0x(alu) — O (b'u).
Then the equation from (1) can be written shortly:

Ot = L pu.



A solution ;. = ut(dx) dt is given by a family (s1t)s(o, 1) Of
probability measures p; on RY such that t +— ju¢(B) is
measurable for every Borel set B c R? and for every

¢ € CF(RY) the equality

t
/«pd,ut:/ godz/—i—// Ly dusds
RI RI 0 Jrd

holds for almost all t € (0, T).



Suppose that

> bis locally bounded, i.e., for every ball U c RY, there is a
number B = B(U) > 0 such that

b(x,t)| < B(U) VxeU, tel0,T],

> Ais locally Lipschitzian in x and locally strictly positive, i.e.,
for every ball U c RY, there exist numbers A\ = A(U) > 0,
a = a(U) >0and m= m(U) > 0 such that

al(x,t) —al(y, ) <Ax—yl, a-T<AXt)<m-I

forevery x,y € U, t € [0, T].



Under this assumptions there hold

» Existence: for every probability measure v there exists a

subprobability solution u = p(dx) dt (u¢ > 0 and
1t(RY) < 1) of the Cauchy problem (1). Moreover if at least
one of the following two conditions is fulfilled:

@ (1+|x))2(al], (1 +|x|)~"b]. € L'(RY x [0, T], 1),

(ii) there exist a nonnegative function V € C?(RY)
(Lyapunov function) and a number M > 0 such that

lim| x50 V(X) = +0c and LV < MV,
then 1 are probability measures (u; > 0 and p(RY) = 1).

» Uniqueness: if at least one of the conditions (i) or (ii) is
fulfilled, then such solution is unique.



Example
Let A = I. Suppose that for some numbers 4 > 0 and vo > 0 we

have
<b(X7 t)7X> S 7 +72’X‘2'

Then there exists a unique probability solution.



Example

There exists a smooth function B on R such that the probability
solution v of the equation v/ — (Br)" = 0 is not invariant measure for
the corresponding semigroup 7T; with the generator L but only
subinvariant: T;/v < vift > 0.

Let now C(y) = (C'(y), C?(y)) be a smooth vector field on R? for
which there are two different probability solutions o' and o2 of the
equation Ao — div(Co) = 0. Set

,u; =vQ® oy, M?:(V— Tiv)® (02 —01) + v @ 0y.

We construct two different probability solutions of the Cauchy
problem Oy = Ap — div(bu), po = v ® o4, where
b= (B(x),C'(y), C3(y)).



Let us formulate the main result.

Let 1 = o,(xX, t) dxdt and o = o, (X, t) dxdt. Set

0o(X, 1)

vix,t) = 0,(x, 1)’

i.e.,oc=Vv-pu.



Let us introduce vector mappings

d
hﬂ = (hiL);j:17 hs = (hzlr);j:h h;i = b;l - ZaxjaZ’
j=1

d
i i ij
= b, ) oyal.
j=1



Set
(Au - AO’)VQU

%
The latter mapping is crucial: the distances between u; and o¢
will be estimated through the L2(c)-norm of A,j1/2d>. Observe

that in case of equal diffusion matrices we obtain just the
difference of the drifts:

b= — (hy — hs).

®=b, — b,

In case of equal drifts and constant diffusion matrices, only the
first term of this mapping appears.



Theorem
Let |A;1/ 2<I>| € L2(RY x [0, T], o). Suppose also that at least
one of the following two conditions is fulfilled:
(a) )
(1+1x))21akl, (1+1x])~1[bul, (1+[x))7"|@] € L'(RI [0, T], 0).
(b) there exist a nonnegative function V € C?(RY) and a
number M > 0 such that

. <¢7 VV> 1 d
|X|‘.£100 V(x)=+oo, Lap V<MV, - v ct (R7x[0, T], 0).
Then

1 [t _
H(Ut\ﬂt)Z/RdV|0ngMt< 2/0 /Rd’AMVZq)‘?dasds. (2)



Recall the classical Pinsker—Csiszar—Kullback inequality
ln = o3y < 2H(o|n)

or the estimate established by F. Bolley and C. Villani (2005):

o — o)y < 2(1 +iog( [ o du)) [, vievan

for two probability measures . and o = v - on R? and a Borel
function ¢ > 0.



Corollary

Let A, = A, = 1. Under the assumptions of the theorem, for
every nonnegative Borel measurable function ¢ on R? x [0, T],
we have

t
(e =ity < (1-+loga(t) | [ b, br[* s,

where

a(t) == /R &0 ().

Finally, in case ¢ = 1 these bounds hold with 1 in place of
1+ log a(t).



Corollary

Let A, = A, = |. Suppose that for some numbers vy > 0 and
~vo > 0 we have

<b,LL(X7 t)7X> < Y1 +72|X’2'
Then .
e =l < [ [ 15— buf dosds.
0 JRA



Moreover, for any p > 1 and K > 0 the following estimate holds:

t
I+ 1K) e = o3y <N [ [ 1B, = b, dors .

where

N(t) = 2K~ <1 n |Og(/d eK(1+X|p)2ut(dX))>.



Note that if A, = / and forsome p > 1, K > 0, vy > 0 and
v > 2pK we have

<b,u(X7 t)7X> < Y — ’72‘X|2p7

then for some C > 0 and all t € [0, T] one has by Gronwall’s
inequality

/ eK‘x|2p /Lt(dX) S eCt_'_eCt/ eK‘x|2p I/(dx)
RY Rd



Let @, mand A do not depend on U and v = gg dx. The
following estimate of the L?(o)-norm of Vo, /0, holds:

T 2
/ / Vool dx dt <
0 Rd Oc

< 0(1 + Hbo'”iZ(o,) +/Rd Qoln 00 dX+
/In(max|X!,1)gU(X,T)dX).
Rd

(Bogachev V.1., Réckner M., Shaposhnikov S.V 2005)



Corollary
Assume also that |x|*™ € L'(v), v = oo dX, 0o In oo € L'(R?)
and

(Bu(X, 1), X) < 1 4+ 72lX2, [bo(X, )] < 93 + valx|™

for some numbers m,~; > 0. Then

It — o3y < sup /A, — As|PC(T)+
X7

t
2a1/0 /Rd B — hy|? dos ds,

where C(T) depends on T, m, a, N\, i, [ |x|?™ dv, and
oo In ool 1(ra)-



Proof.

Renormalized solutions

(I) (R.J. DiPerna, P.L. Lions 1989)

Let us consider the Cauchy problem for the continuity equation

otu + div(bu) =0, U|j—o = Up.
We say that u is a renormalized solution if
Oif(u) + div(bf(u)) < (f(u) — uf'(u))divb

for every convex function f. For example, if the above inequality
holds, then for f(u) = |u| we obtain (unformally)

d
— <
dt/R|u| dx <0,

that implies the uniqueness.
(C. Le Bris, P.L. Lions 2008)



(1) (P. Bauman 1984)
Let us consider the elliptic equation of the double devergence
form: )

8X,8)(/<a’fu) —0.

Fix a positive solution u and for another solution w we
introduce the function v = w/u. The function v satisfies to the
new equation with the matrix A - u. It turns out that the
renormalized solution v possesses many nice properties: the
maximum principle, Harnack’s inequality, Hélder’s continuity
with constants which are independent of the smoothness A.
(L. Escauriaza 2000)



The proof of the main theorem is based on the combination of
this two methods.
Set v = g, /0, Then for every f € C?((0, +o0))

ot(ouf(v)) = L:‘L(g”f( )) — ouf"(v) \ﬁVV|2 — f'(v)div(®os).

Multiplying this equation by the function > € C3°(RY) and
integrating, we arrive at the equality



t
/ f(v(x, )v(x)ou(x,t) dx+/ / W' (v)|\ /A V V|20, dx ds =
RA

Rd¢du+/ / /ﬂ/) o, dx ds+

+/0 /Rd (&, V)" (V)Yo, + F'(V)(P, Vi) o,] dx ds.



Assume that ) > 0 and f” > 0. Applying the Cauchy inequality
we obtain

AV )0l o < 1) [ o
1// A0 21" (v)vo, dx ds+

/ / )L 0, dx ds+

+ /0 [ [F()(®.9v)0r] deas.

RA



Let ¢y be such that
L;ﬂﬁN — 0> ‘V¢N| - 0> ¢N — 1.

Replace in the above inequality ¥ by ¥y and tend N — oo we
obtain

—1/24 12!
y f(v(x,t)ou(x, t)dx < f(1)+ / / |A,/c@<f"(v)vo, dx ds.

Setting f(v) = vIn v we derive the assertion of the theorem.



Nonlinear equations

Suppose now that for every measure . on RY x (0, T) given by
a family (ut)e(o, ) Of probability measures on RY we are given
a locally bounded Borel measurable mapping

b(u,-,-): RY x [0, T] — RY.

Then we can consider the Cauchy problem for the nonlinear
Fokker—Planck—Kolmogorov equation

Op = Ap — div(b(p, X, )p),  pli=o = v (4)

(McKean, H.P. 1966, Funaki, T. 1984, Veretennikov A. Yu. 2006,
2016, Manita O.A., Romanov M.S., Shaposhnikov S.V. 2015)



Let C*[0, T] denote the set of nonnegative continuous
functions on [0, T]. Suppose that V € C?(R9) and V > 1. For
a € Ct[0,T)and 7 € (0, T] we set

M:o(V) = {M(dxdt) =o(x,t)dxdt: o>0,

/Q(X, fdx =1, [ V(xe(x,t)dx < a(t), t € [o,T]}.

Rd

If V(x) = eKIXI then the corresponding set M. o(V) will be
denoted by MXP.
Let ||o|/p,~ be the norm defined by

ol = [ ([ + Pletx.lox) ot



Corollary

Letp > 1, K > 0 and suppose that for every function
a € CT[0, T] there exist numbers (o) > 0 and vo(a) > 2pK
such that for every 7 € (0, T] and i € M'f,;f one has

(b(p, X, 1), x) < 71(a) = 2()[x[?P ¥ (x, 1) € RI x [0,7].
Suppose also that

(. y,1) = b(o,y, )] < Ce /)| (1 4 [xPP) (e — o) [ v
Then, for every probability measure v on RY such that
eKIXI* ¢ [1(1), there exist € (0, T] and o € C*[0, T] such that

a solution to the Cauchy problem (4) in the class of measures
KP exists and is unique.



Example
Let

(i1, = AU+ [ Kx,y) (o).

where 3: RY x [0, T] — R%and K: RY x RY — RY are Borel
measurable locally bounded mappings such that there exist numbers
C>0,20>qg>0,v >0, > 2pK for which

K y)| < OO+ XN +1yIP),  (Bx, £),%) < 71 — 72|x|?P.

Then all conditions of the above corollary are fulfilled.



Proof.
Let us define a mapping F: /\/l — M P by

1= F(o) < o = Ap — div(b(o)p), pli=o = v.

It turns out that there exist 7 > 0 and « such that the mapping
F is contracting. Indeed, we have

11+ [xP)(uf = )7y <

c / Ib(o") — b(o?) 2 do < Clo” — o2|2..,
0 JRA

where C does not depend on 7, but only on T. Integrating in t
over [0, 7], we find that

IF(a") = F(o®)ll5., < 7Cllo" — 0?15 -



The next example demonstrates that uniqueness depends on
the given metric on the space of measures and also depends
on the regularity of the initial condition. Moreover the term
|Vos|?/ 0. in the right side of our estimate is essential.



Example

Letd =1,A=a(t,u),b=0and v = dy. Set " = ] dt and
12 = ;i dt, where

pl = (2nt)y12e /2t gx, 2 = (8rt) 12 X*/8t g

Note that ||} — p2||7v = €p > 0 and ¢y does not depend on t. Let
3
a(t,p) =1+ |t — ptllrv-
0

We have a(t, ') = 1, a(t, y?) = 4 and

la(t, 1) — a(t,o)| < %H,Ut — 0|/ 7v. The measures ;' and 2 are two
different solutions to the Cauchy problem with this coefficient & and
v = dp.



Optimal control

Our next application is concerned with optimal control. For a
given bounded probability density o on RY and 7 € (0, 1), we
consider the problem of minimization of the function

1 2
J(u):2/Rd|@(x,7,u)—a(x)|2dx+‘;, ueR,  (5)

in the class of probability densities x — o(x, t, u) on R? such
that o(x, t, u) solves the Cauchy problem on [0, 7] for the
Fokker—Planck—Kolmogorov equation

Oro = Ao —div(b(-,-, U)o), olt=0 = 0o-

(Annunziato M., Borzi A. 2010, 2013, Pardoux E., Veretennikov
A.Yu. 2003)



We assume that the initial condition gq is a bounded probability
density with gg In(4 + |x|) € L'(RY) and the drift b depending on
the parameter u satisfies the inequality

\b(x, t, u)| + |ub(x, t, u)| + |82b(x, t,u)] < M

for every (x,t) € RY x [0,1], u € R.



Corollary

There is T > 0 such that J from (5) has a unique point of
minimum.



Proof.

Indeed, the function J is continuous and tends to +oco as

|u| — 400, which implies the existence of a point of minimum.
The function o is differentiable in u. Hence the function J is
differentiable, and at the point of minimum

J(u) = /Rd(g(x, T,U) — o(x))oyo(x,T,u)dx +u = 0.
Let us consider the mapping G: R — R given by
G(u) = — /R (0067, 0) — o (x))ue(x, . U) d.
The points of minimum of J are fixed points of G. It turns out

that for sufficiently small = > 0 the mapping G is contracting,
which yields the uniqueness of a point of minimum.



Mean Field Games
We consider yet another possible application, which concerns
the so-called mean field games. A typical model for mean field
games is the system

otu + Au — H(x,Vu) = F(x, ut),
{ 81‘#“ - A:ut + diV(b(X, VU)Mt) = 0’ (Xa t) € ]Rd X (07 T)7

(6)

with initial-terminal conditions u(x, T) = G(x, 1) and

utli—o = v, where v is a Borel probability measure, H, F, G are

given functions and b is a vector field, usually

b(x,p) = OH(x, p)/0p, but we do not assume this relation.

(Gueant O., Lasry, J.M., Lions P.L. 2011, Gomes D.A., Saude J.

2014, Cardaliaguest P. 2013)



Let P(RY) be the space of all Borel probability measures on RY.
Suppose that F and G are functions on R? x P(RY), H is a
function on R x RY and b: RY x RY — RY is a vector field

such that



(C1) F and G are continuous, G(x, 1) is continuously
differentiable in x and there exist numbers Ly > 0, Ly > 0 such
that

|F(x, )|+ [G(x, )| + [VxG(X, )| < Lo,

[F(x, 1) = F(x,0)[ + |G(x, 1) — G(x,0)|
+|VxG(x; 1) = VxG(x,0)| < La|[n = ol 7v

for all x € RY, p, o € P(RY);



(C2) H and b are continuous and for every R > 0 there exist
numbers My(R) > 0 and M;(R) > 0 such that, whenever
x € RY and |p| < R,

[H(x, p)| < Mo(R),

|H(x,p) — H(x,q)| + [b(x, p) — b(x,q)| < Mi(R)|p — ql.



A solution to (6) is a pair consisting of a mapping
u € C([0, T], C}(R?)) and a flow of probability measures 4 on
RY such that 4 is a solution to the Cauchy problem

Otput — Apr — div(Hp(x, VU)ur) = 0, ptle=0 = v,

and u satisfies the identity
u(x,t) = y Z(x =y, T=1)G(y,ur)dy

.
+ / Z(x—y.7 — )(H(y. Vu(y. 7)) + F(y, u,)) dy dr.
t Rd

where
Z(x, t) = (47t)792 exp(—|x|2 /41).



Corollary
There is T > 0 such that (6) has a unique solution on [0, T].



Proof.
We apply the contracting mapping theorem to the mapping

F: ([0, T], Cy(RY)) — C([0, T], CH(RY)),
where C([0, T], C}(RY)) is equipped with its natural norm

Ivll = sup sup[|v(x, )] + [Vxv(x, )],
te[0,T] X

defined as follows:



for each v € C([0, T], C}(R9)) we find a solution 4 (which is
unique under our assumptions) to the Cauchy problem

Otpt — Ape — div(b(x, VV)ut) =0,  pelt—0 = v,

and set

F(v) = y Z(x =y, T-1t)G(y,ur)dy

:
- [ ], 20—y = (Y. Ty ) + Fly o)) o dr



Convergence to the stationary measure
Let us consider the Cauchy problem

Ot = Ape — div(b(X, pe)pt),  po = v

Assume that
b(X, ,u) = bo(X) + ebq (X7 ,u)

and
<bO(X)7X> < _FY|X’27 ‘b1| < M1a

[01(x, ) = by (X, 0)| < Ma| (T + [x[) (1 = o)l 7v-



Let 1 be a stationary measure.

Problem: to prove that x; — 1 and to obtain the following
estimate ||(1 + |x|)(ur — p)|| < aye2L.

Note that it is often simpler, and in the case of a degenerate
diffusion matrix more natural, to consider convergence in the
Kantorovich metric. Results of this sort for non-gradient drift
coefficients were apparently first obtained by N.U. Ahmed and
X. Ding, and have been recently generalized by A. Eberle, A.
Guillin, R. Zimmer, A. Yu. Veretennikov, F.-Y. Wang.

The gradient case, where b = V'V, has been studied in many
papers, starting from D.A. Dawson, J. Gartner, Y. Tamura and
further studied in many papers on the theory of gradient flows
by L. Ambrosio, N. Gigli, G. Savaré, F. Bolley, I. Gentil, A.
Guillin, J.A. Carrillo, R.J. McCann, C. Villani, ...

Here we discuss the convergence in variation.

(O.A. Butkovsky, A. Eberle, ...)



It is known that

1T+ XDk = o)l 7v < Ae 2 (1 + (X)) = v)ll7v,

where
otor = Aoy — div(b(x, n)ot), oo =wv.

Let t € [0, T]. According to the above estimate we have

I(1+[x1) (pe—0)|Fv < C(T)e /Ot 1 +1x]) (e—ps) 7 0, t € [0, T].



Then

11+ XD (1 = )7y <
2)[(1 + 1x1) (1 = a)lFy + 21 (1 + [xD) (ot = ue) 17y <
< 203 22| (1 + [x|)(n — v)|Fv+

t
=C(T) /0 11+ |X]) (st — 1s) 2y .



Apply the Gronwall inequality we obtain
(1 X1 (= )5y < 11+ X)) (=) [Fv (@A 722 +2C(T)).
For sufficiently small £ we have

1A+ XD = pD)llrv < all(T+ X =)l7v, 0<g<T.

Thus
11+ X)) (e — )|l 7v < g2t
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Thank you!
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