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* Particle saerems: particles branch (produce offspring) —and move in Spoce
killing rale keeps fotol number of pacticls constant.
* oy models for a population under selection.
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N-particle branching random walk  (N-BRW)

Discrete -time bro\r\d\ing— se lection &684’6"\ .
N Fmr+ic(&6 with locodions in R ot each +{mas+ep-

[e4 X be a real-valued random vaciable (éfu\mF o\is+ribwl'ion)_

Ar each time ne Ny, each particle hos two offspring.
Eoch of 4he 2N offspring particles makes on ir\o\eper\oler@r jamp Lrom its PO\FELM”S locadion

with the same law as X,

The N riSReroer ?oﬂ"\c,(e/s (oQ the, 2N oQ{SPrm% \)M%id&&) form the POPU\IO\‘hOr\, at time nt+1.

— 00 0 @

Notation: X%N)(n)é Xg)(m) < < X(,:D(m) ordered Parhde positions at time n.
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N-BRW with heovy -~ toiled jump distribution

Suppose. P(X>x) v o as w00, for some >0,
AS%MP'{’O{?C, speed

Theorem ( Bérard and Maillard 2014)

(N) | 1y -
It E[X]<eo i Ky () = vy where ervcoéf\ll(x(logf\l)/o‘i as N—> o0

n— 0 n

It E{X=0c0, cloud of particles accelerafes.
qgn@&foga
Cor\'&ed’mre, (Rerard and, Mml(mro\)

The. agnenlogy on o loaN  timeseale is approximadely aiven by a Star-shaped coalescent
when N is lacae.



Time, O\r\ok 6{30\0‘3, SC&(&S

Lt P(X> 007‘— ﬁ Lor > 0.

Assume I i feodu\kwls \onrt:)ims with index o>0

i.e. Lor 0«\3 ‘3>O, &Ci@_ — s (3“’ aS X —> 00,
k(:)c)

and P(X? O): 1 (r\o A&SO\'HVQ 8WV‘P8)'
et {N = r{OSZN‘[ +ime scale

et o= (2N, where  W'(%0):= inf 337,0: Mﬁ)>m}' Space seale

E[# gomps of size 7 ¢,y in = 2N- ¢y P(X> caay)
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Main result
-hp. = Gith probobility =4 as N-= oo
Theorem (P.,Roberts, Talyighs 2021)
For 1>0, keN and €> 44y, the \Co{(owmﬂ occurs .h.p.
+ Spatiol distribution: Ak time £, there are N-o(N) pocticles in
DO, %) + May ]
* Genealoaw: The %e,r\eo\(o%cs on. an Ly —Finescale is osymptotically qen bU a
stac - shoped coalescent.
e AT [4-2L,6-4y] st whp , for a uwiform sample of k. pacticles
ot Fime £, every pacticle is descended from the rigf/\’{’mo&" porticle ot +ime T
and no pair of FarJricles n the SO\MP(e, has & common ancestor after 4ime
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(N)Z Nyl > L —1
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A
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3 Te [’E*Z(N,%,«@Nl s £ w.k‘P.),(‘or o uniform &W\P(e of k PoJJricleS
o time £ every Parﬁcle s descended Lrom the rigH’mo&L Po&hd& ot +ime T
and  no pair of PO\f+iCl€S n the SO\MP(Q, has & common oncestor after time

T+ 2y s for any (En)y with ¢£y—=0 and ty—=00 as N—= 00



Spatial distribution

e time £, there are N-o(N) packicles in [XI7(€), X )+ ma,] whp
Proposition (PRT 2021) There exist O< p.< %r<i 5. 9,—=0 as (=00
and =>4 as r=>0 st for >0, for N 8m{§icien+/3 large and £ > 34y,

P - X2 cad e L 3
C(eneoxlom

w.lf\.P. 3 Te [{’Z{N; ‘E’KN} st oo.kp.) {‘or oN um'\\form SOW\P{E’/ o{‘ k. Par+ic(es
ot Fime £, every pacticle is descended Lrom the rigH’mo&L particle ot +ime T
and no pair of Pericles has & common oncestor after dime T+ o(£y)

Proposition (PRT 2021) For O« 5,<S,<1, 3p>0 st. for N &m{{icim% large

naok ‘é> ﬁl—{ 5
’ ! P(Te [JC—ZKNJrleN)é—Z€N+SZ£N])>P.



N - BRW ?)e,ne,oxlo%ta
TYWV\P digtribution X.

Time fo conlesce Coolescent

L'\%H'—'f'm(ed [P(X>0C) < 6_60(: , >0 (IOSN)?) Bolthausen~ Szaitman,

Heo\\lg)—‘l'o\'\led (P(X> x) v OC—OL, >0 IOSN Stac- Sko\Ped
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N- porticle foro\vxcb\irxg Brownian motion (N-BBM)
e N po\rJric(es move in R o\ccordmrs o

inde,Per\de,r\+ Brownian motions.

T’l’ime
* Eoch particle , independently, branches
info two particles after an Exp(L1) +ime.

* Each fime o particle branches, the

leftmost pacticle in the Sustem is kiled. —@—@ ®

N particles in the, 653{'e,m ot all +imes.
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N- porticle foro\vxcb\irxg Brownian motion (N-BBM)
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pro\rjric(e foro\vxcb\ir% Brownian motion (N-BBM)
L £

e N po\rJric(es move in R o\ccordmrs o

inde,Per\de,r\+ Brownian motions.

T’l’ime
* Each pacticle , independently, branches
info two particles after an Exp(L1) +ime.

* Each fime o particle branches, the
leftmost particle in the Sustem is killed.

N particles in the system at all times. Introduced b3 Maillard (2012).

COndLe,CTLULre (and’/ Derrida., Maillard) : C\er\ea(o% of o So\rv\F[e, on a 006!\])3 timescale

Converags Yo o Bolthansen- Sznitmon coalescent os N—= oo.

One “ool: over o fixed timescale, as N—> oo, density converges to solution of a
free boundary problem. | Hﬁckrookbmmic limit - De Mosi [ Fertari [ Presinti | Soprano-Loto ’17F)
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N-particle branching random walk  (N-BRW)

Discrete -time bro\r\d\ing— se lection &684’6"\ .
N Fmr+ic(&6 with locodions in R ot each +{mas+ep-

[e4 X be a real-valued random vaciable (éfu\mF o\is+ribwl'ion)_

Ar each time ne Ny, each particle hos two offspring.
Eoch of 4he 2N offspring particles makes on ir\o\eper\oler@r jamp Lrom its PO\FELM”S locadion

with the same law as X,

The N riSReroer ?oﬂ"\c,(e/s (oQ the, 2N oQ{SPrm% \)M%id&&) form the POPU\IO\‘hOr\, at time nt+1.
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Notation: X%N)(n)é Xg)(m) < < X(,:D(m) ordered Parhde positions at time n.
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Main result
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Wowr ap lemma

Recall £y = Moy, N

Recall XM(#) € Xy () <. ¢ X&) ordered posticle positions of Fime 4.
enma For se Ny, X srd) % X (9)



Warm wp lemma

Recall £y = Moy, N

Recall XM € Xy (0 ¢ ¢ X§®)  ordeced porticle positions of Hime 4.

enma For se Ny, X srd) % X (9)

Proof - Sugpose (for a. contradickion) Hhod X[V(#) < X[ () Vtels,s+&y1n N,
Then since all jumps ace r\on~r\e<30\+iveJ +he rismmoyr Po\r‘Hcle, of time 3 has

N descendants ot time s+ £y

Sine. 22 N, Fhis implies X5+ 6> XQ(e). K

5% de¥e s, oty N, sh. X% X8(s).

All pamps are > O, so XM (s £) 2 XY 0.



Construction og N-BRW  Lrom BR\Ws .
BRW : Initial Po\ﬁLicle, o celR ot time O

At eoch time neN,, each time-n pocticle has +wo offspring , each of which

mokes an ino\eper\den+ Famp Loom its Po\ren+7s location with +he some distribution

The fime- (nt1) Poﬁ*ic(e& are these offspring Po\rJric[Qs. 25 X

Numbe ¢ oQ +ime -+ Po\r%id% 9 Q,JC.



Construction og N-BRW  Lrom BR\Ws .
BRW : Initial Po\ﬁLicle, o ceR ot time O,

At eoch time neN,, each time-n pocticle has +wo offspring , each of which

mokes an ivxo\q)er\oleﬁ Famp Loom its Po\ren+7s location with +he some distribution
as X.

The +time- (n+1) ]Do\r-('ic,(e,s are these offspring PO\F+iC[QS.
Numbe oQ +ime -+ Po\r%id% S Q,JG.
Congtrunction o€ N-BRW with initial PomLiC,(e, locofions o ,.., Xy

Toke N independent BRWs with initial pacticles of oo, .., ¢y

Colonr BRW Po\rho(&s blue o red. All +ime-O Poﬂ'icles are. blue.

For neN,, +he N ri%H'mo&L CJQ\C&PrmS PO\rJric[e,s of time-n blue Po\r‘hcles are
coloured blue . All other time-(n+1) particles are coloured red

Blue particles form an N-8RW.
Path of §AMPS from ancestor o descendand in N-BRW = PO\’H'\ in one of the RRWs.



Random walk with Mo\m3 failed §Amp disteibution
P(X>x) = @ , h reﬁm[o\r(b Vwﬁ"“’ﬁ with index o>0.
X Xog X, ide wikh X EX
Fix ¢>0 small. For o . loxr?)e, Umlikﬁ,l‘s +hot %,Xké x  ond
=
X\‘Lé (e \/ké n.



Random walk with Mmﬂs failed XAMP distcibution,

P(X>x) = m , h raﬁmlo\r(b Vasyina with index «>0.

X Xog X, ide wikh X EX

Fix ¢>0 small. For ¢ v. loxr?)e, umlike,l‘s +hot %, K= x ond
k=1

Xké (e V R<n.
Lemmo (D(Arre,H' >33, Gantect >00)

For me N, 0VO,X>O and 0O<r< i/\l%‘x) , foc N sulficiently larae , i
Y
x> N then wdy

Pl XéfﬂLX_ 7 Xy) € NV

b ¢ =



Rondom walk with Mo\m3 tailed §Amp distcibution,
Lemmao (D(Ar(e,H' ’23, Gontert >OO>
For meN, 4>0, >0 and O<rz LA 20AK) , for N sufficiently larae , i

LTy~ N\ then méy 80\/
N . -%
P( %xgﬁLX&émNszy N Y



Random woalk with Kw\\hs tailed XAMP dist cibution
Lemmao (D(Ar(e,H' ’23, Gontert >OO>
For meMN, 9>0, A>0 and 0<r< iAL%@ , for N sufficiently lacae , i
X\ )
Xy~ N*  +then MEN )
P( z\xgﬂx&é rxy 7 OCO <N
Proof: Toke Z%losl << MSE
s
BS Mockov’s }r\e,q/uw\li'\'y NCA032

m&y I

r‘Y\eN |
0 Ay .
P(%Xé}/ﬂ‘X&srmN? X )= P ? TS &C£N>

£ N Eied“xsx&xérx“]me“.
Use, io(er\+'12? .
E Y,e,\!\/ 74Ks éu—YzK\] - SK?‘V e TP<7/7 W) du + e K \?(7/2 K\ - (QV Fu D @(77 Ke)

+O SL\O(,\) ‘EE&CQNQQXCﬂ—XérCLle \+@(N—£> AQO(' Yome 270 a



Rondom walk with Mo\m3 tailed §Amp distcibution,
Lemmao (D(Ar(e,H' ’23, Gontert >OO>
For meN, 4>0, >0 and O<rz LA 20AK) , for N sufficiently larae , i

LTy~ N\ then méy 80\/
N . -%
P( %xgﬁLX&émNszy N Y



Rondom walk with Kw\\hs tailed XAMP distcibution,
Lemmao (D(Ar(e,H' ’23, Gontert >OO>
For meMN, 9>0, A0 and O<r< LA L%"O , for N sufficiently lacae , i

\ I/ v
P( z\xgﬂx&érm@xﬁé N

Use with oy = const - ay.
Recall o= W (2NLY), so o'~ (AN£,) ™

Fix 0e(0,4) small. A gump larger dhan pay is o “big jamp”
For ¢ @, it is very anlikely that there is o Yime-t pacticle > cay awoay
from s Fime - (£- O(4y) ancestor unless an ancestor made o lo'\cs yAmp.
Apamp 19 \0'16 w.p. hleay) ~ % (INLY

S0 we %eL b'\3 JAmpS o rocte ®(Ly).



Proo\C hewristics 4,/4—-,: + ZN'

| ' . d £akes
et T= lagt time before time 4, when & parficle makes a jump > (%0\‘\\ an _{,Z\\Q/ o

< nan

t_

T+l

+im6




Proof hewristics L= 44,

[et T= last time before time £, when a particle makes & jump % pay and £akes
? e lead.

< nan

t_

T+l

+im6

A+ A pacticle mokes o big fump ot time T ond tokes the lead (bt\»3 ®(ny))
lts descendants 84’0\3 in The lead until time €, (other Po«%ic(es can’£
toke Hhe lead with a bi% ump ond con’£ move far withowt a loi% pmp).



PFOO\C lr\e,u\("lS‘l"\CS .Ei;: + KN'

[et T= last time before time £, when a particle makes & jump % pay and £akes
? e lead.

< nan

t_

T+l

+im6

B There are O(4) bia yumps in Fime intervol [£,,4], each with o(N)
descendants o time 4.



PFOO\C lr\e,u\("lS“"\CS .Ei;: + KN'

[et T= last time before time £, when a particle makes & jump % pay and £akes
? e lead.

< nan

t_

T+l

+im6

C: The +ribe descended \Crom the +ime-T leoder doubles in size of each
timestep until almost time T+ £y



PFOO\C lr\e,u\("lS‘l"\CS .Ei;: + KN'

[et T= last time before time £, when a particle makes & jump % pay and £akes
? e lead.

< nan

t_

T+l

+im6

D: On +he +ime interval {/ﬂ QN)%,:(>H\6, time - T leadec’s Aribe hag
size N-o(N).



P(oo\C l/\e,u\r'\S‘l’iCS .ei;: + - ZN'

[et T= last time before time £, when a particle makes & jump % pay and £akes
? e lead.

< nan

t_

T+l

+im6

Te [£,-4y,4] w.h.p
L no PO\ﬁLicfe, tokes He lead with a bis &AMP o(uxrir\cs 1s,5+4, ], then
K5 44y) % X(S) and s —A—;(XS’)(M{N%— XM (s+4y)) is small w.h.p.



Proof hewristics L= 44,

[et T= last time before time £, when a particle makes & jump % pay and £akes
? e lead.

< nan

t_

T+l

+im€J

N-o(N) PO\F’(’iC‘Q& are. close o le.Ltmost ot Fime € (on oy Spoce Scale)
No big mps in the time =T [eadec’s tribe wp to fime T+ {y7 4,
o(4) bic\g '&AmPs in the Aribe, o\uxri/w\& [”ﬁ— ’ZN>£j> coch with. o(N) descendants .



Proof hewristics L= 44,

[et T= last time before time £, when a particle makes & jump % pay and £akes
? e lead.

< nan

t_

T+l

+im6

31'0\(’5}\0\?6& 6@&0\{066 No ’Hm@*(T**iNZN) poﬂ'ic{% have, @(N) time-1  descendants.
None of the P&H’(C‘(’.& in the 4ime-T leader’s Acibe hove moved far bn time T+ 2,4y,
so each has ©(N [ZNQN) = o(N) descendants of time L.



