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Metastability: quantities of interest

Given F' free energy
@ Metastable parameter regime (— multiple minima of F)

@ Critical sets/points F":

> local minima (metastable state), global minimum (stable state)
> local maxima/saddle points

@ Metastable exit time: metastable — (more) stable.

» Mean
» Distribution

In the limit N — oo it is usually exponential ~ exp(NAF).

Metastable

Stable
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Ferromagnetic Ising model on a lattice of size N

Spin flip model on a lattice of size N: N particles/spins.
Configurations o = (0;)1<i<n € {—1,1}¥ = Sy.
Energy/Hamiltonian:

N N
1 .
Hy(o) = ~3N E J(i,j)oio; —h E o, oe{-1,1}"
i=1

i,5=1

J(i,7) > 0 interaction/coupling coefficients, h > 0 external magnetic field.

We use Glauber dynamics with Metropolis transition rates and 8 > 0 inverse
temperature

exp(—B[Hn (o) — Hy(0)]+) if o ~ o’ single spin flip,
0 otherwise.

py(o,0') = {

The Gibbs measure pn (o) oc e #H~N(9) is the invariant and reversible measure.
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Curie—Weiss on graphs

N N
1
HN(O’):—ﬁ J(i,j)amj—hZUi, oec{-1,1}"
ij=1 i=1

The interaction graph G = (£,[N]) : (i,j) € £ < J(i,j) #0.

When J(i,7) € {0,1}, we can write ©

N A
HN(O):—ﬁ aiaj—hZai 0‘ ‘e

(i.4)€€ i=1 ©
= Curie-Weiss on the graph G = (£,[N]).

Models from the previous talk:
o Curie-Weiss model: J(i,j) =1
= complete graph

e Randomly dilute CW: J (4, j) ~ Be(p) i.i.d.
= CW on the Erdés—Rényi random graph

Complete graph
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Results for CW on the Erdés—Rényi random graph
From the previous talk

Theorem (Mean metastable exit time for CW on E-R, in [BMP21))
For 3 > 1, h > 0 small enough and for all s > 0,

ESY .. [Tswimeav]

. _ _ 2
]%/}%EOPJ Ce < EoW <O | >1— ke ks,

m—(N) [Tm+(N)]

where
E(Hy" (o)) = pHE" (o)
ldeas:
o compare cap(4, B) and }_ s kn(0') hap(o’) of the target model with its
“mean” correspondents, using concentration.
@ use potential-theoretic approach

- S L () has(@)

o’eSN

EDA,B [TB]
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Conjecture for CW on inhomogeneous random graphs

Conjecture

In the metastable regime, let J(i,5) be independently distributed Bernoulli, and
A, B metastable sets for the “mean” model. Then for all s > 0,

: —s Evan 7] s —kys?
J\III&PJ Cie° < E]Em o] <Coe® | > 1— ke 72 .
A.B
where
E(Hy(0)) = Hy (o)
Ideas:

@ compare cap(4, B) and ) s, 1N (0" )hap(o’) of the target model with its
“mean” correspondents, using concentration;
@ use potential-theoretic approach
1 !/
—_— h N.
cap(4, B) Z un(o)han (o)

o’eSN

EVA,B [TB] =
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Results for inhomogeneous random graphs

1
Target quantity: E,, .[rg] = ———— o Vhag(o’
get q y A,B[B] CapN(AaB)U/EZSNMN( ) B( )
where
capy (4, B) Z“N (7B < Ta).

€A
Theorem (Capacity estimates)

Assume J(i,j) ~ Be(vn(i,5)) independent. Then, for any disjoint A, B and any
s> 0

lim IPJ
N—o0

_s | Zncapy(A, B)
| = 7 7
(Cle ~ | Z% cap% (A, B)

where c1, ¢z are both O(1), explicit and depend on j3,h, >, ; VarJ (i, j).

2
< 02e5> >1— kje F2s

Idea of the proof: use Dirichlet and Thomson variational principles, together with
concentration.

Challenge: estimates on Zg/esN pun (o hap (o)
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Concentration

Extension of the concentration results proven in [BMP21]

N N
1 -
Hy(0) = — 5 > JG,d)oio; —hY o, oe{-1,1}N
i,j=1 i=1

with J(i,5) ~ Be(vn (i, 7).

Theorem (Concentration)
Assume (J(i,7)):; are independent. Then there exist absolute constants
k1,ks > 0 such that, for any g: Sy — [0,00) and any s > 0

—B(Hn(o0)—E[Hn (o
(est(N) Y eesy 9(0)e (Hn (0)—E[HN (2)]) <es+a(N)>

IN

lim ]P)J
N—o00

ZO’GSN g(o) -

2
> 1- kle_k26 9

N
where «a(N) = 85% Z Var(J(i,7)) and K(N) = a(N)—e(a(N)).

i,j=1
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Ideas of the proof

S oesa g(0)e PN (o) —ElHN (2)]) < gtalV)

ZO’GSN g(O’) B >

N —oc0

lim P (e”"(N) <

—kos?
zl_kle 2‘37

is equivalent to

Target result

eIV () Z g(o) < Z g(o) e PHN()=EHN (D)) < oVn ea(N) Z g(o)

ocESN ocESN ogeSN

with Yy sub-Gaussian r.v. i.e. Py (|Vn| > s) < ky exp (—kos?), for any s > 0.

v
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Ideas of the proof

S oesa g(0)e PN (o) —ElHN (2)]) < gtalV)

ZD’GSN g(O’) B >

lim P <es+"(N) <

N —oc0
2
> 1-— kle_kQS 5
is equivalent to

Target result

eIV () Z g(o) < Z g(o) e PHN()=EHN (D)) < oVn ea(N) Z g(o)

ocESN ocESN ogeSN

with Yy sub-Gaussian r.v. i.e. Py (|Vn| > s) < ky exp (—kos?), for any s > 0.

v

Z g(o)e—B[HN(U)—E[HN(U)]]

ogESN

=exp (NFy) =exp (N(Fy — EFy)) - exp (NEFy)
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Ideas of the proof

—B(Hn(0)—E[Hn(0)])
lim P 678+N(N) S EUESN g(a)e v v S eera(N)
N-—o0 ZUGSN g(0)
>1- kle_k2327

is equivalent to

Target result

with YV sub-Gaussian r.v. i.e. Py (|Vn| > s) < ky exp( kgs , for any s > 0.

S glo)e PN (@ -ElHN ()]

oceSN

= oxp (47) = v I SONER)
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Step 1. Proof _

Proposition

N(Fn —EFy) is a sub-Gaussian r.v., i.e. for any s > 0

k
IP’J(N|]-'N—IE]-"N| zs) Sklexp<—8— 2).

ﬁ2

Proof: NFy =log Z g(

cESN

=log > gl

oceSN

S. Marello (IAM Bonn)

o)~ BLHN (@) —ElHx (0)]

o) exp [% Z [J(i,5) —EJ(3,5)]oi0;

i,5=1
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Step 1. Proof_

Proposition
N(Fn —EFy) is a sub-Gaussian r.v., i.e. for any s >0

P; <N|]-'N —EFy| > s) < kyexp (— ,8—’;;2)

N
Proof: NFy =log Z o) exp [ 8 Z [J(i,75) — EJ(i,j)]O’iJj]

oceSN i,j=1
Talagrand'’s concentration inequality
P(IG(9) — EG(9)] 2 tK) < ky exp (— kat?),

for G : R™ — R convex and 1-Lipschitz, and g = (9:)ic[) independent r.v.’s
uniformly bounded by K > 0.

with G = 22N Fy and the r.v.'s [J(i,j) — EJ (i, j)];;.
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Step 2. Proof [determiristic part|

Proposition

K(N) Z )1+ 0(1)) < exp (NE;Fy) <

oceESN

M S g(0)(1+ o(1))

ogESN

Lower bound:
° ‘EJ[GXP(N]:N)] ‘

o Ejlexp(2N Fy)] < kE?[exp(N Fn)]
@ Talagrand's concentration inequality

Upper bound:
° ‘]EJ[GXP(N.FN)] ‘

@ Jensen's inequality
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Step 2. Proof _: upper bound

Upper bound

exp (NE;Fn) <|Ej[exp(N Fy)] = V) Z g(a)(1 + o(1))

ogESN
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Step 2. Proof _: upper bound

Upper bound

exp (NE;Fn) <|Ej[exp(N Fy)] = V) Z g(a)(1 + o(1))

ogESN

exo(VFw) = Y glo) T exp | FelJ0.5) ~ I oo, |

cESN i,7=1
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Step 2. Proof _: upper bound

Upper bound

exp (NE;Fn) <|Ej[exp(N Fy)] = V) Z g(a)(1 + o(1))

ogESN

N
exp(NFn) = Y gl 1':[ [iN —EJ(i, ])]gza]]

cESN

E; exp [iN[J(i, J) —EJ(, j)]aiaj} —1+
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Step 2. Proof _: upper bound

Upper bound

exp (NE;Fn) <|Ej[exp(N Fy)] = V) Z )(1+0(1))

ogESN

N
exp(NFn) = Y gl 1':[ [iN —EJ(i, ])]gza]]

cESN

Eyoxp [ 170, 4) ~ BJG,g)lowos| = 1+ %aiaj)ZVarw,j)] +o()

2
— Eslexp(NFy)] = Y glo)esn Zhm VU@ (g 4 o(1))
ocESN

= (V) Z ) (14 0(1

oceSN
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An inhomogeneous random graph: the Chung-Lu r. g.

Chung-Lu random graph
G=(£{12,...,N})

Assign  random  weights on  vertices
Y:{1,2,...,N} = [0,1].

P((i,j) €€)=Y®)Y (), 4j€{l,2,...,N}
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An inhomogeneous random graph: the Chung-Lu r. g.

Chung-Lu random graph
G=(£{12,...,N})

Assign  random  weights on  vertices
Y:{1,2,...,N} = [0,1].

P((i,j) €€)=Y®)Y (), 4j€{l,2,...,N}

Hamiltonian of CW on the Chung-Lu random graph

N N
1 .
Hy(o) = 3N E J(i,j)oio; —h E o, oec{-1,1}V
ij=1 i=1

with J(i,j) ~ Be(Y (i)Y (j)).

S. Marello (IAM Bonn) Metastability inhomog. random graphs CW 12 /20



An inhomogeneous random graph: the Chung-Lu r. g.

Chung-Lu random graph
G=(£{12,...,N})

Assign  random  weights on  vertices
Y:{1,2,...,N} = [0,1].

P((i,j) €€)=Y®)Y (), 4j€{l,2,...,N}

Hamiltonian of CW on the Chung-Lu random graph

N N
1 .
Hy(o) = 3N E J(i,j)oio; —h E o, oec{-1,1}V
ij=1 i=1

with J(i,5) ~ Be(Y (i)Y (§)).
The mean w.r.t. J is

N N
E(Hy(0)) = —=—— Y (i)Y (j)oioj — hzm, oe{-1,1}V

It is the Hamiltonian of CW with disorder.

S. Marello (IAM Bonn) Metastability inhomog. random graphs CW 12 /20



Recap: Curie—~Weiss model and stochastic modifications

N N
1
HN(a):—ﬁ Z J(?ﬂ,j)aiaj—hZUi, o€ {—1,1}N
ij=1 i=1

Curie-Weiss model (CW) [1]
J(i,j) =1 complete graph

Randomly Dilute CW (RDCW) [2]
J(1,7) ~ Be(p) iid Erdés—Rényi random graph
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Recap: Curie—~Weiss model and stochastic modifications

N N
1
HN(a):—ﬁ Z J(?ﬂ,j)aiaj—hZUi, o€ {—1,1}N
ij=1 i=1

Curie-Weiss model (CW) [1]
J(i,j) =1 complete graph
Randomly Dilute CW (RDCW) [2]

J(1,7) ~ Be(p) iid Erdés—Rényi random graph

CW on the Chung—Lu r.g. [3]

J(i,7) ~Be(Y(1)Y(j4)), Y(i) > 0iid r.v. Chung-Lu random graph
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Recap: Curie—~Weiss model and stochastic modifications

N N
1
HN(a):—2N Z J(?ﬂ,j)aiaj—hZUi, o€ {—1,1}N
ij=1 i=1

Curie-Weiss model (CW) [1]

J(i,j) =1 complete graph

Randomly Dilute CW (RDCW) [2]

J(1,7) ~ Be(p) iid Erdés—Rényi random graph
CW with disorder [2]

J(i,7) =Y (@)Y (), Y(i) > 0iid r.v.

CW on the Chung-Lu r.g. [3]
J(i,7) ~Be(Y(1)Y(j4)), Y(i) > 0iid r.v. Chung-Lu random graph
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Model reduction in CW-Dis: coarse graining and
magnetisation

Coarse-graining in CW-Dis with finite support {ay,...,a;} of Y(4).
Partition: Ay ={ie{l,...,N}:Y (i) =ap}, £ €{1,...,k}.
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Model reduction in CW-Dis: coarse graining and
magnetisation

Coarse-graining in CW-Dis with finite support {ay,...,a;} of Y(4).
Partition: Ay ={ie{l,...,N}:Y (i) =as}, L€{1,...,k}. Thus
V(i) =Y 5_, agl(i € Ag). Then

N1 ’
Hy(0) =~ (NZY@')UZ) —hZaz, oe{-1,1}V
=1
N ’ b
(3T a) T
(=1 1€EAy l=1i€A,
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Model reduction in CW-Dis: coarse graining and
magnetisation

Coarse-graining in CW-Dis with finite support {ay,...,ax} of Y(4).
Partition: Ay ={ie{l,... N} :Y (i) =ap}, £ €{1,...,k}.

N1 ’ k
HN(J):—? (NZWZUZ) —hZZUi

/=1 1€A (=11i€Ay
Magnetisation m : {—1,1}¥ — My C [-1,1]%, m = (my,...,ms),
1 N
mg(a)—mgai, te{l,....k},oe{-1,1}",
€A,
k 2 k
1 | Ag| | Al
H =—N|= — =N
V(o) - (; ar 2 <o—>> #h 3 ma(o)| = NEx (o)
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Well-known results in CW

J(i,5) =1
Theorem (Metastability)

o Metastable regime
Be(lo0),  he[0,he(B)).

. — 1 14+ 152
hc(ﬂ)_vl_ﬂl_%log<W>a B >1.
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Well-known results in CW

J(i,5) =1
Theorem (Metastability)

o Metastable regime

Be(l,0),  hel0 h(p)).

he(B) = Vlfﬂlf—ﬂ g(l%i_ﬁ), B> 1.

e Critical points m € {m_,m*, m,} C [—1, 1] solve m = tanh (3 [m + h]).
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Well-known results in CW

J(i,5) =1
Theorem (Metastability)

o Metastable regime

Be(l,0),  hel0 h(p)).

he(B) = \/lfﬂlf? g(l%i_ﬁ), B> 1.

e Critical points m € {m_,m*, m,} C [—1, 1] solve m = tanh (3 [m + h]).
@ Mean metastable exit time Within the metastable regime, uniformly in
oc€Sym_], as N - oo

1— m*2 eBNI[Fp.n(m™)—Fp n(m_)] T
Eo [Tsymy]] = [1 + 0(1)] \[ T G
N [my \/F// Ffli/,h(m*)} B(1 —m*)
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Well-known results in CW

J(i,j) =1
Theorem (Metastability)

o Metastable regime

Be(l,0),  hel0 h(p)).

he(B) = \/lfﬂlf? g(l%i_ﬁ), B> 1.

e Critical points m € {m_,m*, m,} C [—1, 1] solve m = tanh (3 [m + h]).

@ Mean metastable exit time Within the metastable regime, uniformly in
oc€Sym_], as N - oo

1— m*2 eBNI[Fp.n(m™)—Fp n(m_)] T
Eo [Tsymy]] = [1 + 0(1)] \[ T G
N [my \/F// Ffli/,h(m*” B(1 —m*)

o Exponential law Within the metastable regime, un/form/y ino € Sylm_],
Py (Tsymy) > tEo [Toyim,]]) = [L+o(D)]e™,  ¢20.
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Results in CW with finite disorder

J(i,7) =Y (@)Y (4), Y (i) > 0iid r.v. with finite support {a1,...,a;} and
Wy = P(Y(l) = ag).

Theorem (Metastable regime and critical points)

@ Metastable regime

B € (Be,0), h e [Ovhc(ﬂ))a

-1

k
c — 2 5 li hc = 07
B [; aZ wz] lim he(8)

b iy — e | € (0,00).
S (B) = ee{?,l.l.? <Zaeae we Zaeae wz>€( 00)

=1
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Results in CW with finite disorder

J(i,7) =Y (@)Y (4), Y (i) > 0iid r.v. with finite support {a1,...,a;} and
Wy = P(Y(l) = ag).

Theorem (Metastable regime and critical points)

@ Metastable regime

B € (Be,0), h e [Ovhc(ﬁ))a

-1

k
c — 2 5 li hc = 07
B [; aZ we] lim he(8)

b iy — e | € (0,00).
S (B) = ze{rﬁl.l.? (Zaeae we Zaeae wz>€( 0)

=1

>7 Le{l,...,k}

o Critical points m = (my)scq1,.. 5} € [—1, 1]*

k
my = tanh (ﬁ [az (Z ann mg/> +h

=1
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Results in CW with finite disorder: example critical points

Example of free energy with more than three critical points

-5 -4 =3 a2 =t <f 1

Energy functional. 1-dim. example: k=4, 7 critical points
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Results in CW with finite disorder
J(i,7) =Y (@)Y (4), Y (i) > 0 iid r.v. with finite support.
Theorem (Metastable exit time)

Within the metastable regime, uniformly in o € Sy[my] and with PN -probability
tending to 1, as N — oo

@ Mean metastable exit time

— det V2Fy (m3,) e?NEx (miy)—Fx (mn)l o

E., I:TSN[MN(mN)ﬂ = [1 + 0(1)] det VQFN(mN) Qﬁ(—’YN)
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Results in CW with finite disorder
J(i,7) =Y (@)Y (4), Y (i) > 0 iid r.v. with finite support.
Theorem (Metastable exit time)

Within the metastable regime, uniformly in o € Sy[my] and with P -probability
tending to 1, as N — oo

@ Mean metastable exit time

— det V2Fy (m3,) e?NEx (miy)—Fx (mn)l o

E., I:TSN[MN(mN)ﬂ = [1 + 0(1)] det VQFN(IIIN) Qﬁ(—’YN)

o Randomness of the exponent (in distribution)
N[Fy(my) — Fy(my)] = N[Fs,,(m*) = Fg(m)] + ZVN +0(1),

with Z centered Gaussian.
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Results in CW with finite disorder
J(i,7) =Y (@)Y (4), Y (i) > 0 iid r.v. with finite support.
Theorem (Metastable exit time)

Within the metastable regime, uniformly in o € Sy[my] and with P -probability
tending to 1, as N — oo

@ Mean metastable exit time

~ det V2 Fy (m}) eBNIFy (mi)=Fi (my)]
det V2Fy(my) 26(—n)

Eo [Tsy My my))] = [1+0(1)]

o Randomness of the exponent (in distribution)
N[Fy(my) — Fy(my)] = N[Fs,,(m*) = Fg(m)] + ZVN +0(1),

with Z centered Gaussian.
o Exponential law
P, (TSN[MN(mN)] > tE, [TSN[MN(mN)]]) =[1+o(1)]e t>0.
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Results in CW with finite disorder
J(i,7) =Y (@)Y (4), Y (i) > 0 iid r.v. with finite support.
Theorem (Metastable exit time)

Within the metastable regime, uniformly in o € Sy[my] and with P -probability
tending to 1, as N — oo

@ Mean metastable exit time

— det V2 Fy (m) e NIFx (mi)—F (mu)]

E., I:TSN[MN(mN)ﬂ = [1 + 0(1)] det VQFN(IIIN) Qﬁ(_’YN)

o Randomness of the exponent (in distribution)
N[Fy(my) — Fy(my)] = N[Fs,,(m*) = Fg(m)] + ZVN +0(1),

with Z centered Gaussian.
o Exponential law
P, (TSN[MN(mN)] > tE, [’TSN[MN(mN)]]) =[1+o(1)]e t>0.

[A. Bovier, F. den Hollander and S. M., “Metastability for Glauber dynamics on the
complete graph with coupling disorder”, 2021. arXiv:2107.04543]
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Techniques: Potential-theoretic approach

Lumpable: Hy (o) = Ex(m(0)).
Magnetisation: m = (mu,....mx), me(0) = 27 Yiea, 0i-

Vo € m~(m),

Eo[Tm-1(8)] = | Epo) 78] = m

Same technique for any lumpable model (e.g. CW, finite RFCW, ...).

Challenge for not lumpable models (infinite RFCW, RDCW, ...): we can use only

EVA,B[TB} = m Z ,UN(OJ)hAB(O'/).

g’ eSN
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Summary and outlook

Summary of results:
@ Extension of some results for CW on E-R r.g. to general inhomogeneous r.g.

@ Focus on CW on the Chung-Lu r.g. and detailed study on its mean, the CW
with (finite) disorder

Outlook of next challenges:
@ Conclude the proof of our conjecture

o Find other J(7,j) s.t. the mean model is sufficiently solvable (problems with
randomness on edges)
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Thanks for your attention!
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