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Symmetric a-stable distribution

All random objects (e.g., random variables, random vectors, random
processes, random measures, etc.) discussed here will be defined on a common

probability space (2,4, P). Corresponding expectation operator will be
denoted by E(-).
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Symmetric a-stable distribution

All random objects (e.g., random variables, random vectors, random
processes, random measures, etc.) discussed here will be defined on a common
probability space (2,4, P). Corresponding expectation operator will be
denoted by E(-).

A random variable X : Q@ — R (measurable) is said to follow Sa.S distribution
(0 < a < 2) with scale parameter ¢ > 0 (denoted by X ~ SaS(c) ) if

E(eiox) — / ei@X(w)P(dw) _ e_galala’ 9 cR.
Q

o See, e.g., Samorodnitsky and Taqqu (1994).
o a=2 = X ~ Normal. a=1 = X ~ Cauchy.
o Assume: 0<a<2 = P(X|>z)~Chz™® as z — 0.

o In particular, E(|]X|?) < oo if and only if p < a.
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Stationary Sa.S random fields

Let (G,.) be a countable (possibly noncommutative) group with identity
element e.

A collection {X;}ieq of random variables (all defined on (€2, A, P)) is called an
SaS random field if for all k > 1, for all ¢1,ts,...,t € G and for all
C1,Co,...,Ck €ER,
k
Z ¢ Xy, ~ Sas.

=1
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Stationary Sa.S random fields

Let (G,.) be a countable (possibly noncommutative) group with identity
element e.

A collection {X;}ieq of random variables (all defined on (€2, A, P)) is called an
SaS random field if for all k > 1, for all ¢1,ts,...,t € G and for all

C1,Co,...,Ck €ER,
k

143t .
ZOX ~ SaS

i=1
An SasS random field {X;}:ecq is (left) stationary if for all s € G,

L
{XsAt}teG = {Xt}teG-

Important special cases: G = Z, G = Z%, G = F, (d > 1), discrete Heisenberg
groups, discrete hyperbolic groups, lamplighter groups, etc.
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nonsingular (also known as quasi-invariant) G-action on a o-finite standard
measure space (S, 8, p) if
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Nonsingular G-action

Let (G, -) be a countable group with identity element e. {¢:}icq is called a

nonsingular (also known as quasi-invariant) G-action on a o-finite standard
measure space (S, 8, p) if

o ¢, : S — S is a measurable map for each t € G,
o ¢e(s)=sforall ses,
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Nonsingular G-action

Let (G, -) be a countable group with identity element e. {¢:}icq is called a
nonsingular (also known as quasi-invariant) G-action on a o-finite standard
measure space (S, 8, p) if

o ¢, : S — S is a measurable map for each t € G,
o ¢e(s)=sforall ses,
O Oy, 1y = Pr, 0y, forall ty,t0 € G (i.e., ¢y : s> t7L.s),

o pogy ~pforallt e G (important special case: po ¢y = p for all t).

See, for instance, Varadarajan (1970), Zimmer (1984), Krengel (1985),
Aaronson (1997).
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ski (1995) representation of a stationary Sa.S field

Given a stationary Sa.S (0 < a < 2) random field {X;}1eq, there exist

(i) a o-finite standard measure space (5,8, u),

1/«
(ii) a function f:S — R such that ||f||. := </|f|adu> < 00,
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ski (1995) representation of a stationary Sa.S field

Given a stationary Sa.S (0 < a < 2) random field {X;}1eq, there exist
(i) a o-finite standard measure space (5,8, u),
1/«
(ii) a function f:S — R such that ||f||. := </|f|adu> < 00, and

(iii) a nonsingular G-action {¢t}+ec on (S, S, 1)
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ski (1995) representation of a stationary Sa.S field

Given a stationary Sa.S (0 < a < 2) random field {X;}1eq, there exist

(i) a o-finite standard measure space (5,8, u),

1/«
(ii) a function f:S — R such that ||f||. := </|f|adu> < 00, and

) ; (1)

(iii) a nonsingular G-action {¢t}+ec on (S, S, 1)
such that each real linear combination

k
> eXy, ~ Sas (

i=1

k

Z Cifti

=1
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Rosinski (1995) representation of a stationary Sa.S field

Given a stationary Sa.S (0 < a < 2) random field {X;}1eq, there exist
(i) a o-finite standard measure space (5,8, u),
1/«
(ii) a function f:S — R such that ||f||. := </|f|adu> < 00, and
(iii) a nonsingular G-action {¢t}+ec on (S, S, 1)
) ; (1)

o 1/a
ft=:<d'ud ¢t> fogy, ted.
1

such that each real linear combination

k
> eXy, ~ Sas (

k

Z Cifti

=1

i=1

where
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Rosinski (1995) representation of a stationary Sa.S field

Given a stationary Sa.S (0 < a < 2) random field {X;}1eq, there exist
(i) a o-finite standard measure space (5,8, u),

(ii) a function f:S — R such that ||f||. := </|f|adu> v < 00, and

(iii) a nonsingular G-action {¢t}+ec on (S, S, 1)

such that each real linear combination

k k
Z CiXt,- ~ SO{S( Z Cifti ) 5 (1)
i=1 i=1 «
where 1/
f= (M22) pon e
i

Converse also holds:
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Rosinski (1995) representation of a stationary Sa.S field

Given a stationary Sa.S (0 < a < 2) random field {X;}1eq, there exist
(i) a o-finite standard measure space (5,8, u),

(ii) a function f:S — R such that ||f||. := </|f|adu> v < 00, and

(iii) a nonsingular G-action {¢t}+ec on (S, S, 1)

such that each real linear combination

k k
Z CiXt,- ~ SO{S( Z Cifti ) 5 (1)
i=1 i=1 «
where /
d «
ft:< Md(;qm) fo(bta tGG

Converse also holds: given (i), (ii) and (iii), there exists a stationary Sa.S
random field {X;};c¢ satisfying (1).

Parthanil Roy Stable fi s and von Neumann Algebras



Rosinski (1995) representation of a stationary Sa.S field

Given a stationary Sa.S (0 < a < 2) random field {X;}1eq, there exist

(i) a o-finite standard measure space (5,8, u),

1/a
(ii) a function f:S — R such that ||f||. := </|f|adu> < 00, and

) ; (1)

(iii) a nonsingular G-action {¢t}+ec on (S, S, 1)

such that each real linear combination

k
> eXy, ~ Sas (

i=1

k

Z Cifti

=1

where

Converse also holds: given (i), (ii) and (iii), there exists a stationary Sa.S
random field {X;};c¢ satisfying (1).

{ft}tec = a Rosinski representation of {Xt}
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Properties of stationary stable fields via the action

Various probabilistic facets of a stable random field have been connected to
the ergodic theoretic properties of the underlying nonsingular action:
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Properties of stationary stable fields via the action

Various probabilistic facets of a stable random field have been connected to
the ergodic theoretic properties of the underlying nonsingular action:

Mixing features: Rosinski and Samorodnitsky (1996), Samorodnitsky
(2005), Roy (2007, 2012), Wang, R. and Stoev (2013)

Large deviations issues: Mikosch and Samorodnitsky (2000), Fasen and
R. (2016)

Growth of maxima: Samorodnitsky (2004), R. and Samorodnitsky (2008),
Owada and Samorodnitsky (2015a), Sarkar and R. (2018), Athreya, Mj
and R. (2019)

Extremal point processes: Resnick and Samorodnitsky (2004), R. (2010),
Sarkar and R. (2018)

Statistical aspects: Bhattacharya and R. (2018)
Uniform Hélder continuity of paths: Panigrahi, R. and Xiao (2018)
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Properties of stationary stable fields via the action

Various probabilistic facets of a stable random field have been connected to
the ergodic theoretic properties of the underlying nonsingular action:

o Mixing features: Rosinski and Samorodnitsky (1996), Samorodnitsky
(2005), Roy (2007, 2012), Wang, R. and Stoev (2013)

o Large deviations issues: Mikosch and Samorodnitsky (2000), Fasen and
R. (2016)

o Growth of maxima: Samorodnitsky (2004), R. and Samorodnitsky (2008),
Owada and Samorodnitsky (2015a), Sarkar and R. (2018), Athreya, Mj
and R. (2019)

o Extremal point processes: Resnick and Samorodnitsky (2004), R. (2010),
Sarkar and R. (2018)

o Statistical aspects: Bhattacharya and R. (2018)
o Uniform Holder continuity of paths: Panigrahi, R. and Xiao (2018)

The present work carries this link forward to the realm of von Neumann
algebras via Murray and von Neumann (1936)’s crossed product construction.
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A Crash Course on von Neumann Algebras




Topologies on operators

B(H) := all bdd linear operators on a separable Hilbert space H over C.
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B(H) := all bdd linear operators on a separable Hilbert space H over C.

o Norm topology (metrizable): T, — T in NT iff
|To =T :== SUp|¢|<1 [(To = T)E| — 0.
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on bounded subsets of (#, inner-product topology).]
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o Norm topology (metrizable): T, — T in NT iff
|To =Tl == supjey<1 |(Ta = T)&|| = 0. [Topology of uniform convergence
on bounded subsets of (#, inner-product topology).]
> Too strong and restrictive.
> B(H) may not be separable.
> Difficult to carry out sophisticated analysis.

\

o Strong operator topology (not metrizable): T, — T in SOT iff
(To, — T)¢|| — 0 for all £ € H. [Topology of pointwise convergence on
(H, inner-product topology).]

V

o Weak operator topology (not metrizable): T,, — T in SOT iff
((To, = T)¢,m) — 0 for all &,n € H. [Topology of pointwise convergence on
(H, weak topology).|
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Bicommutant theorem of von Neumann

Theorem (von Neumann)

Suppose M is a x-subalgebra of B(H) containing 1, the identity operator. Then
the following are equivalent:

Q@ M is closed in weak operator topology.
Q M is closed in strong operator topology.
QM=M= M".
Here M' :={T € B(H) : TA = AT for all A € M} is the commutant of M.
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Bicommutant theorem of von Neumann

Theorem (von Neumann)

Suppose M is a x-subalgebra of B(H) containing 1, the identity operator. Then
the following are equivalent:

Q@ M is closed in weak operator topology.
Q M is closed in strong operator topology.
QM=M= M".
Here M' :={T € B(H) : TA = AT for all A € M} is the commutant of M.

The first two are analytic properties while the third one is an algebraic one.

Definition (see, e.g, Sunder (1987), Jones (2009), Peterson (2013))

A unital x-subalgebra of B(H) satisfying one (and hence all) of the above
equivalent conditions is called a von Neumann algebra (or a W*-algebra).
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The central decomposition

Note that if M is a von Neumann algebra, then so is M’. We now define a
very important class (building blocks) of von Neumann algebras.

A von Neumann algebra M is called a factor if Z(M):= M N M' :=
{T € M:TA= AT for all A€ M} =Cl1 (i.e., the centre is trivial).
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The central decomposition

Note that if M is a von Neumann algebra, then so is M’. We now define a
very important class (building blocks) of von Neumann algebras.

A von Neumann algebra M is called a factor if Z(M):= M N M' :=
{T € M:TA= AT for all A€ M} =Cl1 (i.e., the centre is trivial).

Theorem (von Neumann)

Any von Neumann algebra can be decomposed as a direct sum (or more
generally, “direct integral”) of factors: there exists a measure space (Y,), p)
such that

M z/ M, p(dy) (direct integral; see Knudby (2011)),
v

where M, is a factor for p-almost all y € Y.
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The central decomposition

Note that if M is a von Neumann algebra, then so is M’. We now define a
very important class (building blocks) of von Neumann algebras.

A von Neumann algebra M is called a factor if Z(M):= M N M' :=
{T € M:TA= AT for all A€ M} =Cl1 (i.e., the centre is trivial).

Theorem (von Neumann)

Any von Neumann algebra can be decomposed as a direct sum (or more
generally, “direct integral”) of factors: there exists a measure space (Y,), p)
such that

M z/ M, p(dy) (direct integral; see Knudby (2011)),
v

where M, is a factor for p-almost all y € Y.

Enough (for a von Neumann algebraist) to study and classify factors.
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Type 11; factors

A factor M is of type L1 if M is inifinite-dimensional and it admits a
normalized trace, i.e., there exists a “continuous” linear functional tr : M — C
satisfying tr(1) = 1, tr(ab) = tr(ba) and tr(a*a) > 0 for all a,b € M.
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Type 11; factors

“Definition”

A factor M is of type L1 if M is inifinite-dimensional and it admits a
normalized trace, i.e., there exists a “continuous” linear functional tr : M — C
satisfying tr(1) = 1, tr(ab) = tr(ba) and tr(a*a) > 0 for all a,b € M.

Definition (R. (2020+))

A von Neumann algebra M is said to admit no I1; factor in its central

decomposition if M has a central decomposition

M:/ M, p(dy) (direct integral),
Y

such that for p-almost all y € Y, M, is not a factor of type I1;.
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Type 11; factors

“Definition”

A factor M is of type L1 if M is inifinite-dimensional and it admits a
normalized trace, i.e., there exists a “continuous” linear functional tr : M — C
satisfying tr(1) = 1, tr(ab) = tr(ba) and tr(a*a) > 0 for all a,b € M.

Definition (R. (2020+))

A von Neumann algebra M is said to admit no I1; factor in its central

decomposition if M has a central decomposition

M:/ M, p(dy) (direct integral),
Y

such that for p-almost all y € Y, M, is not a factor of type I1;.

If Y is countable with p being the counting measure, then the direct integral
becomes a direct sum (M = @,cy M,) of factors.
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Type 11; factors

“Definition”

A factor M is of type L1 if M is inifinite-dimensional and it admits a
normalized trace, i.e., there exists a “continuous” linear functional tr : M — C
satisfying tr(1) = 1, tr(ab) = tr(ba) and tr(a*a) > 0 for all a,b € M.

Definition (R. (2020+))

A von Neumann algebra M is said to admit no I1; factor in its central

decomposition if M has a central decomposition

M:/ M, p(dy) (direct integral),
Y

such that for p-almost all y € Y, M, is not a factor of type I1;.

If Y is countable with p being the counting measure, then the direct integral
becomes a direct sum (M = &,y M,) of factors. In this special case, the
above definition is equivalent to saying no M, is a type I1; factor.
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Recall: nonsingular G-action

Let (G,-) be a countable group with identity element e. {¢; }icq is called a
nonsingular (also known as quasi-invariant) G-action on a o-finite standard
measure space (5,8, p) if

o ¢¢: S — S is a measurable map for each t € G,
o ¢o(s)=sforall se S,
o ¢t1.t2 = ¢t2 (@] ¢t1 fOI‘ all tl,tQ S G,

o pogy ~pforallted.
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“Group measure space constru

o (G,) is a countable group with identity element e.
o (5,8, ) is a o-finite standard measure space

o {¢t}tec is a nonsingular G-action on (S, S, i)
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“Group measure space construction”

o (G,) is a countable group with identity element e.
o (5,8, ) is a o-finite standard measure space

o {¢t}tec is a nonsingular G-action on (S, S, i)

“Definition” (see, e.g, Jones (2009), Peterson (2013))

Following the work of Murray and von Neumann (1936) (in the
measure-preserving case), one can construct a von Neumann algebra (as a
subalgebra of B((*(G )® L3(8S, u))) that encodes the ergodic theoretic features”
L>2(S, p) inside B(LA(S, //) throu // the Koopman representation. This von
Neumann algebm 18 called group measure space construction.
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“Group measure space construction”

o (G,) is a countable group with identity element e.
o (5,8, ) is a o-finite standard measure space

o {¢t}tec is a nonsingular G-action on (S, S, i)

“Definition” (see, e.g, Jones (2009), Peterson (2013))

Following the work of Murray and von Neumann (1936) (in the
measure-preserving case), one can construct a von Neumann algebra (as a
subalgebra of B((*(G) ® L2(S, u))) that “encodes the ergodic theoretic features”
of {¢pt}iec ¥ nat product relatio - rmalizes
LS, ) inside B(L2(S, p)) through the Koopman representation. This von
Neumann algebra is called group measure space constructwn

Notation: £>(S,u) x4,y G or simply — L(S,u) x G.
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Linking Stable Random Fields
with von Neumann Algebras




How good is the connectio

Rosinski Representation

Stable Random
Field

Nonsingular
(Not Unique) Group Action

Murray and
wvon Neumann (1936)

Group Measure

Space Constr
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How good is the connectio

Rosinski Representation

Stable Random
Field

Nonsingular
(Not Unique) Group Action

Murray and
wvon Neumann (1936)

Question: Unique?

Group Measure
Space Constr
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How good is the connect

Rosinski Representation

Stable Random
Field

Nonsingular
(Not Unique) Group Action

Murray and
wvon Neumann (1936)

Question: Unique?

Answer: Yes (provided the
Rosinski representation is

minimal) Group Measure
Space Constr
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How good is the connecti

Rosinski Representation

Stable Random
Field

Nonsingular
(Not Unique) Group Action

Murray and
wvon Neumann (1936)

Question: Unique?

Answer: Yes (provided the
Rosinski representation is

minimal) Group Measure
Space Constr

Question: Useful?
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The minimal group measure space construction

Theorem (R. (2020-+))

Suppose {Xi}ieq is a (left) stationary SaS random field indexed by a
countable group G. Let {qSEl)}teG and {¢§2)}teg be two nonsingular G-actions
(on (SN, M) and (SP, u?)), respectively) obtained from two minimal (and
hence Rosinski) representations. Then

£°°(S(1),,u(1)) 9 G o £°°(S(2),,u(2)) NYe!

as von Neumann algebras. In particular, group measure space construction is

an invariant for any minimal representation of a fived stationary SaS random
field.
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The minimal group measure space construction

Theorem (R. (2020-+))

Suppose {Xi}ieq is a (left) stationary SaS random field indexed by a
countable group G. Let {qSEl)}teG and {¢§2)}teg be two nonsingular G-actions
(on (SN, M) and (SP, u?)), respectively) obtained from two minimal (and
hence Rosinski) representations. Then

£°°(S(1),,u(1)) 9 G o 500(5(2),/1(2)) NYe!

as von Neumann algebras. In particular, group measure space construction is

an invariant for any minimal representation of a fived stationary SaS random
field.

Sketch of proof.
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The minimal group measure space construction

Theorem (R. (2020-+))

Suppose {Xi}ieq is a (left) stationary SaS random field indexed by a
countable group G. Let {qSil)}teG and {¢§2)}teg be two nonsingular G-actions
(on (SN, M) and (SP, u?)), respectively) obtained from two minimal (and
hence Rosinski) representations. Then

500(5(1)’#(1)) 9 G o 500(5(2),/1(2)) NYe!

as von Neumann algebras. In particular, group measure space construction is

an invariant for any minimal representation of a fived stationary SaS random
field.

Sketch of proof.

{¢§1)} = {¢,§2)} as group actions (extension of Theorem 3.6 of Rosinski (1995))
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The minimal group measure space construction

Theorem (R. (2020-+))

Suppose {Xi}ieq is a (left) stationary SaS random field indexed by a
countable group G. Let {qSil)}teG and {¢§2)}teg be two nonsingular G-actions
(on (SN, M) and (SP, u?)), respectively) obtained from two minimal (and
hence Rosinski) representations. Then

500(5(1)’#(1)) 9 G o 500(5(2),/1(2)) NYe!

as von Neumann algebras. In particular, group measure space construction is

an invariant for any minimal representation of a fived stationary SaS random
field.

Sketch of proof.

{¢§1)} = {¢,§2)} as group actions (extension of Theorem 3.6 of Rosinski (1995))
= they are “orbit equivalent”
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The minimal group measure space construction

Theorem (R. (2020-+))

Suppose {Xi}ieq is a (left) stationary SaS random field indexed by a
countable group G. Let {qSil)}teG and {¢§2)}teg be two nonsingular G-actions
(on (SN, M) and (SP, u?)), respectively) obtained from two minimal (and
hence Rosinski) representations. Then

500(5(1)’#(1)) 9 G o 500(5(2),/1(2)) NYe!

as von Neumann algebras. In particular, group measure space construction is

an invariant for any minimal representation of a fived stationary SaS random
field.

Sketch of proof.

{¢§1)} = {¢,§2)} as group actions (extension of Theorem 3.6 of Rosinski (1995))
= they are “orbit equivalent” = L£>°(SM M) x G = L£>(S? 1)) x G
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The minimal group measure space construction

Theorem (R. (2020-+))

Suppose {Xi}ieq is a (left) stationary SaS random field indexed by a
countable group G. Let {qSil)}teG and {¢§2)}teg be two nonsingular G-actions
(on (SN, M) and (SP, u?)), respectively) obtained from two minimal (and
hence Rosinski) representations. Then

500(5(1)’#(1)) 9 G o 500(5(2),/1(2)) NYe!

as von Neumann algebras. In particular, group measure space construction is
an invariant for any minimal representation of a fived stationary SaS random
field.

Sketch of proof.

{¢§1)} = {¢,§2)} as group actions (extension of Theorem 3.6 of Rosinski (1995))
= they are “orbit equivalent” = L£>(SW, M) x G = £>°(S®) 1?)) x G by
a seminal result of Singer (1955). O
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A W*-rigidity question

Summary: Minimal group measure space construction is an invariant for any
stationary Sa.S random field.
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A W*-rigidity question

Summary: Minimal group measure space construction is an invariant for any
stationary Sa.S random field.

Same holds for stationary max-stable fields by an extension of Proposition 6.1
in Wang and Stoev (2009).
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A W-rigidity ques

Summary: Minimal group measure space construction is an invariant for any
stationary Sa.S random field.

Same holds for stationary max-stable fields by an extension of Proposition 6.1
in Wang and Stoev (2009).

Question: How much does this invariant “remember” the random field?
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A W*-rigidity question

Summary: Minimal group measure space construction is an invariant for any
stationary Sa.S random field.

Same holds for stationary max-stable fields by an extension of Proposition 6.1
in Wang and Stoev (2009).

Question: How much does this invariant “remember” the random field?

In other words, if two stationary Sa.S random fields (not necessarily indexed
by the same group) have isomorphic minimal group measure space
constructions, then do they have similar probabilistic properties?
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A W*-rigidity question

Summary: Minimal group measure space construction is an invariant for any
stationary Sa.S random field.

Same holds for stationary max-stable fields by an extension of Proposition 6.1
in Wang and Stoev (2009).

Question: How much does this invariant “remember” the random field?

In other words, if two stationary Sa.S random fields (not necessarily indexed
by the same group) have isomorphic minimal group measure space
constructions, then do they have similar probabilistic properties?

This question parallels the theory of W*-rigidity (a term coined by Sorin Popa
- see the survey of Ioana (2018)) for group actions.
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A W*-rigidity question

Summary: Minimal group measure space construction is an invariant for any
stationary Sa.S random field.

Same holds for stationary max-stable fields by an extension of Proposition 6.1
in Wang and Stoev (2009).

Question: How much does this invariant “remember” the random field?

In other words, if two stationary Sa.S random fields (not necessarily indexed
by the same group) have isomorphic minimal group measure space
constructions, then do they have similar probabilistic properties?

This question parallels the theory of W*-rigidity (a term coined by Sorin Popa
- see the survey of Ioana (2018)) for group actions.

See also the ICM 2018 lecture of Adrian Ioana from YouTube.
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What about any Rosinski representation?
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What about any Rosinski representation?

o Another W*-rigidity question: How much does a Rosinski (not
necessarily the minimal) group measure space construction remember the
stable random field?
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What about any Rosinski representation?

o Another W*-rigidity question: How much does a Rosinski (not
necessarily the minimal) group measure space construction remember the
stable random field?

o Since any Rosinski representation “can be written in terms of” any
minimal representation, we conjecture that many von Neumann algebraic
aspects of the corresponding group measure space construction will
become invariants and many stochastic properties of the field will be
remembered.
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What about any Rosinski representation?

o Another W*-rigidity question: How much does a Rosinski (not
necessarily the minimal) group measure space construction remember the
stable random field?

o Since any Rosinski representation “can be written in terms of” any
minimal representation, we conjecture that many von Neumann algebraic
aspects of the corresponding group measure space construction will
become invariants and many stochastic properties of the field will be
remembered.

o We have exhibited two such instances in this work when G = Z¢

Parthanil Roy Stable fields and von Neumann Algebras|



What about any Rosinski representation?

o Another W*-rigidity question: How much does a Rosinski (not
necessarily the minimal) group measure space construction remember the
stable random field?

o Since any Rosinski representation “can be written in terms of” any
minimal representation, we conjecture that many von Neumann algebraic
aspects of the corresponding group measure space construction will
become invariants and many stochastic properties of the field will be
remembered.

o We have exhibited two such instances in this work when G = Z? - both
ergodicity and complete non-ergodicity are W*-rigid properties for stable
random fields.
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What about any Rosinski representation?

o Another W*-rigidity question: How much does a Rosinski (not
necessarily the minimal) group measure space construction remember the
stable random field?

o Since any Rosinski representation “can be written in terms of” any
minimal representation, we conjecture that many von Neumann algebraic
aspects of the corresponding group measure space construction will
become invariants and many stochastic properties of the field will be
remembered.

o We have exhibited two such instances in this work when G = Z? - both
ergodicity and complete non-ergodicity are W*-rigid properties for stable
random fields.

o From now on G' = Z? (unless mentioned otherwise).
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Operator Algebraic Characterization of
Ergodicity for Stable Random Fields (G = Z%)




Ergodicity of Z%-indexed stable fields

Recall that any stationary SaS random field X = {X;};cz« induces a
measure-preserving shift action (of Z%) on (de,IF’x), where

Px = law of X i=P({w e Q: (X,(w): t € 2%) € }).
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Ergodicity of Z%-indexed stable fields

Recall that any stationary SaS random field X = {X;},cza induces a
measure-preserving shift action (of Z%) on (]RZd,IF’x), where

Px = law of X i=P({w e Q: (X,(w): t € 2%) € }).

{X:}iega is called ergodic if the above shift action is so, ie., the
shift-invariant subsets of RZ" gre Px -trivial.
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Ergodicity of Z%-indexed stable fields

Recall that any stationary SaS random field X = {X;},cza induces a
measure-preserving shift action (of Z%) on (]RZd,IF’x), where

Px = law of X i=P({w e Q: (X,(w): t € 2%) € }).

{X:}iega is called ergodic if the above shift action is so, ie., the
shift-invariant subsets of RZ" gre Px -trivial.

Question: When is {X;};cz« ergodic?
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Ergodicity of Z%-indexed stable fields

Recall that any stationary SaS random field X = {X;},cza induces a
measure-preserving shift action (of Z%) on (]RZd,IF’x), where

Px = law of X i=P({w e Q: (X,(w): t € 2%) € }).

{X:}iega is called ergodic if the above shift action is so, ie., the
shift-invariant subsets of RZ" gre Px -trivial.

Question: When is {X;};cza ergodic? [Helps in proving limit theorems. |
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Ergodicity of Z%-indexed stable fields

Recall that any stationary SaS random field X = {X;},cza induces a
measure-preserving shift action (of Z%) on (]RZd,IF’x), where

Px = law of X i=P({w e Q: (X,(w): t € 2%) € }).

{X:}iega is called ergodic if the above shift action is so, ie., the
shift-invariant subsets of RZ" gre Px -trivial.

Question: When is {X;};cza ergodic? [Helps in proving limit theorems. |

o d = 1: Samorodnitsky (2005) gave a criterion based on the ergodic
theoretic properties of the underlying action.
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Ergodicity of Z%-indexed stable fields

Recall that any stationary SaS random field X = {X;},cza induces a
measure-preserving shift action (of Z%) on (]RZd,IF’x), where

Px = law of X i=P({w e Q: (X,(w): t € 2%) € }).

{X:}iega is called ergodic if the above shift action is so, ie., the
shift-invariant subsets of RZ" gre Px -trivial.

Question: When is {X;};cza ergodic? [Helps in proving limit theorems. |

o d = 1: Samorodnitsky (2005) gave a criterion based on the ergodic
theoretic properties of the underlying action.

o d > 1: Wang, R. and Stoev (2013) extended the above work.
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Ergodicity of Z%-indexed stable fields

Recall that any stationary SaS random field X = {X;},cza induces a
measure-preserving shift action (of Z%) on (]RZd,IF’x), where

Px = law of X i=P({w e Q: (X,(w): t € 2%) € }).

{X:}iega is called ergodic if the above shift action is so, ie., the
shift-invariant subsets of RZ" gre Px -trivial.

Question: When is {X;};cza ergodic? [Helps in proving limit theorems. |

o d = 1: Samorodnitsky (2005) gave a criterion based on the ergodic
theoretic properties of the underlying action.

o d > 1: Wang, R. and Stoev (2013) extended the above work.

o R. (2020+): New characterization using group measure space
construction for d > 1.
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Ergodicty via von Neumann algebas

Theorem (R. (20204 ))

Suppose {Xi}ieza is a stationary SaS random field generated by a free
nonsingular action {¢s}icza. Then {Xi},eza is ergodic (equiv., weakly mizing)
if and only if the corresponding group measure space construction admits no
11 factor in its central decomposition.
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Ergodicty via von Neumann algebas

Theorem (R. (20204 ))

Suppose {Xi}ieza is a stationary SaS random field generated by a free
nonsingular action {¢s}icza. Then {Xi},eza is ergodic (equiv., weakly mizing)

if and only if the corresponding group measure space construction admits no
11 factor in its central decomposition.

Corollary (R. (2020+))

“Admitting no 11, factor in the central decomposition” is an invariant for any

“free Rosinski group measure space construction” of a fized stationary stable
random field indexed by Z2.
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Stable fields and von Neumann Algebras|



Ergodicty via von Neumann algebas

Theorem (R. (20204 ))

Suppose {Xi}ieza is a stationary SaS random field generated by a free
nonsingular action {¢s}icza. Then {Xi},eza is ergodic (equiv., weakly mizing)
if and only if the corresponding group measure space construction admits no
11 factor in its central decomposition.

Corollary (R. (2020+))

“Admitting no 11, factor in the central decomposition” is an invariant for any
“free Rosinski group measure space construction” of a fized stationary stable
random field indexed by Z2.

In other words, if a free Rosinski group measure space construction of such a
random field admits no I factor in its central decomposition, then the same
is true about any free Rosinski group measure space construction of that
random field.
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Connection to orbit equivalence

Corollary (R. (2020+) - Ergodicity is W*-rigid and hence OE-rigid)

If two stationary SaS random fields indexed by Z (possibly with two different
d’s) have isomorphic free Rosinski group measure space constructions, then
one is ergodic (equiv., weakly mizing) if and only if the other one is so.
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Connection to orbit equivalence

Corollary (R. (2020+) - Ergodicity is W*-rigid and hence OE-rigid)

If two stationary SaS random fields indexed by Z (possibly with two different
d’s) have isomorphic free Rosinski group measure space constructions, then
one is ergodic (equiv., weakly mixzing) if and only if the other one is so. In

particular, if they are generated by orbit equivalent free actions, then also the
same conclusion holds.
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Connection to orbit equivalence

Corollary (R. (2020+) - Ergodicity is W*-rigid and hence OE-rigid)

If two stationary SaS random fields indexed by Z (possibly with two different
d’s) have isomorphic free Rosinski group measure space constructions, then
one is ergodic (equiv., weakly mixzing) if and only if the other one is so. In
particular, if they are generated by orbit equivalent free actions, then also the
same conclusion holds.

The indexing groups having possibly different ranks (as Z-modules) is actually
very useful in the context of orbit equivalence.
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Connection to orbit equivalence

Corollary (R. (2020+) - Ergodicity is W*-rigid and hence OE-rigid)

If two stationary SaS random fields indexed by Z (possibly with two different
d’s) have isomorphic free Rosinski group measure space constructions, then
one is ergodic (equiv., weakly mixzing) if and only if the other one is so. In
particular, if they are generated by orbit equivalent free actions, then also the
same conclusion holds.

The indexing groups having possibly different ranks (as Z-modules) is actually
very useful in the context of orbit equivalence.

The seminal result of Connes, Feldman and Weiss (1981) states that any
nonsingular action of Z? (more generally, of any amenable group) is orbit
equivalent to a nonsingular Z-action.
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Connection to orbit equivalence

Corollary (R. (2020+) - Ergodicity is W*-rigid and hence OE-rigid)

If two stationary SaS random fields indexed by Z (possibly with two different
d’s) have isomorphic free Rosinski group measure space constructions, then
one is ergodic (equiv., weakly mixzing) if and only if the other one is so. In
particular, if they are generated by orbit equivalent free actions, then also the
same conclusion holds.

The indexing groups having possibly different ranks (as Z-modules) is actually
very useful in the context of orbit equivalence.

The seminal result of Connes, Feldman and Weiss (1981) states that any
nonsingular action of Z? (more generally, of any amenable group) is orbit
equivalent to a nonsingular Z-action.

Therefore, it is now possible to associate a stationary Sa.S process to any
stationary Sa.S random field indexed by Z< in an ergodicity-preserving
manner.
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Connection to orbit equivalence

Corollary (R. (2020+) - Ergodicity is W*-rigid and hence OE-rigid)

If two stationary SaS random fields indexed by Z (possibly with two different
d’s) have isomorphic free Rosinski group measure space constructions, then
one is ergodic (equiv., weakly mixzing) if and only if the other one is so. In
particular, if they are generated by orbit equivalent free actions, then also the
same conclusion holds.

The indexing groups having possibly different ranks (as Z-modules) is actually
very useful in the context of orbit equivalence.

The seminal result of Connes, Feldman and Weiss (1981) states that any
nonsingular action of Z? (more generally, of any amenable group) is orbit
equivalent to a nonsingular Z-action.

Therefore, it is now possible to associate a stationary Sa.S process to any
stationary Sa.S random field indexed by Z< in an ergodicity-preserving
manner. This may help in classification of such fields.
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Sketch of pro

e Can we prove it when the action {¢;};cza is also ergodic? Yes we can.

> a fact from von Neumann Algebras: if {0} s free a
factor L=(S,u) x G is of type 111 if and only if there exist
{ ¢+ }-invariant finite m re v ~ p, and

> Theorem 1.1 of Wang, R. and Stoev (2013) (probabilistic input ).

1vd ergodic, then the

S a

@ What about the general case? Use

> ergodic decomposition (Schmidt (1976). Corollary 6.9) for a nonsingular
action on a standard measure space, and

» its canonical connection to the central decomposition of the corresponding

group measure spoce construction (another operator algebraic tool).
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» its canonical connection to the central decomposition of the corresponding
group measure space construction (another operator algebraic tOOl).

o From the proof, it transpires that




Sketch of proof

e Can we prove it when the action {¢;};cza is also ergodic? Yes we can.

> a fact from von Neumann Algebras: i/ {U/}’/u is free and ergodic, then the
factor ,CX(S p) x G is of type 11 if and only if there S
{0/} invariant finite me

> Theorem 1.1 of Wang, R. and Stoev (2013) (probabilistic input ).

re v ~ p, and

@ What about the general case? Use

> ergodic decomposition (Schmidt (1976). Corollary 6.9) for a nonsingular
action on a standard measure space, and

» its canomni 1 to the central decomposition of the corresponding

group measure space construction (another operator algebraic tOOl).
o From the proof, it transpires that

> {Xi}iepa is fully non-ergodic iff (almost) all the factors are of type I1; and
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Sketch of proof

e Can we prove it when the action {¢;};cza is also ergodic? Yes we can.

> a fact from von Neumann Algebras:
factor L=(S, 1) x G is of type 11 if and
{p+ }-invariant finite e v~ [, and

> Theorem 1.1 of Wang, R. and Stoev (2013) (probabilistic input ).

if {p1}iea is free and ergodic, then the

meas

e What about the general case? Use
> ergodic decomposition (Schmidt (1976), Corollary 6.9) for a nonsingular
action on a standard measure space, and

n to the central decomposition of the corresponding
ce construction (another operator algebraic tool).

» its canonical con

{;7"!‘//,[) measure 1’
o From the proof, it transpires that

> {Xi}iepa is fully non-ergodic iff (almost) all the factors are of type I1; and

> same characterization of ergodicity holds for max-stable fields.

n Neumann



Future directions

o View more known examples through our lens - Cohen and Samorodnitsky
(2006) (known to be ergodic), Dombry and Guillotin-Plantard (2009),
Owada and Samorodnitsky (2015a), etc.
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Future directions

o View more known examples through our lens - Cohen and Samorodnitsky
(2006) (known to be ergodic), Dombry and Guillotin-Plantard (2009),
Owada and Samorodnitsky (2015a), etc.

o When will a stationary Sa.S random field be mixing? Connection to
Dombry and Kabluchko (2017) (for max-stable fields). Will mixing be a
W*-rigid property (like ergodicity) for G = Z4?

o What is the role of type III factors in various probabilistic properties of
stationary Sa.S random fields? How about the stable random field of
Sarkar and R. (2018) generated by the action of F; on its
Furstenberg-Poisson boundary?

o Ergodicity for stationary SaS random fields indexed by G # Z%? The
hindrance is not operator algebraic but ergodic theoretic - unavailability
of ergodic theorem for nonsingular actions of groups - extension of
Lindenstrauss (2001)? For discrete Heisenberg groups, use Jarrett (2019)?
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Thank You Very Much for Your Patience.

arXiv:2007.14821

Supplementaries: Technicalities + References




Koopman representation

G-action {¢;} lifts to the space of all real-valued measurable functions on S by
og=god, t€G.

This lifted action preserves the £°°-norm but not other £P-norms.

However, for each t € G, m; : L2(S, ) — L2(S, 1) given by

o by 1/2
(m:9)(s) = g o dr(s) (d,uduqb (s)) ,s¢€ 8

defines an isometry. The unitary representation {7 };cc of G inside £2(S, )
is called the Koopman representation.
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The crossed product relation

Using the cocycle relationship

dﬂ°¢uv_dﬂo¢ua <dﬂo¢v> woved

dp  dp du

one gets that for all a € £°°(S, 1) (thought of as acting on £2(S, i) by
multiplication), for all t € G and for all g € £2(S, u),

(rrami-19)(s) = ((ora)g)(s), s€S. (2)
In other words, the Koopman representation “normalizes” £°°(S, 1) inside

B(L2(S, 11)). The group measure space construction is a space, where the
crossed product relation (2) is internalized.
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Group measure space construction

Consider the von Neumann algebra

B(I*(G) ® L2(S, ) = B(2(G)) @ B(L2(S, ))

(with the closure being taken with respect to the weak/strong operator
topology). Define a representation of G by ¢t — wu; := A\ ® 7, where {\;} is
the left regular representation and {m;} is the Koopman representation. We
also represent £°(S, 1) by a — 1 ® M,, where M, is the multiplication (by
a) operator on £2(S, 11). It can be checked that the following “internal” crossed
product relation holds:

ur(1 @ My)ug-1 =10 Mgy,q .

Define the group measure space construction (also known as crossed product
construction) as

LX(S, 1) x G :={u, 1@ M, :t € G, ae LS, u)}".
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Connections to ergodic theory

It can be shown that the internal crossed product relation implies that any
x € L(S, ) x G can be uniquely written as x = ), ., ayuy with

{a; : t € G} C L>(S, u). Thus, we can view z as a |G| X |G| matrix with
entries coming from £%°(S, 1) that are the same along each left
group-diagonal; see, e.g, Jones (2009).

Theorem (see, e.g, Peterson (2013))

The following results hold for a nonsingular G-action {¢:} and the
corresponding group measure space construction defined above.

Q If the action {¢+}iec is free and ergodic, then L°(S, 1) X G is a factor.
Q If L>=(S, ) x G is a factor, then {¢;}icq is ergodic.
Q If {¢i}ieq is free and ergodic, then the factor L°(S,u) x G is of type I,
if and only if {¢+}ieq is a positive action.
Furthermore, if the two nonsingular actions (not necessarily of the same
group) are orbit-equivalent, then the corresponding group measure space
constructions are isomorphic as von Neumann algebras
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