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(bosed on his masderi dl'SS*e,r—l-nHon,)

(G\ )= <tble sup with  identily element <
) ) (Fossih\d'%:onc_ommu-‘-oﬁ\!c. and in most Caseg, %nik‘b &mmlul)

(S/ /S/ /U-)"-' o 0- ‘(.‘m'-le measure sro.cz.

et R
(5 ~acisn  on (S/ {S)/u) if
O eask C}%‘-(S) &'}___7(3/ &) s mble

alse mMmoowio i -null
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® moh ~u ¥ LeG
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He,'ne_ " o’.e.nole,g Q_%,ul\la_l-e/ncc_ oJc- meagured [4',6

. kaw’
same.  null se;k). g d

i« called a nohsinyularlcygasi-imlar(wﬂ'

C'earla,_) lmeosure_.——rre_.s.e.rvi% Gm ? Y\ons\'n?ulor G-M‘Han«]
b @ 4
Mo = ¥ tEG

We. .sl\a" sSee. "'No Q\camrlu )a,-‘-cx (One_ s mwng.—?re/servh\a. anel ‘HV..
er s nonsinrlar but net meo&m—.?resminﬂ,).

Sudv ?«-ou[:- acdions  Orice. Notural in m c:om‘-ex-k and westm“

JG’CU'S on their relalion 1o “[e,H =+ato = yymmedric A ~svable
(SWS) random- —;ﬁie.,o’-a l’ﬂc!&xcnl -b (h . B

Era.od»'c HheoreHe, lebeﬁHe& °DC <—> Q;itﬁiugh“csﬁrgpe:ﬁjl¥
nonsingar G - acHons Hrelds  indexed by G
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Q) What is a random feld 7

‘Ans) A random -Pie.'o( is o collechon of random-_ variableg .
(te., real - valued fngasuraklc -Funcl-:‘ons) deficed on a

Common 1>'° 50\5”18 space and  indexed a

" molt — dimensional OL’\‘]QQ/H bJ

K(‘Zd or TR"" or a 7rou,> or & mamtj%,fx) e,"'&.
In cur coge. He l'nolcxlra sed Ni" be @l)

‘(_(2 5 B, P)’-? o  prebabili ace. on whichk all }he
roholo':» Vaﬁab\?:(:f‘fhis +alk) are dlefined

(X = a random -ﬁe,u inJQMeal G y L'-Q-./ -"fof each-
e tEGR | X! (:2/3)%6; (K, By i3 ¢ mlltmep

g[:._. (Xt—> is called C'ef}-) .s-l-u:"ionar& if
d a8 \
(Xs.k > = (Xt_)be& ) - O{Cnn*e.s- I °F n’s]

t€a -B'ni#e.—dimzmri‘ond di' 4 bukio

C'-Q-) v— k>,1) V '\’:g,{.z_).../'[,k €GI ) V&eé G.l\&l v Be @R‘)

Pfue: (40 X, [0) € BY)= P(fue (X o)., X ) e 6])
= R R TRk s na

We. ‘Fix 0(6(0)2> JQ"‘ Hhe enthre talk.

M‘ A randorn variable X* (Q, ‘ $>_m_1le; (”2 ) CBFR:) s
said b »falhm o ,szrmmc\ﬂc. o(~s+ai_>__|g_. (\SO(S) distvi bution i'(:
3 7€ (0,0) svch thot fexr{texw}ol?(w) = expf— 0|01}

0
N 6E R, e
;Fo(’ & R Fourler dransform / charactertstic. flnchion °!' X

Deﬁn; (Xb)eec\ ts called an SxX S random —F»'elal,
ff each «F.‘m'*}@ f:'near aole'naj')‘orL O:)(1 Xt’S ’JDUHON an
Sx S distribokion,

Remark ! =2 copresponds dv the. Qavssion coge. — Ne shall onb be_ concerned
=0 B 1 \abml“ Jhe. nNoa- Gavssian sHuation .
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L__L__V_\'L (Qosinski {1%5, 2000))1 A Mn{iom -F,elol (Xt)tea (s e
‘Ueﬁ)ish-}ionara, SaS rondem field if ond oul& if  there exist

a ¢-finile meocure. Spoce ('S, =, ,u) , @ -ﬁmchom

— ' — ’ nble. \
Fel*(Su):=9f (s, a)nk (R, g): M= ([iflesI%m (4 o)
OJ-II“ is o norm Nhen ¢ € [1,2) but net whea oks 6(0)1)) ;
a nonsinzulav/ti,uasi—t'nvarianl' G -action {CR(LGG on (S, 5//4)
Such +hat -V—k,>,|.oncl V‘L‘.,{:i)...)iLQGq)

o) . f&xr{ijéejxtj(w)] cl?(w) :e.xr{'—llgeJﬁJIl:}) {0,'.,.}0,‘)€Rf
Nhere.QV i & G-\)
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B =3 foggac.so(%ﬁ,a) , seS.

"('.ocaﬁle.“ wrd -f(h'}i.e@'
(just assome i+ tobe =41 for "‘"‘"‘f"‘\‘zﬂ?})

Remarks: () The above. theorem mas o\c:{wllﬂ. fwtl Jba. Ko sinski (1995)
fr Q=7 ond TRosinski(2000) for G = Z4. Some “proof nith. o bit of
Core. o.l:ou-l' -H\e_ s;‘dg af MUI'I'IIPH&HDR, arrl\'u 4 Oﬂ& cthle 8‘rouf ‘ Gl

@) (%) + (xx)=> |eft shahionaniby. of (X, )iy,
Sbe,-]-dv OF P"OD{-’ ‘HX k>,-,/ i.,tz,...)fk,):% G.GI, 6.,6,_,...,9,‘6112..
Then . Lo sl

() + (%) = A"ex,f. 150X, (ol dP) = (o] 1 0, X1} Pl

d L
invession (ng )LGQ = (Xé )EGG )

@ l—"-H’ s,"ah‘onau'}ar o')c (Xt)tea I\DAUL% o natural O\CJHOI\/ of» G
GI n . ") 1

on fR, |efd-Feansladion” |, Nhich i_Frese_rveg the “lan of

(Xt )t:o,' 5 iy, J-h.-— Frolmkih'%. meogure.  an 'RG‘ Ac.-ﬁ‘nol bf

R ) i=P{ueq: (xw:itea)e )

N‘\w sSeen a-l— ‘H\G Furl'ex 'fmnsform Ie-Vb') }hIlS ac'H‘on b(.CUm% bon,sf?u’ur,

@ (x%) is nol unigme bub dhere. is o rigplily resolt (of%

| X -spaces  due + Huroh‘mf”!','??#)*MJ makeg i’ "more. of lexs
Unl'q/u& eraodic. Hheoreticall :v _[T')P_re.fore., Ne shall = (X-e )iec,
s generated [induce bd, TE o (and £). 7
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WE-S is called o wondering se} for {q%% if ¥ t1,t'€G with
b4t/ @(N)ncg’(wh @. 4 e

Exomple: fq&ez is dronslation on (R, Bp ,leb): ¥ t€ z |
SZ?CS)=S+'E) =c R,

TF\is IS & meoture - preservin (a.nc\ hente nonsin Iar) Z"ach‘bn. C’ear
N¥=(o,0] is o N{:nolerina, 3 o & ta’

HOP'F de.c_orr\fosn""’“" (vniqpe- medule ) q%cg‘) = C,} VY tEG
Hos no WOncl&ﬂ‘fZ. = Ce (D) =&

subsat of- “+V . "
ATk M Ki) fears,
(dissipative Pm)

1o the previsus )xam \e, €=® and OB:.'[R, In-ﬁul— N*=(0)l] rovel
hat H=RY). ( ’

Rermack! Qouahba, stkffﬂ.) He. Foln‘k ‘n the. censervative Po.r\- tend

to come back, wWhile +he Paih-}s in +Hhe. dissipative pact dend 12 move
O.Nwa. ba- He. grovp acton,

is o nons-’nau)a.v' G—,-—ac-h'oﬂ* on (S,//—S)/‘).

We. -gfs‘} Con_g;dg Gh = Z"t and o 5+¢1‘Hona.ra«, SXS random -Figj(‘i
(XE\Eezd ’
Eoi=ft=(t9, 49, t9) € 24 eah £ € En,nlY , 31,

POY . o(t)l) Fﬂ.f Qﬁ>o ’ bn>o "V’ “>/') We. Nf;'le.
* 3 : . Gn=@(bn) 4o mear _o_l‘:_._,,c'>o.
o n
Bl To 4hic  notation = (2n+1)d 2 d
(2,2 { = S S , 1 End ( ) @(n )
E, ford=2 Y nxzl, defire Mp(w) = mox IX (], we Q.
mble

&sa'l'ochee,k! M“(NS f o0 (os h—-»oo) 'ﬁr P-almost ol we (2,

(@37) hon fost cows M grw s nora?

As ne shall see, the. ansWer f's connedred 1o the. HuFf-
dQComposfHow of  the. Under'aﬂ'ﬂa, nonslna—ulm Zd—qd-ion.

Before wn'a‘-n‘nd down the. anwer +» Hhis c;mexb'on, nve. shall irreduce.
o imPoroJ—aM- Netahions |
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:Q_i_f_ni Take. O0LCnh 200, O We wiile M,= @P CCn) ( and .saa Hat
M. Grows like. o in Fro}:o.hima'} if a2 n 00 |

I\éi —a e (a s-lr'-c’tla. +ve. random varia“e.) i dfg-\ﬁ)aoh‘on)

te, ¥ 0<La<b L,
P({NEQ: a <L _Mg:_(“’.) <L’)) S P({wéﬂ: °‘<Z¢ <‘},:\l> ,

' Ta this dalk, Zx will olways be. [0 positive molfiple of )
an X - Frechet rondom variable’, Tn each situabion, the +ve.
constant hays beery evaluated Q\-H\ougfv it differs 'ﬁ‘om one result 4o
another, Iaﬂ\oﬁ:\a this constard , Z, satisfles

’P({"we.(?.: Lo (W)L x.]) = efo- x'“} L,V e>o.
@ We wrile Ma=2p(Cn) (and i ot M, Jrows Sf}*l‘c:Ha.SIoUer
Hhan Cn in P"’L“L”Ha’) if M"/CN —> O in distribohon | Liey.,

Ye>o, P(fwen: Bald £e1)— 1 as now.

Re.’mo:ki C \ear‘,a,)q) ond @ comvso']' occur v‘-oae.“\e-l‘- In '-Fu_p_‘-) :'f @
ha.ﬂ:cns. alona” o subseguence , then also @ cannet ha.fpu», Conversely
oceurence. of prevents From h“f‘f“i“a’ even along o Suhse%mce.,)

Ans\\:ef -‘-o C&rsz‘) 5
Thm: (d=1: Samordnitcky (2004) ; d>1: R.and Samarsdniksky-(2008) )
fqac}tezd hag  di-noll chssipative. pack => M, = op (nd1%)

fq{r}teld has nendvivial olissi‘oa‘l-ivc. Po..-\- = T\/\n L @P (ndl“).

Tntuidion: No Jissipo:Hve qu}- => S*hanger cle.fende,nm. amcma. Xt"s
=> Sloewer Z«'oNHv of Mn .

H‘nikhé_%eﬂe_m’repl ‘.(Zrca- ?;rioff F;_ (wf“v JOSS‘ of %MIJH,@)
D = {al .L) Q-! : b"’}' CNo ralations  excapt 0.0 '=ala=bh.b'=b"b -:e.)
F, = all possible reduced nordg that can be formed Usha)D

= "concotenohon followed ba. reouchon”
(eg., a*ba-'b. b %a%b ' a* = a*i a?ba?

Eacy o check: (R,') is & noncommutative growp.
N e =— e.mP-\a, pord..




Codl'-a %‘TD‘P“‘ of F;_ with %czne_m-l'in}. Set 'D-'-'{GJL)Q") L",}
Q;-T"’C,T'oh \/: F;

S ba B ' N
W}"—*—&j" E={(3,8.) 3'%,€1D]

D=D"' = undirected ml\,
egD = no self-loeop

| C\earl\", the. Caa ‘Qa_ W}v is a homo%zng_pu,s /rerla/r *h‘ea,olc

Itj=O

@b\-\
\
| % ti=2

Yter , 14l = Caa[ga Wb distance. between e and +,
En= TtER: 1t1sn} , nx) = |Eal = (2 (3").

Iﬂf %&ncm’ ) jcor an
A .‘blaw;o-)-a_ element < aLl:cl a .szammd-n‘c. 861\;::&-«‘8_ sed
D(: D-‘> é {Qf& ) Ne can de_vFine the Caa‘ed. %mnpk sl'mibﬂa;,
Let ollw,v)= mimies minimm- number of ed re.cyuired in tHhe

qu,ba_ Tafk/ 4+ thovel —fn:m 4o Vv > uuveG
= Caelea_ Tof\v distonce. betveon u ond v.

Ea={teG: wii=d+,e) €n} , nxl.
For a sl-akonqra/ SaS  random —FQ.H (xe){:ec‘) define. ¥ n31,
Malw) = mex | X, (] | wel2

Agdin | Mo(w) 7 o0 for Pralmst ol wel2,

(Qn") How fack does Mn grom o n—ree?

TB.‘ < b {s -]-oo esol +U lve. o &l\ c ansNesr }o
Gpeeshion Speet -
We shall stle «H\ad-actl aMemi d?’_deanpo:fﬁ on enmists thod s

Commacked to Hus gueehon” anl establish Jhak for G=F Hhis will
net  coincdde Wit the. Hopf clecomposibion, ,
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Answee = (Q__QG') ;
T=}gt (Sorkaro.:sal R. (ZOIG"‘)) = unigue ole.comr 4 moadulo K

gﬁ}feG ho»s M-noll nona!eaev\am-’-e 1><u‘\- = Mn = Op (I En ]V“).

fq%lt = has nentvivil nonc(cﬂzne.m’m. faA- => M“: @?(I Enk\l/«)
$or some .vas¢1 (n«) of ().

Quick; observohion G:Zd = A =3 oand B-¢C .
(7] Hoat Vogps O fhe dlommrastin, S~ 400) pbeg Gf ¢

. e w— e — — o
—— -——

@ Eraoah'c. Hheore beoomcx more nondeivial o2 we .I:a.ss *ﬁ-nmv amenables
+o nonam . %»reur.s (O.ML E Is an lmpor*"nn" +e,s]~-m)1.$ea)
for example , TO"’CQO'S) on failure of f:oin-}wi’s:. and maxjmal
@%@;a"dff- theoremse (in L') fora rneasure.-f:regervina,. octHon-
la]

2 s

B passia o the C l\.) ve. shall oblaiv o staliona Sas

m(?\dom —F.‘a;.ld inob.x:ﬂ\edbgmr o homagu\.ous tree. of even (am this
cog8¢e | -_Fom') cle.aftee-. Sueld f—’n‘e,ld.g are. l'mfof’}'dﬁ",,' See. eq,
Pemante. (I‘!‘iﬁ) ~or i'ﬁf:of'l'lnCe. of Aree indexesl processes in
Pmkqbi Iit4 H\Qor& 5 Statishicol Fh ics, fractal mzifar s _Lwdu'rg.
models , ede.. However, no shahotarys S rondeom fi2ld  hos
-Lee.n, consf\fuc‘-q_d on- O-fh‘ee- sSo ’_eLr‘

Qe.mork“@Wc. shall see. $hat o different eraoo(i’— Hheoretic F;\enowom
I's abhined i coge of B due B ik nonamaua»h')nlzz Thes
4 More ?reo‘_gelov S He. bounAm’a Lelween daﬁéﬁm amol

nonctv.aavem’n. poris will differest hat Ihe Hopf b«sunclag,

@ The only known example (fo vs) oaca stable. (more. a.anull , reguhae
'VMJJE) Helds incleed «? adree s branchiang rendm Eri\m”z?“ Qld_
(intea

ced by Durett (1979, 1983)) Wi reqlarly vinein steps, Rot
His  class fz‘: L by conshrucHon L )r\ons}ah‘onag-. d‘




Ansner +3 (‘(;QJ‘F") ! Real G =F, = \En\ =®(3n')'

'—Lr\:n:(Sarkw and Q (2‘3'6*} IP G = E P ‘H\at\« 3 Um‘cyuz, (m\o(u.'o M)

dew mPD«SIq';On/
HEA P @) -7
¢ Y

ST

t€

e R()-aB
ENR+Q
fck’}geﬁ hot u-noll nondeam\e,mlm. pouct = M, - OP(gnIO{)

{q;_’gte&hg nostvivial nondegenerabe park => ¥ subsey (nu)of (n)
} N 'Fl.vr}her s-u_lssaT' (n"v)
suehs Hat M"k =®P{3n"”"‘)

We hove an example #hat shws €N # " |

EXOM£ \e.i C The. Leundara. achon 01': F;_ anolfl'\r'\oluceal stohiona S« S random
Feld. This ackien wet Pom-i-ecﬁ oot P 0s ba. l(-'rgshook Riswas and Mahan N‘,)

“Take S=9F-= all infinile |ena}b reduced woedz that con be firmed
g s Tob b a T

tsea
Toe all & GF;_\{Q’L Ca (C_:‘ V2 ) denches the set of all infinite.
len reduced words wWhosa "fni-}-ahl‘.segmu4" is % (e.q, Co=tseoa

Nord s S}'nr‘Hl\a, Nk o, ete.)
= O [ C ,
S = (U C)
Eo.s& 4o check, (USinﬂ Kolmoaopov C’ons\\:,-\-e.nq; TF.m): '3 Unicyue. Froja
Mm-eoagyre MU  on (g.:. dF <S) “such thet
y

#(G)= —mm ¥ 3EReY

M is culled  Jhe Um‘ﬁrm— meagure on S = dF .

Rernack,: CSiBE) /u) is a F:-rs-lenloera-Poisson bounJaaf
of F; ard L is the RBHerson- <yllivan measure on the bavam
J>ouno.dﬁ 'b‘:,g_ .
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(= F2 ods COM“‘CG"J on (S:'br,_) <§/ /U) JDJ; ' IeH—ConcaJrzna‘\')‘on/ La«-

'H\Q_ iﬂvwe. ‘FO”ONQO' % reducah'an L 'e.a,) l(baba.--) = G".LQ-LQ_... .
ba”

Be.mcwk'. Usvally one takezs ”|efd- concotenation folloned reduchibn
Here. we leff- concatenate b&} the. inverse so as makh of

Cl@}'.‘. =f 8«:\)19 aeHan 92"11—: ?izo CEw' “Thie olafn/ QASUre]
[efd estadionardy= of the induced random field.

Grrigorchok, Kaimanovich and Nagnibedo (2012): {7 dechined
U U t 2

above (s a nonsingular achon Nl\o.ge, dl\&Si.?q'H\le. f“‘* s M-aul),
L\-Q./ i+ ‘s a condervahve E—a\

Sockar ard R.(2016+): () The degenembe, part (B of the above
Qehton e A-aull. Tn other reocds . He. .Baunolara achen ¢ nmda?znm’«z.,
(J,) I.)Q (X*-’)é(—?F,_ ‘s o left s-l'ah‘ona.ra- S L candom 1’-\1'¢-|c1 32!\@4’64&!

J'Dds {C’)ﬁlferkdeﬁn@l ahove ond ;PE1 (wih deivial coz‘ddo)) +Hhen

Mn i @F (3'”“) e\en 'HMUZL the achon is conservalive

Ta :Fm-hc. vlar, the. deau\erq-\e,-nondeﬁpnenﬂe de.composiHon« is Sivich
different from the “Hopf decompasihon for Gi=F, . Tn ofhar N‘oro(ﬁ:

o new dansihon baunolo-ra. i¢ ablained here.

Now leb us 9o back, 4o a 84-"%1 -S"ukonw‘d SxX S random
-ﬁ'e}d (Xt LeE ra,muaﬁzol loa any nonsinadar ackon {)ﬁ-(}eer&'

’}__}?___w(sarkw od R, (20064)) If N’tLF e dissipabive. , e, e
conservave .fa.r-}— ts AU-wll,  Jhen Mn’: @r (3nlo()'

In J{-;d) WNe haw_ o point process convergence result in tis case.

G"nm Nhich Mn = @P(_gﬁbl) Afollows ]aﬂ a  ConHnusus m“ff""d‘ araumenA') ond
'M-e_. ”'d]irH» Iooh-i» process ‘s nevel ) .»fk«‘dv we have dermed a8 a

"mnalamlet Hinneel cluster Poissan pracess”,

s MBr G=7% o stmilar ponl procese conv ce. (see.
Resnick and Samomcﬂnikkﬂ, ('zcoq)/ K. (20“33) holds bot the, himit isa
vanilla cluster Poiscon process  with ne 'H\inniqa_. This shews Hhat -H\n‘nm‘t\a.
is fmerhafs a “nonamenable. phenomenon’.

(2) In ovr cose, the (positive)) conshunt obtained 0 Hhe limitof 3774 Mo
(in dhe dichibulons)l sense) s alse much more. dale delicate than the
one OHﬂjﬁd M %Q, ,a_mce, coge. in Samorodﬂf'l‘Skz hoolo) RMJ&W“M (209
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|A u‘H\ouscmol Noml “H’ summarf7 of our re.SOH$ Hhe/\/ G

=R, de2.

NO'}Q.‘- Horf alxomposi'h‘on— O.MI our &

—_ n(A } c]e.com osih
eam-}e, no e.a,zn-erq e posidin
induce -]-hv- ‘fb“o"'i"a- f“ﬁﬁﬁon" S = O & U (Cﬂgﬁ—)\) @ .

ENA

Tightness of Ma[23% ! in fod, M.\='°r(3"'“)

azlven oma Subsq (n) of (n)) Opm Q\M&Hm .
3 a ‘f\a\f"H\c. .SULS

(ny, Exack rele in
suh Hat 21 ) )

+hy's Cose.?
Mo, = &, (3™")
| 2

(See @
balew)
6’\4 bound achon e.s-camp’-d
Hhis park is nowhivial

O Pen rFra blems:

() In coue of G = Zd) u.s'ma_ Shucture. theovem for -F-‘ni}cb 8%4@(
abelian ﬁrcu.M, a boMer rote Way obtained in some ColeS; See
R and Summodni—\ska floozj. Zince. Hhere is no Shudure

H\éorm 1@3'_ %‘ni;eb W@( nonabelian zroups, +hix w"otv
be.comes Very cho.lluamg

(x) S’o\mamJnH'SkH (l'na Pﬂ:&md comm\micah‘m)l Is it fossu’.kk. 4o charadenze

a“ -ﬁnh‘e,‘a 3@%&&4 C‘Hale, aroup G1 ‘fm‘ which & nen 'L'angl'HArv
.l:bunclw& will be. obsesved T

@I) & E"am\\\d"a ) \orae. cla.w‘a-l'r‘ons) ele. in the sum- and ma=sleble
mex-stable. rundom »ﬁeld.g indlexed th Fa ) d> 2,
(E> SJ-aHonara» SotS rosdom tF:’e.ch! Incladed More comfh‘m-leol

?NU\"S ) net nece.SSouﬁE C‘-'H:Je, (308) LJ‘e_. ?‘reuﬁs_)?

tr) What if Hhe undula"a $ree becomez rundom (saa, Ga”-bn-Na-kon)‘?




