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Pélya (1957)

Any problem of probability appears comparable to a suitable
problem about bags containing balls and any random mass
phenomenon appears as similar in certain essential respects to
successive drawings of balls from a system of suitably combined

bags.

Urn models have been used for modeling clinical trials. More
recently, they have been applied to studying opinion dynamics,
reinforcement learning, evolutionary models, ant walks etc.
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Classical Urn Models

e One of the first urn models to be studied was the classical
Pélya urn model introduced by George Pélya in 1923.
e The model consisted of an urn which initially contains a finite

number of balls of different colours.

e At every discrete time-step t, a ball is drawn from the urn
uniformly at random and it is replaced in the urn along with
a > 0 balls of the same colour.



Classical Urn Models

Theorem (Eggenberger and Pdélya, 1923)

Let Z(t) be the fraction of white balls in the urn after time t (or
after t draws). Then, as t — oo,

Z(t) = Z

such that Z ~ 3(Z(0),1 — Z(0)), where §(-,-) denotes Beta
distribution.



Friedman Urn: The drawn ball is replaced in the urn with a
balls of the same colour and b balls of the opposite colour. In
case of Friedman urns, Z(t) — 1/2 as t — 0.



Friedman Urn: The drawn ball is replaced in the urn with a
balls of the same colour and b balls of the opposite colour. In
case of Friedman urns, Z(t) — 1/2 as t — 0.

Bagchi-Pal Urn: If the drawn ball is of white colour, it is
replaced in the urn with a balls of the same colour and b balls
of black colour and if it is of black colour, it is replaced in the
urn with ¢ balls of the same colour and d balls of white
colour. Assuming the urn is balanced, thatisa+b=c+d

and a—c < (a+b)/2, Z(t) = 55z as t — oo.




Further Extensions

e Multicolour Urns (Amites Dasgupta, Krishanu Maulik, Arup
Bose, Irene Crimaldi).
e Infinite Colour Urns (Antar Bandyopadhyay, Debleena

Thacker, Svante Janson, Cécile Mailler).

e Random Replacement (Svante Janson, Rafik Aguech, Irene
Crimaldi).



Interacting Urns



A general two-colour interacting urn model

N urns such that the reinforcement in each urn depends on all the
urns or on a non-trivial subset of the given set of N urns.

We restrict our discussion to two-colour balanced urn schemes.
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More precisely, suppose there are N urns with configurations
(W;i(t), Bi(t)), where W;(t) and Bj(t) denote the number of
white balls and black balls respectively, at time t > 0 in the

i urn, for every i € [N].

The reinforcement in the i*® urn at time t is given by
(1%(2), 1B (£)) = (Wi(t), Bi(t)) — (Wit — 1), Bi(¢ — 1)). We
consider non-negative and finite reinforcement.

If the evolution of the i*" urn depends on urns at

{i1,...,ix;} € [N], then the conditional distribution of

(1Y (t), 1B(t)) is determined by W, (t —1),..., W, (t —1).

We call the set {i, ..., ik} the dependency set of the i** urn.
In particular, in a graph based general two-colour interacting
urn model, a natural choice for the dependency set of an urn
is the collection of urns in its neighbourhood.



Interacting Pdlya or Friedman Urns

P. Dai Pra, I. G. Minelli, P. Y. Louis and |. Crimaldi studied the
following Pdlya interacting urn model (2014 & 2016).

They consider N two-colours urns in which the reinforcement of
each urn depends on all the other urns.

e At time 0, each urn contains a white and b black balls with
a>1b>1.

e At each time t + 1, given the fraction of balls of white colour
in each urn at time t, independently of what happens in all
the other urns, a new white ball is replaced in urn i with
conditional probability aZ(t) + (1 — «)Z;(t), where

Z(t) =% ﬁl: Zi(t) and a € [0, 1].



Main Results

nIer;OZ = nILngOZ t) =: Z almost surely.
t—2e for0<a<1/2
E[(Zi(t) T Iog t fora=1/2
for1/2<a <1
VE(Z(t)
For a > 1/2,

Vi(Z(t) - 2) 5 N (o, (ﬁ + 12;1_/1”) (2(1-2)).
For a = 1/2, \/;(Z(t) ~Z) > N(0,(1- 1) (z(1- 2)).

For 0 < a < 1/2, t%(Z;(t) — Z) converges almost surely (and
in £1) to an almost surely non-zero random variable.



Interacting Urns on a Finite
Directed Graph

(Joint work with Gursharn Kaur)
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Graph Structure

Consider a directed network G = (V, ), where V = [N] is the
set of nodes and & is the set of directed edges.

The vertex set of the graph is divided into two disjoint sets,
the set of stubborn vertices (zero in-degree) and the set of
flexible vertices (non-zero in-degree). These are denoted by S

and F respectively.

e No isolated vertices in the graph.
e No vertices with only a single self loop.
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So, V=SUF with S={ie€ V:d»=0} and
F={ieV:d">o0}.

Without loss of generality, we assume that the vertices
labelled 1,...,|F| are flexible, while the rest are stubborn.

With this labelling, the adjacency matrix A (with
Aij = L) is of the form.

AF 0
ASFO.
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Reinforcement dynamics

Suppose each vertex i € V has an urn that contains balls of
two colours, white and black. Let (W;(t), Bi(t)) be the
configuration of the urn at vertex i at time t > 0.

A ball is selected uniformly at random from all the urns
simultaneously and independently of every other urn. The
colours of these balls are noted and they are replaced into
their respective urns. For every i € V/, if the colour of the ball
selected from the i urn is white, «; white and m; — «; black
balls are added to each urn j, such that i/ — j; and if the
colour of the ball selected from the i*® urn is black then

m; — B; white balls and ; black balls are added to each urn j,
such that i — j.
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In other words, the i*® urn reinforces its out-neighbours
according to the following reinforcement matrix

R,‘ _ (% m; — o '
mi—Bi  Bi

We classify the type of reinforcement as follows.
1. Pdlya type: if a; = 8; = m;. That is when R; = m;l.
2. Non-Pélya type: if 0 < a; + Bi < 2m;.

What can we say about the liming fraction of balls of
colour white in each urn?



Z(t) = (Z(2),...,2Zn(1)).

aj = a,-/m,- and b; = /B;/m,-. Let

a = (31, 50 .,aN), b= (bl, 0oog bN) and I'ﬁ,' = ZjeN(i) mj.
Diagonal matrices:
B:Diag(al+b1—1,...,aN—|—bN—1),

T(t) = Diag (T1(t), ..., Tn(1)),

M = Diag(mj, ..., my) and

M = Diag(ri, ..., fF),0,...,0).

il
W = BMAM " where 17" = [ 0F ]



Convergence of Z(n)

Theorem (G. Kaur and N. S.)
Suppose for every f € F there exists a node v such that v ~~ f
and either v € S or R, # myl. Then ast — oo, | — WE is

invertible and

Zr(t) 25 2 = [1 — (bMARI

)r + ZS(O)WSF} (1 — We) L.



Synchronization

Corollary

Suppose conditions for convergence as in the above theorem
hold. Then, under the synchronization conditions SC1 and SC2
given below, as t — oo, for every i € F

— BF + m5 — m%0 4 Zs(0) 4 3Zs(0)

Z‘ t ElSe
’()_> 2mF + mS — ofF — gF

In particular,

1. If Z;(0) = w for every j € S and synchronization conditions
SC1 and SC2 hold, then Z(t) 25 m+m =BT+ wled+5°—m?)

2mF—|—m5—aF :6F ’

ast — oo for every i € F.

2. If S = (0 and synchronization condition SC1 holds, then,
Zi(t) 2= Lﬁiﬁ,f ast— oo forevery i€ V.

2mF —af



Conditions for Synchronization

(SC1) There exist af, BF, mF, m® € R with of + gF < 2mF + m®,
such that for every i € F,

(7 F_ _F
Z Rj:<mFaBF mﬁFOé >

JEN;NF

(SC2) If S # 0, there exist a?5(0), 3Z5(0) mZs(0) ¢ R such that for

every i€ F, > m;= m® and
JENNS

> Z(O)R; =

JjeENNS

aZ5(0) mZs(©) _ 4Zs(0)
mZs(0) _ gZs(0) 325(0)



Uniform Reinforcement

When a; = a, b; = b, m; = m for all i € V, W = BMAKI "

. - |A D!
reduces to (a+ b — 1)A where A = F0 F 0 .
Ase 0| 0O O

Synchronization conditions reduce to ZS(O)ASF =1 and
1AF = c1. In that case, the limiting fraction is given by

(1—b)+(a+b—1)c1
1—(3+b—1)C2

and it equals
1—b

2—a—»>b
for S = 0.



Idea of the Proof: Stochastic Approximation Theory

A stochastic approximation scheme in R? is given by:
x(t+1) =x(t)+ a(t + 1)[h(x(t)) + M(t +1)],t >0,
where sup||x(t)|| < oo almost surely, and:
e The map h: R — R? is Lipschitz.
e > . a(t)=ocand 3, a(t)? < <.

e {M(t)}+>0 is a Martingale difference sequence with respect to
the increasing family of o-fields given by o(x(m), M(m))m<¢.
{M(t)} are square-integrable with

E[IM(t + D)I*|Fe] < K(L+[Ix(2)][)

for some constant K > 0.



The main result of the stochastic approximation theory says that
the iterates of the recursion for x; € R? satisfying

x(t+1) = x(t) + a(t + 1)[h(x(t)) + M(t +1)],t >0,

along with the given conditions, converge almost surely to the
stable limit points of the solutions of the ordinary differential
equation given by x(t) = h(x(t)).



Proof of Convergence

Let Let Y;(t) denote the indicator of the event that a white ball is
drawn from the i*® urn at time t > 1.

Zi(t+1) = Ti(tlJrl)W,-(tJr 1)
_ Ti(y)
= Te+p VY
1

+T/(t+1)%\% [ Yj(t + 1) + (m; — B;)(1 = Yi(t + 1))]

mj
72[.

Ti(t+1) (t)
1

e o mil =020+ 1)

1
+ MJ; mj(aj + bj — 1)AYJ'(t + 1)

= Z,'(t) —



AY(t+1) = Yj(t + 1) — E[Y;(t + 1)| F¢] is a Martingale
difference sequence. We can write the recursion for Zg(t).

Zr(t+1)=Zr(t) + (AY(t+1) WM)eTe(n+1)7t
+ [—Z(t) FZOW+ (11— b)MAM‘l} METE(E+1) 7

where W = BMAKI " is of the form

_|(BM)F 0
W‘[ 0 (BM)s

A 0] [m:' o
Ass 0| | 0 o©
[(BM)FAFMF 0]
(BM)s Ase M7 0



Since T(t) = T(0) + tM, therefore MeTF(t) = O(1/t) and
h(z) = —z + z2Wr + Zs(0)Wsr + 1 — (bMARI *)E.
Hence, the unique equilibrium point is given by
2 = [1— (bMARI ) + Z5(0)Wse | (1 — W)™,

whenever | — W is invertible.



The flexible set F can be partitioned into strongly connected
components Fy,..., Fr and WEg can be written as an upper block
triangular matrix as follows

h— VV,::1 —VV,::L/:2 506 _WFLFk
fwe=| 0 TR TWRAT
0 0 o he— W

where We, £ = (BM)rAr, £ (M) is a |Fi| x |F;| matrix and
WE, = WE F.. It is enough to show that each block on diagonal is
invertible.



Note that (/,)*™ element of Wk is

o (Oé, + Bi — I) i—j (Oé,' + Bi — mi)]li%j
[WE]ij = . =
L ZieN(j) ’”

Therefore the j-th column sum of Wk is given by

Z[WF’] ZIGN(_] ne(ai + Bi — mj) - ZieN(j)mF' aj
ij = = y
ieF ZieN(j) 0 ZieN(j) (n

where the last inequality holds since «; + 8; < 2m; for every i € V.
Note that the j-th column sum is strictly less than 1 under the
conditions of the theorem.
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Fluctuation Theorems

A similar argument gives that the real parts of all the eigenvalues
of | — Wk are all positive. Thus, z* is a stable equilibrium.

What can we say about Z(t) — Z*17?

We assume the following:

(A1) F is strongly connected.
(A2) W = BMARI " is diagonalisable.



Fluctuation Theorems: Notation

That is, there exists an invertible matrix U such that with

V =U"1, W= UAV = U Diag()\1, M2, ..., Ay)V, where

A1, ..., Ay are the N eigenvalues of W such that

R(A1) > R(A2) > - > R(An). Let ug,...,uy and vi,..., vy be
the right and left eigenvectors of the eigenvalues A1, ..., Ay
respectively.

Define H := | — WEg and p := Amin(H), where [ is a |F| x |F]|
identity matrix. Define © is the N x N diagonal matrix such that

z¥(1 - z¥) i€F,
D=

)

Z;(O)(l = Z,‘(O)) i€s.



Fluctuation Theorems

Theorem (G. Kaur and N. S.)

Suppose Zr(n) — z* almost surely as t — oo. Then,

1. forp>1/2,ast — oo
VE(ZF(t) - 2%) SN (0,%)
with 3jj = 3 ke F D eeF 1= )\k/\ )\Z(uk Our)viivyj, Vi, j € F.
2. forp=1/2, ast — o

b;t (ZF(t) — 2*) SN (0,3),

with ¥ = 7 (u] ©u1)vijwvyj, Vi, j € F.



Special Cases

Suppose Zf(t) 225 z*1.

1. Suppose W = WT. Then,
e Forp>1/2, % =z"(1—-z)W?(I —2wW)~L.

° Forp=1/2,Z:z*(l—z*)W2U—r ! 01 U.

00

2. Under the synchronization condition SC1,
(m" — BF)(m" — o)
(2mF — BF — aF )2

° Forp:l/Q,Z:%J_

e Forp>1/2, % = W2(l —2w)~1.




Special Cases: Uniform Reinforcement

A = AT. Define C(a, b) = Et 21):,-(117)&)(1 b) |

e For p>1/2, C(a, b)A2(I —2(a+ b—1)Ap)~!
o Forp=1/2, &b

Friedman type: When a = b, Zg(n) 22 22 21, and

C(a, b) = <a—;>2.




Special Cases: Uniform Reinforcement

H=1—-(a+b— 1)/5,: which implies

1—(a+b—1DAmax(AF)  whena+b—1>0

P = ~
1—(a+b—1D)Anin(AF) whena+b—-1<0.
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Pdlya type Reinforcement

What happens when S = () and there exists v such that
for all w ~~ v, w is of Pédlya type?

Suppose the graph is strongly connected and the following
balance conditions hold.

BC1: There exists is constant r > 0 such that 1MA = r1 and
MA1T =17,
BC2: The initial total number of balls in each urn is the same.



Pdlya type Reinforcement

Since there are no stubborn vertices we denote the vector
(Z1(t), ..., Zn(1)) by Z;.

Theorem (G. Kaur and N. S.)

Assume that the graph is strongly connected and BC1, BC2

hold. Then, there exists a finite random variable Z*° such that
Z, 22 70°1.



CLT for Pdlya type Reinforcement

Theorem (G. Kaur and N. S.)

Suppose Z; — Z°°1 almost surely. The following hold.

1 R(\) < 1/2,
VE(Z: — Z2°1) L N (0,Z°°(1 — Z%°) (4 + X)), where
L=USUT, Spj= =5V v, forl<hj<N.

2. R(h) =1/2, ‘l/log(t)(zt 7°1) & N (0, 2%°(1 — Z°)X),
where ¥ = USU with

Jvi Ap+N=1
Spy= 4 hT ChTNTE el < hj <N
0 AntN#£1



Recursion for Z,

For Pdlya type reinforcement we havea=b =1, B =/, M =rl,
and thus W = BMAN " = 1MA. We have (Yi(t),..., Yn(t)) by
Y:. Under conditions BC1 and BC2 we have T;(t) = T;(t) = T;
for all i,j € V and the recursion becomes

,
Zz =(1= z Y11 MA.
t+1 ( Tt+1> t+ —/— Tt+1 t+1

1
Let T =/ - — <l — I\/IA>, then we can write
Tt r

Ziyy = ZiTe1+ AYi

TH-
t+1 t+1 t41

= ZOHTkJrZ AY IT v«

k=j+1



Sketch of the Proof for Convergence

Proposition

Under the balance conditions BC1 and BC2, Z; .= 17,17 is a
Martingale and Zy — Z> for some finite random variable Z*°.

Proof.
Using the balance condition BC1

- 1 1 1 5
E[Zt+1|Ft] = NE[Zt+11T|Ft] = NZtTt-i-llT = NZtlT = Zt

Thus Z is a bounded martingale. Thus, there exists a random
variable Z* taking values in [0, 1] such that Z; — Z> almost

surely. [



Let Dy = Z, — Z1 = Z; (I — J). Next, we show that under the
two balance conditions BC1 and BC2, D; — 0 in £2 and almost
surely. We do this by proving that lim;_, E[||D¢]|?] = 0 and that
| D¢||?> admits an almost sure limit as n — co.



Sketch of the Proof: Notation

Let At ==/ — +(/ —A) and K := | — ;J, then
Tt:P(/—r(/—AOPh:Pmpl and K =PUP
t
where
0 0
0
V= _
00 1
and,
1 0 0
0 1—+£(1-X) --- 0
A = . Tt(. 2) . .

0 0 1= (- X



Sketch of the Proof

Note that



2] SE[iﬁ?H%'D(k t
< H /\k)\IlP H

j=0 "J
t

<> E[Iy? TQHP

k=j+1




This gives:
O(1/1) for —1< Ay <1/2

E [”DtHZ] =4 O (log(t)/t) for \p = 1/2
O(t=21-2))  for1/2 < X< 1



Note that E[Dt+1|fn] == E[Zt+1|]:t]K = ZtTtK = DtTtv since K
and T; commute with each other under the balance condition
BC1.

E[||Dey1l*1Fe] = E[Des1(Deta) | Fe]

= E[De11| FelE[Dey1|Fe] " + E[|| ADe11 %I F]
D:T+(DeT{) + E[| AD¢1|*| Fe]
IDe||> = De(1 = Te T )D, + E[| ADeya || Fe]
IDe)|? + E[|ADs411%| F ]

C
D 2
|| 1.'|| + (t+1)2

IA

IN




A Theorem of Robbins and Siegmund

Theorem (Almost Super-Martingales)

L Let (Q,F, P) be a probability space and {F;} be a filtration of
sub o-fields of F. Let Uy, Bt,v: be non-negative measurable
random sequences such that for all t > 1,

E[Uty1|Ft] < (1 + Be) U +ve — e

Then on the set {)", By < 00, ., vt < oo}, Us converges almost
surely to a random variable and )", v+ < oo almost surely.

LAn application of a theorem of Robbins and Siegmund, D. Anbar, The Annals
of Statistics (1976) and A convergence theorem for nonnegative almost
supermartingales and some applications, H. Robbins and D. Siegmund,
Optimizing Methods in Statistics (1971).



CLT for Poélya type

e Show that Z; — Z, scaled appropriately, converges to a
Gaussian.

e Show that Z, — Z,1, , scaled appropriately, converges to a
Gaussian.



Thank you!
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