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From Barry Simon’s book "Szeg&’s Theorem and Its Descendants”,
Chapter 2 :

In algebra, when one says a = b, it is a tautology and so uninteresting ;
while in analysis, when one says a = b, it is two deep inequalities.
(attributed to S. Bochner)

If one only proves a = b by showing a < b andb < a, one has not
understood the true reason why a = b.
(attributed to E. Noether)

Our contribution could be :

If a and b are two positive functionals, when one says a = b, a probabilist
may think that a and b could be two rate functions of the same large
deviation principle under two different encodings.
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Kullback Leibler Divergence

Kullback Leibler Divergence

D SOLOMON KULLBACK DR RICHARD A. LEIBLER.

S. Kullback (1907-1994) R. Leibler (1914-2003)

P, Q probability measures on some space E

[ log %dP if P < Q and Iogg—g e L1(P)

+o0o otherwise
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Orthogonal polynomial recursion on T

» u probability measure on T

1) (pn) sequence of orthogonal polynomials associated to
2) P, is monic and has degree n

3) k#mn, [;pn(z)px(z)u(dz) =0
» Satisfies the recursion
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Orthogonal polynomial recursion on T

Orthogonal polynomial recursion on T

» u probability measure on T
1) (pn) sequence of orthogonal polynomials associated to
2) P, is monic and has degree n
3) k#mn, [rpn(z)pk(z)p(dz) =0

» Satisfies the recursion

— Pn+1(z) = zpn(z) — Xnpi (z) Where p¥ (z) = z"pn (1/Z).
— an = —Ppn+1(0) is the Verblunsky coefficient
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Szegd Theorem

Szegb Theorem

Szegb Theorem
A Lebesgue measure on T.

KA ) == ) log(1—lanf?)
n=0

G. Szegd (1895-1985)
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F. Gamboa (IMT Toulouse and IFCAM Bangalor: Bangalore February 5th 2019 12/32



The three parametrizations

> 1 probability measure on R

— Assume that u has all its moments finite
— (pn) normalized othogonal polynomials in L?(p)
— Three terms recursion

xpn(x) = anpn-1(x) + brny1pn(x) + ant1pPns1(x), an >0, bny €R

» Assume moreover that p is supported on [0, +oo[
bn =Zzon—2 + Zon—1, and a% = zon_12on.

» If uis supported on [0, 1], 1 may be seen as the pushforward of a
measure on T invariant by 27t — 6 by sin?(0/2).
b1 =1/4[2 — (1 — ox—1)ok — (1 + oox—1)xok—2] and

Qk+1 = 1/4\/(1 — oop—1) (1 — &3 ) (1 + oo 11)
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Three particular probability distributions

Semicircular distribution

R=2

SOk i\/4—x2]1 _o01(x)dx
27 [-2.2]

Limit of the eigenvalues distribution of the symmetric Gaussian ensemble

ax =1, by =0 forallk > 1.
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Three particular probability distributions

Pastur-Marchenko Distribution

L. Pastur V. Marchenko

VIt —x)x—1)

27TTX

MP-(dx) = Lo oty (x)dx 75 = (1 £ /7)?

Limit of the squared singular values distribution of rectangular Gaussian
matrices. T €]0, 1] the asymptotic ratio nb col/ nb line

ak:ﬁ(k>1) , bi=1,bx=1+71 (k>2)

and correspond to zo, 1 = 1l and zp, =t foralln > 1.
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Three particular probability distributions

Kesten Mac Kay Distribution

H. Kesten B. Mc Kay

(2+ k1 + ko) V/([uF —x)(x —u~)

KMKKL,Q(dX) = ]l(uiuﬂ(x)dx

27 x(1—x)
1 — k5 +44/(1 1 1
ui::——i— 58 VAR il ) (1 SOl 7K1, Ko = 0.
2 2(2+K1+K2)

Asymptotic distribution of the eigenvalues in the Jacobi-ensemble
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Three particular probability distributions

The associated Verblunsky coefficients for k > 0,

o K1 — K2 o o K1 + K2
KT Ry (K Tt Kt
Then
\/(1+K1)(1+K2) 14+ ko
a; = ==
(2+K1—|—K2)3/2 2+ K1 + Ko
and fork > 2
V(14 K1+ k2) (1 + k1) (1 + k2) 1 K2 — K3
(2 + k1 + k2) 2 (24 k1 + K2)
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Killip Simon Theorem

Killip Simon Theorem

R. Killip B. Simon
N+ N~ 1
KSCw + ) FHAD+ > Fa) =) (ibi +a? —1—log(ad))
n=1 =gl k>1

X
V2 —4dt = 3/x2 — 4 —2log (222 jfx > 2
2 2

2
oo otherwise,

H’ﬁ(x) =

Fr(x) == Fh(—x)
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Our sum rules

Our sum rules |

NT N~

KMPow) + > FFAD+ D F(Ay) =) T 'Glzar—1) + Gt 'z2x)
n=1 n=1 k=1

dt ifx >t

J" Vit—1)t—1")
s tt
oo otherwise,

Tl =

T/t =ttt -1t
I (x) = L tT
oo otherwise.

dt ifx <1,

G(x) =x—1—logx, (x> 0).
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Our sum rules

Our sum rules Il

N+ N-— 00
K(KMKip o) + Y~ FF N + D) F7 (W) = ) Ha(aari1) + Halok)
n=1 n=1 k=0

JX Vit—ut)(t—u")
e t(1—1t)
00 otherwise.

dt ifu” <x<1

N A =T ;
dt fo<x<u
=1 ). iz 'R
00 otherwise.
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Our sum rules

For—1<x<1

Hl(x)z(lmwz)log[ 2“1“2) 1x>}

2(1+ K1 + Ko

{2+K1+K2(1+X)}

— log

(2+K1+K2)
2(1+ k1) (HX)}
(2 + k1 + k2)
2(1+ k1) “hx)}

Ho(x) = —(1 + k1) log {
—(1+ ko) log [
Particular case k1 = ko =0=u" =0, u™ =1, KMKy, , arsine law.

We recover the Szegd Theorem pushed on [0, 1] by sin?(6/2).
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How to get a sum rule with a probabilistic method
» Consider a compactly supported measure i as the spectral measure

of some operator M in some class, at a vector e :

< e, MFe >:J x®dp(x), (k> 0)
E

E =T or R, M unitary or self-adjoint.

F. Gamboa (IMT Toulouse and IFCAM Bangalor: Bangalore February 5th 2019 25/32



How to get a sum rule with a probabilistic method

» Consider a compactly supported measure i as the spectral measure
of some operator M in some class, at a vector e :

< e, MFe >:J x®dp(x), (k> 0)
E

E =T or R, M unitary or self-adjoint.

» Randomize in this class, a family of finite-dimensional operators
(Mn)n>1 and their spectral measures (pn)n>1 at (e™)n>1
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How to get a sum rule with a probabilistic method

» Consider a compactly supported measure p as the spectral measure
of some operator M in some class, at a vector e :

< e, MFe >:J x®dp(x), (k> 0)
E

E =T or R, M unitary or self-adjoint.

» Randomize in this class, a family of finite-dimensional operators
(Mn)n>1 and their spectral measures (pn)n>1 at (e™)n>1
» Consider the two encodings of the spectral measures i,
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How to get a sum rule with a probabilistic method

» Consider a compactly supported measure p as the spectral measure
of some operator M in some class, at a vector e :

< e, MFe >:J x®dp(x), (k> 0)
E

E =T or R, M unitary or self-adjoint.

» Randomize in this class, a family of finite-dimensional operators
(Mn)n>1 and their spectral measures (pn)n>1 at (e™)n>1
» Consider the two encodings of the spectral measures i,
1) the pair "locations, weights"

n
_ (n)
Hn = ];Wk Oy ()
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How to get a sum rule with a probabilistic method

» Consider a compactly supported measure p as the spectral measure
of some operator M in some class, at a vector e :

< e, MFe >:J x®dp(x), (k> 0)
E

E =T or R, M unitary or self-adjoint.

» Randomize in this class, a family of finite-dimensional operators
(Mn)n>1 and their spectral measures (pn)n>1 at (e™)n>1
» Consider the two encodings of the spectral measures i,
1) the pair "locations, weights"

n
_ (n)
Un = k§_1Wk 57\](;1)

2) the recursion coefficients (Jacobi or Verblunsky) : (ali“), b]i“)) or

(™).
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How to get a sum rule with a probabilistic method

» Prove two Large Deviation Principles :

1

S 1ogP(un = 1) = —Tsp (1)

1

o log P(un = 1) = —Jjqac(ar, by, az,...)

February 5th 2019 26/32
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» Prove two Large Deviation Principles :

% log P(pn = ) = —Jsp(p)
)

1
—log P(un = p) = —Jjqclag, by, az,

» Write equality of both rate functions :
jSp(l‘L) = JIGC(ali blv (].2, i O )

February 5th 2019 26/32

Bangalore

F. Gamboa (IMT Toulouse and IFCAM Bangalor:



How to get a sum rule with a probabilistic method

» Prove two Large Deviation Principles :

~

1
o log P(un = p) = —Jgp (1)

1
n log P(pun = p) = —Jjaclar, by, az,...)

» Write equality of both rate functions :

JSP(H) = JIGC(ali blv (].2, = )

Notice the difference between the two measures

n
= = prP = Z wi0x, (spectral measure)

k=1
1 n
¥ - D 8, (empirical spectral distribution) .
k=1
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How to get a sum rule with a probabilistic method

Randomization for the KS/SR
» Suppose the distribution of M, has the GUE-density

2L exp —gtrl\/l2

» Dumitriu-Edelman ('02) proved that the Jacobi parameters are
independent and

bV~ N (1<k<n),
(a]((“))2 ~Gamma (n—k;n 1) (1<k<n—1).
Note that b,&n) — 0, a]&n) — 1, the Jacobi coefficients of SC.

Theorem (GR ’11)

uSP satisfies the LDP with speed n and rate function

o0 o

1

Jyac = E Ebi+ E G(a2), G(x) =x—1—logx.
1 1
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LDP for the measure side, general potential
» M, random complex Hermitian n x n matrix with density
(2%) "' exp(—ntrV(M))

» Potential V : R — (—o0, oo] smooth, e.g. V(x) = x?/2, (GUE).
>

n
SP
Hn = Z Wi.67\i
1

with w; = |Uy ;|2 for U unitary matrix of eigenvectors.
» The joint density of eigenvalues is

n
() T = A2 ] Jexp(-—nv(r)
i<j i
and (wz, ..., wy) is uniformly distributed on the simplex, and
independent of the eigenvalues.

F. Gamboa (IMT Toulouse and IFCAM Bangalor: Bangalore February 5th 2019 28/32



How to get a sum rule with a probabilistic method

Theorem (GNR ’16)

Under assumptions on V, the sequence of random spectral measures
n(™) satisfies the LDP with speed n with good rate function

Jsp(w) =K(pv W) + D Fv(EL) + D Fv(E)
k k

for probability measures 1. on R satisfying
Supp(E) = [av, byl U{E; 1 ULEF Y

where Nt (resp. N~ ) is 0, finite or infinite, E]._ 1 ay and E].+ J by are
isolated points of the support .
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How to get a sum rule with a probabilistic method

New sum rules need LDPs for the coefficient side.
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How to get a sum rule with a probabilistic method

New sum rules need LDPs for the coefficient side.

We need matrix models whose spectral measure admits
coefficients with nice probabilistic properties !
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How to get a sum rule with a probabilistic method

Sum rule

Spectral side Coefficient side

Potential Moment problem

Hermite, Laguerre, Jacobil | Hamburger, Stieltjes, Hausdorff

SC, MP, KMK (ax, bk), (zk), (uk)
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How to get a sum rule with a probabilistic method

THANK YOU FOR YOUR ATTENTION!
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