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Example 1 (Graph theory) : Clique Counts

» Random geometric graph : Vertices, V =P,

» &(x1, P) - 'Number’ of k-cliques in RGG containing x

A _ i~ Vi, J]
- Z(X2,...,xk)€7?k*1 h(X]" e 7Xk) - Z(Xz,...,xk)elpk71 Ii' :
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Example 2 (Integral geometry) : Intrinsic Volumes

» Boolean Model : Cg(P, r) := UxepBx(r).

DER

‘_0 a®e” VP
» {(x,P) - Fraction of Intrinsic Volume of Cg(P, r) contributed
by x.

» H, := Intrinsic volume of Cg(P,,r), P, =P N W,.
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Example 3 (Computational Geometry) : Nearest
Neighbour graphs

» V =P, x ~ y if x is the nearest neighbour of y or vice-versa.

}\ - \/\ /
> (x,73) Sum of length of edges incident on x.

> Hy =3 cp §(x,P) - Total edge-length of NNG on P,.
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= E(P(B)) = A\|B|. Assume X € (0, 00).

» Px....x, - reduced Palm point process of P i.e, point process
P/{x1,...,%,} conditioned on {xi,...,x,} C P.

v

v

P - Poisson if P(B;),i =1,...,k independent for disjoint B;'s.

o < P iff P is Poisson. Slivnyak's theorem
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> Asymptotics for
= Jo, FOmn(dx) = Fxep, F(n™H9X)E(X, P) ?

> Hﬁ = ,uf,(l) e, f=1

8/ 22



The Poissonian world

9/ 22



The Poissonian world

» Analysis of local/global functionals of Poisson or Bernoulli pp.
cf. eg.

9/ 22



The Poissonian world

» Analysis of local/global functionals of Poisson or Bernoulli pp.

cf. e.g.
» R. Meester & R. Roy Continuum Percolation,
» M. Penrose Random Geometric Graphs,
» J. Yukich Limit theorems in discrete stochastic geometry,
» G. Peccati & M. Reitzner Stochastic analysis for Poisson point
processes
» P. Calka Tessellations
» Etc....
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‘Not Poisson in Disguise’

Do not listen to the prophets of doom who preach that every point

process will eventually be found out to be a Poisson process in

disguise!” - G. C. Rota
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> Hy = Yxep, §(X,P)

» Stabilizing: AR(O,P) = inf{r : ...} a.s. finite, such that V
locally finite A C B,(0)¢,

§(0,P) = &(x, PN B(0)) = &(x, (PN B(0)) UA)
» R(x,P)=R(O,P — x).
» Exponentially Stabilizing: For t large,

o) > t) < aye . a, b, c> 0.

77777

» Examples 1 and 2 : R(x,Py,...x,) < 3r as. for any P.
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Clustering point processes

» k-correlation functions : p®)(xq, ..., xx) -
k
E(HP(B,-)) = / p(k)(xl,...,xk)dxl...dxk.
i=1 [T B
> {x1, - Xpqt 1 S = Minicicpici<q X — Xpul.
() = PPt 3D (X)) < Cprqe
» Clustering function ¢(s) := e~*", b > 0.

v

Clustering constants Cptq, Cptq-
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(2015).
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> n"'VAR(H,) — o € [0, 00). Volume order.
> If 02 = 0, then VAR(H,) = ©(nl~1/9). Surface order.
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Examples : Zeros of Gaussian entire functions. P = f~1(0).

f(z) = Zk>1 ZZG(C

» Permanental pp: p((xy,...,x) = Per((K(xi,x))1<ij<k-

v

|K(x,y)| < Ce=<YI = P,., is clustering.
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» Ginibre point process : a =1 - Eigenvalues of N x N i.i.d.
complex Gaussian matrix as N — oo.

» Other point processes : Gibbs point process, a-determinantal,
perturbed lattices and many Cox point processes.

» Examples of Scores : Intrinsic Volumes (Example 2),
Edge-length in NNG (Example 3).
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Proof Sketch : CLT

» Mixed moments:

mi(xi, ..., Xk) 1= E(H E(Xi, Py Xk)),a(k)(xl, ey Xk)

v
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Proof Sketch : CLT

» Mixed moments:
mi(X1, ..y Xk) 1= E(H E(X5, Pryoe )P (31, - - -5 X).

> "correlation functions” for 5(.) = > xep, E(X, P)o,-1/ax(.).
» Clustering: x € RP,y € R9, s = d(x, y)

| Mpq(x, }_’) - mp(g)mq()_/)’ < C"‘qufeﬁqsa.

» i.e., Clustering for £ = 1 = clustering for general &.
» Clustering = higher cumulants — 0 = CLT.

» Two proofs - Generalizing both Baryshnikov-Yukich and Nazarov
-Sodin.
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Proof Sketch : Clustering

» Factorial Mom. Exp.: (Blaszyczyszn,Merzbach,Schmidt.)
E(F(P)) = F(0)+
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» Add-one cost: D,(F(P)) = F(PU{x}) — F(P).
» Dy, F(P) = Dy(Dx,...x(F(P))). Difference Operators.
> Use FME for E(TT5; €(xi, Pux))-
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» Factorial Mom. Exp.: (Blaszyczyszn,Merzbach,Schmidt.)
E(F(P)) = F(0)+

St Joa Do F(@)pD (s ..o x)dxq .. dx
Add-one cost: D (F(P)) = F(PU{x}) — F(P).
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Proof Sketch : Clustering (contd.)

> Let F(P;xy,...,x0) = [1ey &(xi, P).
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Proof Sketch : Clustering (contd.)

> Let F(P;le ‘e 7Xk) - Hﬁ(:l é_(Xiap)'

> If RSO, Pyy..n) <r<ocas. and {y1,...,y1} CU_,B.(x)
Dy, .., F(Pix1,...,x)=0.

» {-U-statistic, Dy, ., F(P;x1,...,xx) =0 for all / large.

.....
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Proof Sketch : Clustering (contd.)

> Let F(P;xq,...,xk) = Hfle £(xi, P).

,,,,, %) <r<ooas. and {y1,...,yi} CU_;B,(x)
Viseeos y,F(P;Xl,...,Xk):O_
wF(Pixi,...,xx) =0 for all [ large.

.....

» &-U-statistic = FME has only finite no. of terms.

> Growth rates of Cy, & (?) = Moderate deviations, Law of
iterated logarithms, Berry-Esseen bounds.

21/ 22



References

» B. Btaszczyszyn, DY and J. E. Yukich (2016), Limit theory for
geometric statistics of clustering point processes,
arXiv :1606.03988

» Ph. A. Martin and T. Yalcin (1980), The charge fluctuations in
classical Coulomb systems, J. Statist. Phys..

» Yu. Baryshnikov and J. E. Yukich (2005), Gaussian limits for
random measures in geometric probability. Ann. Appl. Prob..

» F. Nazarov and M. Sodin (2012), Correlation functions for
random complex zeroes: Strong clustering and local universality,
Comm. Math. Phys..

» B. Btaszczyszyn, E. Merzbach and V. Schmidt (1997), A note
on expansion for functionals of spatial marked point processes,
Statistics & Probability Letters.

22 /22



