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What is disorder relevance?

Disorder enters modelling in a very natural way ~ objects are irregular.
It may reasonable to assume the irregularities are negligible.

It is natural to question the stability of the results.
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It is natural to question the stability of the results.

Does disorder destroy critical points by smoothing the singularities?

Sometimes, an arbitrarily small amount of disorder can change the critical behaviour of
the underlying homogeneous model. In this case, we say the model is disorder relevant.
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What is disorder relevance?

Disorder enters modelling in a very natural way ~ objects are irregular.
It may reasonable to assume the irregularities are negligible.

It is natural to question the stability of the results.

Does disorder destroy critical points by smoothing the singularities?

Sometimes, an arbitrarily small amount of disorder can change the critical behaviour of
the underlying homogeneous model. In this case, we say the model is disorder relevant.

Examples include

1 Anderson localisation;
2 Directed polymers;

3 Sinai's random walk;
4 lsing model;

5 Pinning models.
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Description

Fix a bounded domain: Q c 77,
Inverse temperature: 3 > 0,

Strength of the external field: h € R.
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Description

Fix a bounded domain: Q c 77,
Inverse temperature: 3 > 0,

Strength of the external field: h € R.
We then define the law over spins o € {£1}% as
1
Pa(o) = 5 exp (~Ha(0))
Q
where

Ha(o) = —,BZUXJy—hZJX, and ZQ_ZCXP (=BHa(o))

x~vy xEQ

are the Hamiltonian and the partition function respectively.
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Description

Fix a bounded domain: Q c 77,
Inverse temperature: 3 > 0,
Strength of the external field: h € R.
We then define the law over spins o € {il}Q as
1
Pa(o) = 5 exp (~Ha(0))
Q
where
Ha(o) = —,BZJXJy — hZJX, and Zo = Zexp (—BHa(o))
X~y xEQ

are the Hamiltonian and the partition function respectively.

Write P3 and P for the model with + and — boundary conditions respectively.
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Infinite volume limits

It is well known that as Q 1 Z9 the sequence of probability measures P& has an infinite
volume limit Pzd.
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Infinite volume limits

It is well known that as Q 1 Z9 the sequence of probability measures P& has an infinite
volume limit PZd'

The limiting measure depends on 3, h and, in particular,
Ejs[oo] # Ejyloo] <= B> e, h=0
where
1) if d =1 then . = oo;
2) if d > 2 then 8. € (0, 00).
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Infinite volume limits

It is well known that as Q 1 Z9 the sequence of probability measures P& has an infinite
volume limit PZd'

The limiting measure depends on 3, h and, in particular,
Ejs[oo] # Ejyloo] <= B> e, h=0
where
1) if d =1 then . = oo;
2) if d > 2 then 8. € (0, 00).

There is a unique infinite volume limit if and only if 8 < . or h # 0.

We say there is a first order phase transition for 3 > 3. and h = 0.
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Infinite volume limits

It is well known that as Q 1 Z9 the sequence of probability measures P& has an infinite
volume limit PZd'

The limiting measure depends on 3, h and, in particular,
Ejs[oo] # Ejyloo] <= B> e, h=0
where
1) if d =1 then B = oo;
2) if d > 2 then Sc € (0,00).

There is a unique infinite volume limit if and only if 8 < . or h # 0.
We say there is a first order phase transition for 3 > 3. and h = 0.

Is this picture changed by the addition of a small random external field?

Adam Bowditch, NUS Disorder relevance and the random field Ising model 5/26



Correlation length

A key quantity should be the correlation length £(h) where

|Exeloxoy] — Ealon] Exaloy]| ~ exp (‘ 0} l)

as |x — y| = oo.
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Correlation length

A key quantity should be the correlation length £(h) where

|Exeloxoy] — Ealon] Exaloy]| ~ exp (‘ o l)

as |x — y| = oo.

Close to the critical point h = 0, we should have £(h) ~ h™".

Call v the correlation length exponent.
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Correlation length

A key quantity should be the correlation length £(h) where

x—yl
Eyiloxoy| — Ega|ox]| Ezd|o %exp(—‘ )
|Egaloxoy] = Ega[ox]Egalo]] B0
as |x — y| = oo.
Close to the critical point h = 0, we should have £(h) ~ h™".

Call v the correlation length exponent.

Key idea: disorder relevance can be understood by observing the pure system.

&(h) is a quantity of the pure system in terms of a fixed external field.

Adam Bowditch, NUS Disorder relevance and the random field Ising model 6/26



Harris criterion

Harris' idea was to use a perturbative argument using coarse graining.

1 Suppose a disordered system has critical inverse temperature Sc(p) and consider
inverse temperature 3 close to Sc(p). Specifically, so that

£(p) ~ |8 — Be(p)|~"?

where v(p) is smooth around 0.
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Harris criterion

Harris' idea was to use a perturbative argument using coarse graining.

1 Suppose a disordered system has critical inverse temperature Sc(p) and consider
inverse temperature /3 close to Sc(p). Specifically, so that

£(p) ~ |8 — Be(p)|~"?

where v(p) is smooth around 0.

2 Suppose disorder is irrelevant and view the infinite system as a collection of
approximately independent systems with disorder strength p > 0:

Divide the system into volumes (9) with £9 spins and correlation length £.
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2 Suppose disorder is irrelevant and view the infinite system as a collection of
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3 Typical number of defects in a volume is p&(p)? with variance p(1 — p)&(p)“.
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Harris criterion

Harris' idea was to use a perturbative argument using coarse graining.

1 Suppose a disordered system has critical inverse temperature Sc(p) and consider
inverse temperature /3 close to Sc(p). Specifically, so that

£(p) ~ |8 — Be(p)| "
where v(p) is smooth around 0.

2 Suppose disorder is irrelevant and view the infinite system as a collection of
approximately independent systems with disorder strength p > 0:

Divide the system into volumes (9) with £9 spins and correlation length £.

3 Typical number of defects in a volume is p&(p)? with variance p(1 — p)&(p)°.
4 Standard deviation of the density of defects in a volume is /p(1 — p)§(p)’d/2.

5 Each box has its own critical inverse temperature which should differ from S(p)
proportionally to the standard deviation of the density of defects.
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Harris criterion

6 For disorder to be irrelevant, the fluctuations in the critical inverse temperature
cannot be larger than the variation in the temperature we have taken.
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Harris criterion

6 For disorder to be irrelevant, the fluctuations in the critical inverse temperature
cannot be larger than the variation in the temperature we have taken.

7 This means that we must have

V(T = p)é(p)™"? <8 — Belp)] ~ &(p) /.

Adam Bowditch, NUS Disorder relevance and the random field Ising model 8/26



Harris criterion

6 For disorder to be irrelevant, the fluctuations in the critical inverse temperature
cannot be larger than the variation in the temperature we have taken.

7 This means that we must have

V(T = p)é(p)™"? <8 — Belp)] ~ &(p) /.

8 Taking 8 — (. we have that {(p) — oo and thus v(p) > 2/d for p arbitrarily small.

Adam Bowditch, NUS Disorder relevance and the random field Ising model 8/26



Harris criterion

6 For disorder to be irrelevant, the fluctuations in the critical inverse temperature
cannot be larger than the variation in the temperature we have taken.

7 This means that we must have

VP = p)E(p)~"* < 18— Be(p)| ~ &(p) /1.

8 Taking 8 — (. we have that {(p) — oo and thus v(p) > 2/d for p arbitrarily small.

9 Likewise, one can argue the reverse to suggest disorder relevance requires
v(p) < 2/d for p arbitrarily small.
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Harris criterion

6 For disorder to be irrelevant, the fluctuations in the critical inverse temperature
cannot be larger than the variation in the temperature we have taken.

7 This means that we must have

VP = p)E(p)~"* < 18— Be(p)| ~ &(p) /1.

8 Taking 8 — (. we have that {(p) — oo and thus v(p) > 2/d for p arbitrarily small.

9 Likewise, one can argue the reverse to suggest disorder relevance requires
v(p) < 2/d for p arbitrarily small.

10 Gives Harris criterion:
i Disorder relevant: v(0) < 2/d.
i Disorder irrelevant: v(0) > 2/d.
iii Disorder marginally relevant: v(0) = 2/d.
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Random field Ising model

Fix a bounded, simply connected domain with piecewise smooth boundary Q ¢ RY.
For a > 0, define Q, := QN aZ9 and P3 := Pq,.
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Random field Ising model

Fix a bounded, simply connected domain with piecewise smooth boundary Q ¢ RY.
For a > 0, define Q, := QN aZ9 and P3 := Pq,.
Let w = (wx)xeq, be i.i.d. with,

- Elwx] =0;

- Varp(wx) = 1;

- E[e"*] < oo for all u € R.
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Random field Ising model

Fix a bounded, simply connected domain with piecewise smooth boundary Q ¢ RY.
For a > 0, define Q, := QN aZ9 and P3 := Pq,.

Let w = (wx)xeq, be i.i.d. with,
- Elwx] =0;
- Varp(wx) = 1;
- E[e"“*] < oo for all u € R.

For € > 0 define the disordered Hamiltonian by

Hs (o) = —BZUXcry - Z EWxOx.

X~y xE€Q,
Recall, previously

Ha(o) = —ﬁZUXUy —h Z Ox.

X~y xEQ,
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Random field Ising model

For w fixed we define the random field Ising model as

exp (erﬂa awxax)

Pii(o) = —— g PA(0)
Qe

where

ZS‘;’;’; =E5 [exp <Z swxax)}
x€EQ,

is the random partition function.

These are both random with respect to the disorder.
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Disorder

We want to answer the question of whether an arbitrarily small amount of disorder
changes the critical behaviour.

That is, is the phase transition (re)moved for arbitrarily small ¢ > 07
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Disorder

We want to answer the question of whether an arbitrarily small amount of disorder
changes the critical behaviour.

That is, is the phase transition (re)moved for arbitrarily small ¢ > 07

For d > 3 we have that v > 2/d which suggests disorder irrelevance.
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Disorder

We want to answer the question of whether an arbitrarily small amount of disorder
changes the critical behaviour.

That is, is the phase transition (re)moved for arbitrarily small ¢ > 07

For d > 3 we have that v > 2/d which suggests disorder irrelevance.
For d = 2 we have that v = 8/15 < 1 = 2/d which suggests disorder relevance.
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Disorder

We want to answer the question of whether an arbitrarily small amount of disorder
changes the critical behaviour.

That is, is the phase transition (re)moved for arbitrarily small ¢ > 07

For d > 3 we have that v > 2/d which suggests disorder irrelevance.
For d = 2 we have that v = 8/15 < 1 = 2/d which suggests disorder relevance.

Bricmont, Kupiainen (1988)

For d > 3, 8 sufficiently large and ¢ sufficiently small, there is a first order phase
transition.
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Disorder

We want to answer the question of whether an arbitrarily small amount of disorder
changes the critical behaviour.

That is, is the phase transition (re)moved for arbitrarily small ¢ > 07

For d > 3 we have that v > 2/d which suggests disorder irrelevance.
For d = 2 we have that v = 8/15 < 1 = 2/d which suggests disorder relevance.

Bricmont, Kupiainen (1988)

For d > 3, 8 sufficiently large and ¢ sufficiently small, there is a first order phase
transition.

Aizenman, Wehr (1990) J

For d <2, any € > 0 and almost every w, there is a unique infinite volume limit.
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Partition functions and free energy

The quenched free energy is defined as the rate of exponential growth of the partition
function:

. 1 w,a
F(e, h) = Imsupm E [log (Z5.7)] -

a—0
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Partition functions and free energy

The quenched free energy is defined as the rate of exponential growth of the partition
function:

. 1 w,a
F(e, h) = Ilmsupm E [log (Z5.7)] -

a—0

Discontinuities in the derivatives of the free energy correspond to phase transitions.

Discontinuity of the first derivative corresponds to spontaneous magnetisation.
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Partition functions and free energy

The quenched free energy is defined as the rate of exponential growth of the partition
function:

. 1 w

F(e,h) := limsup = E[log (Z5.7)] -
a—0 |Qa| '

Discontinuities in the derivatives of the free energy correspond to phase transitions.

Discontinuity of the first derivative corresponds to spontaneous magnetisation.

Perhaps, F(e, h) or Zg3.? is the right thing to look at.

This is central to the idea of chaos expansions.

Adam Bowditch, NUS Disorder relevance and the random field Ising model 12/26



Chaos expansion

Supposing ox € {0,1}, using a high temperature expansion

o = E§ [exp (Z waax>]
X€EQ,
= [H (L4 (e - 1)0»}

x€Q,
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Chaos expansion

Supposing ox € {0,1}, using a high temperature expansion

o = E§ [exp (Z awxax)]
X€EQ,
= [H (L4 (e - 1)0»}

x€Q,

=> E [Hax] [ —1)

1CQ, x€el xel
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Chaos expansion

Supposing ox € {0,1}, using a high temperature expansion

ZS;’;’;" =E] [exp (Z waax>]

=E [H (14 (e — 1)@)]
=> E [Hax] [Ie =1

~ Z % Z M [0 -0 ]| Wiy oot

k>0 (X15---xk)EQY
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Chaos expansion

Supposing ox € {0,1}, using a high temperature expansion

ZS’;’: =E§ [exp (Z 5wxax>:|

=E |:H (14 (5 = 1)crx)]
=> E [H ax] [ -1

*Z% ST S Eionon]wnwy,

k20 77 (e xe) €04

~ Z i‘eka_dk/z/ / Eq [0s-.0x,] W(dx)

k>0

replacing w, with a white noise approximation a~9/2W (x + A) for A = (—a/2,a/2)".
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Spin correlations
This suggests that the model should be disorder relevant if

a E3 (040,

converges in L? to a non-trivial limit as a — 0 for some v > 0.
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Spin correlations

This suggests that the model should be disorder relevant if
a E3 (040,

converges in L? to a non-trivial limit as a — 0 for some v > 0.

Specifically, we need v < d/2 to compensate a—92,
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Spin correlations

This suggests that the model should be disorder relevant if
a E3 (040,

converges in L? to a non-trivial limit as a — 0 for some v > 0.

Specifically, we need v < d/2 to compensate a—92,

Chelkak, Hongler, Izyurov (2015)
Let d =2. For any kK > 1 and x, ..., xx € Q distinct,

K
k
. — % ra,+ _ pk +
all_rn)a 8 Eo [HUX,] = C g (X1, -eey Xk)-

i=1
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Spin correlations

This suggests that the model should be disorder relevant if
a E3 (040,

converges in L? to a non-trivial limit as a — 0 for some v > 0.

Specifically, we need v < d/2 to compensate a—92,

Chelkak, Hongler, Izyurov (2015)
Let d =2. For any kK > 1 and x, ..., xx € Q distinct,

K
lim ang(‘;’+ [HUX,] =C*pd(x1, .., xk).-

a—0 L
i=1

In dimension 2, we have v = 1/8.
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Convergence of partition functions
Choose

e2:=Aa"/® for A > 0,

2500 = 0,25 where 6, := exp (—%371/4)\2) .
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Convergence of partition functions

Choose
g2 :=\a"/® for A > 0,

2500 = 0,25 where 6, := exp (—3371/4)\2) .

Caravenna, Sun, Zygouras (2017)

The rescaled partition function Z;{;’;’* converges in P-distribution to the Wiener chaos

expansion
NN -
W,+ _ z : ar .
2= > //Q" DG (X1, vy Xn) ,-|:1| W (dx;)

where W is white noise and ¢ is the spin correlation function.
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Pure Ising magnetisation field

We define the magnetisation field as

o3 = at/8 Z 0x0x.

x€EQ,
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Pure Ising magnetisation field

We define the magnetisation field as

o3 = at/8 Z 0x0x.

x€EQ,

Camia, Garban, Newman (2015)

Consider the critical Ising model with + boundary. The magnetisation field ®g converges
in law to a limiting random distribution $q.
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Random field Ising magnetisation field

Does the magnetisation still converge under the influence of the random field?
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Random field Ising magnetisation field

Does the magnetisation still converge under the influence of the random field?
Let ¢ € C°(Q) and write 2 := a'*/8¢(x) then

" [e (Suca, (Gn + i) o) |z

w,a,+ - w,a,+ °
ZQ;e ZQ;s

B2 [exp (i (p, ®3))]
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Random field Ising magnetisation field

Does the magnetisation still converge under the influence of the random field?

15/8

Let ¢ € C°(Q2) and write o7 := a~>/%¢(x) then

Eéﬂ' [exp (erﬂa (e3wx + iv3) ax)] Z;;’:’;'

w,a,+ - w,a,+ °
ZQ',E ZQ;E

Eg2 [exp (i g, #3))] =

We want to consider joint convergence of Z‘;’:’; for ¢ € C°.

We should have marginal limits

n

oo Cn )
2 =1 0 [ [ o) [JOW(s) + i),
n=1 : n

j=t
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Convergence of the magnetisation field

Write

W =a) wde and WP = (W7 ¢).
x€EQ,

Then, W*? converges in P-distribution to white noise W.
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Convergence of the magnetisation field

Write

W =a) wde and W7 = (W y).
x€EQ,

Then, W*? converges in P-distribution to white noise W.
B, Sun (2019+)
Let A, B C C°(R2) be finite. Then, as a — 0,

(Zg2yoen (W ves) = (2855 )oem (Wa)ues)

in P-distribution.
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Convergence of the magnetisation field

Write

?=2 Z wxdx and  WT = (W92 4).

x€EQ,

Then, W*? converges in P-distribution to white noise W.
B, Sun (2019+)
Let A, B C C°(Q) be finite. Then, as a — 0,

(Zg2yoen (W ves) = (2855 )oem (Wa)ues)

in P-distribution.

In particular, the random distribution 110’2 over the magnetisation field ®g converges in

P-distribution to a random probability measure u}'{x.
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Relation to the case without disorder

B, Sun (2019+)

For P-a.e. W, the probability measure /.LS'Q;/,\ is singular with respect to /.LS;/O.
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Relation to the case without disorder

B, Sun (2019+) J

For P-a.e. W, the probability measure ,us'%\ is singular with respect to ,ugfo.

N
Let Fy :=0 <{<¢, lBiA,lj>},'j:1> where {B/\})._; is a partition of Q.
It suffices to show that for P-a.e. W,

o d#}%

Ry :=
d“s‘@{o Fn

converges to 0 in u}'{o probability.
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Relation to the case without disorder

B, Sun (2019+) J

For P-a.e. W, the probability measure ,us'%\ is singular with respect to ,u}/{o.

N
Let Fy :=0 <{<¢, 13/\,’j>},-j:1> where {B/\})._; is a partition of Q.
It suffices to show that for P-a.e. W,

o d#gx

Ry :=
dug{o

Fn

converges to 0 in ug% probability.

In particular, it suffices to show that

Jim E [EQ [(RN)I/ZH —o.
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Fractional moment method
Let gv = gn(W, ®) > 0 such that, for W fixed, gy is Fy measurable.

By the Cauchy-Schwarz inequality we have
B [6 [Rif"]] = 2 [6 [ R0 e0
< E[EalevRall % [6 [g]]

s et e e o] "
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Fractional moment method
Let gv = gn(W, ®) > 0 such that, for W fixed, gy is Fy measurable.

By the Cauchy-Schwarz inequality we have
B [6 [Rif"]] = 2 [6 [ R0 e0
< E[EalevRall % [6 [g]]

s et e e o] "

Aim to choose gy such that the first term converges to 0 and the second term is
bounded.
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Fractional moment method
Let gv = gn(W, ®) > 0 such that, for W fixed, gy is Fy measurable.

By the Cauchy-Schwarz inequality we have
E [EQ [R}V/ZiH =F [EQ |:glb/2R}V/2gA71/2:|]
171/
< E[EagvRn]]"*E [En [en ']

<nferio] s e s "

Aim to choose gy such that the first term converges to 0 and the second term is
bounded.

For My, Ky 7 0o, we choose

gn(W, ®) 1= exp (—Knlixy>my))
where W
d:U/Q:A

XN = )(/\/(W7 ¢') ~ dus‘/{o

is measurable with respect to Fy for each W fixed.
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Ising loops and interfaces

An lIsing configuration corresponds uniquely to a loop configuration in the dual graph.

Dobrushin boundary: fix two points u, v € 9 and set o, = —1 for x in the boundary arc
(u,v) and 1 in the boundary arc (v, u).

There is a unique Ising interface from u to v - a simple curve from u to v with +1 on the
left and —1 on the right.
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Ising loops and interfaces

An lIsing configuration corresponds uniquely to a loop configuration in the dual graph.

Dobrushin boundary: fix two points u, v € 9 and set o, = —1 for x in the boundary arc
(u,v) and 1 in the boundary arc (v, u).

There is a unique Ising interface from u to v - a simple curve from u to v with +1 on the
left and —1 on the right.

Chelkak, Duminil-Copin, Hongler, Kemppainen and Smirnov (2014)

Consider the critical Ising model with Dobrushin boundary. The unique Ising interface
converges weakly to the chordal SLE(3).

Adam Bowditch, NUS Disorder relevance and the random field Ising model 24 /26



Ising loops and interfaces

An lIsing configuration corresponds uniquely to a loop configuration in the dual graph.

Dobrushin boundary: fix two points u, v € 9 and set o, = —1 for x in the boundary arc
(u,v) and 1 in the boundary arc (v, u).

There is a unique Ising interface from u to v - a simple curve from u to v with +1 on the
left and —1 on the right.

Chelkak, Duminil-Copin, Hongler, Kemppainen and Smirnov (2014)

Consider the critical Ising model with Dobrushin boundary. The unique Ising interface
converges weakly to the chordal SLE(3).

Benoist and Hongler (2016+)

Consider the critical Ising model with + boundary. The set of all Ising loops converges to
CLE(3).

v
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FK-Ising clusters

Camia, Garban and Newman (2015)

The limiting magnetisation field ®q for the pure Ising model is measurable with respect
to the macroscopic FK-Ising clusters.
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FK-Ising clusters

Camia, Garban and Newman (2015)

The limiting magnetisation field ®q for the pure Ising model is measurable with respect
to the macroscopic FK-Ising clusters.

The field can be represented as
b =Y mp
J

where 7; are i.i.d. signs and ,ufK are rescaled area measures associated to FK-Ising
clusters.
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Thank you for listening

o Aizenman, M. and Wehr, J.: Rounding effects of quenched randomness on
first-order phase transitions, Comm. Math. Phys. (1990)

@ Benoist, S., Hongler, C.: The scaling limit of critical Ising interfaces is CLE(3), arXiv
preprint (2016)

@ Bricmont, J., Kupiainen, A.: Phase transition in the 3d random field Ising model,
Comm. Math. Phys. (1988)

o Camia, F., Garban, C., Newman, C.: Planar Ising magnetization field I: Uniqueness
of the critical scaling limit, Ann. Probab. (2015)

o Caravenna, F., Sun, R., Zygouras, N.: Polynomial chaos and scaling limits of
disordered systems, J. Eur. Math. Soc. (JEMS) (2017)

@ Chelkak, D., Duminil-Copin, H., Hongler, C., Kemppainen, A., Smirnov, S.:
Convergence of Ising interfaces to Schramms SLE curves, C. R. Math. Acad. Sci.

Paris (2014)

o Chelkak, D., Hongler, C., lzyurov, K.: Conformal invariance of spin correlations in
the planar Ising model, Ann. of Math. (2) (2015)

Adam Bowditch, NUS Disorder relevance and the random field Ising model 26/26



	Introduction
	Disorder relevance and the Ising model
	Recent progress
	Disordered models
	Closing

