June 3rd, 2019 SWMS-2018-Follow up
Worksheet 1 Infimum and Supremum

1. Let A C R. Define:

(a) What is meant by saying A is a bounded subset of R ?
(b) Negate the above statement using logical notation.

(c) What is meant by saying o = sup(A) and 8 = inf(A) ?
Solution: See Class Board Photos.[Page 1-6]

2. Find the infimum and supremum of the sets

(a) B=1{2,3,4}

(b) S={L:neNyuU{50+1:neN}

(c) A={1- (7711)n :n € N}

Solution: See Class Board Photos.[Page 7-10]

3. Let A= {p € Q:p?<2}. Show that A is bounded above but does not have a least upper bound in
Q

Solution: See Principles of Mathematical Analysis by W. Rudin, Page 11,12
4. Let A and B be two subsets of R, which are both bounded below. Let u = inf(A4) and v = inf(B).

Find inf(C), in terms of u,v, when
(a) C={a+b:ae Abec B},
(b) C=AUB,
(c) C=AuU{10}.
Solution: For 4(a) See Class Board Photos.[Page 11-12]  For 4(b) Ans: min{u,v} and 4(c) Ans:
min{u, 10}
5. Let n > 1 and x; > 0. Prove the Bernoulli inequality:

n

i=1 i=1
6. If a € R such that 0 < a < € for every € > 0, then show that a = 0.

Solution: We will prove this by contradiction. Suppose a # 0. Then, since it is given that a > 0,
a > 0. By taking ¢ = a, we conclude that a < a, which is a contradiction. Hence a = 0.

O



June 3rd, 2019 SWMS-2018-Follow up
Practice Problems Set 1

1. Let A and B be two subsets of R, which are both bounded below. Let v = sup(A) and v = sup(B).
Find sup(C), in terms of u, v, when
(a) C={a+b:a€ A be B},
(b) C=AUB, (Whatif C=ANB?)
(c) C=AuU{-10}.

Solution: See Related Problem for 1(a)

2. Let A and B be two non-empty subsets of R. Define what is meant by a function f : A — B and
when is it called one-one and onto. Provide examples of f that are (and are not) one-one and (or)
onto when A, B are finite or countable or uncountable.

Solution: : Check E.B. Folland, Real Analysis
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Worksheet 2 Sequences

1. In each of the cases below decide if {,,}52 ;converges or not:

(a) xn:%
(b) xpn =vn2—n—n
(C) xn:%a

(d) x, =nb", for b e (0,1)
Solution: See Class Board Photos.[Page 14-18]

2. Let a,, be a bounded sequence of real numbers. Let s = sup{a,, : n > 1} and s & {a, : n € N}. Show
that there is a subsequence of a,, that increases to s.

Solution: Note that
s =sup{a, :n>1} and s & {a,, : n € N}. (1)

From (1) it is immediate that there exists ny > 0 such that
s—1<ay,, <s.

Let €2 =  min{1,min{| s — a; : 1 <i < ny}. Using (1) again we have there exists ny > 0 such that
5 — € < Gy < S.

By definition of €2 we have that
1
Ng > Ny, ay, > Gp,, and s — 3 < Gy, < S.
Thus inductively (why ?7) we can construct for each & > 1

1
Ng > Ng—1,0p, > Qp,_,, and s — % < Gy, < S.

By construction a,, is a subsequence of a,, it is increasing, and a,, — s as k — oo. O
3. Suppose {a,}n>1 is a sequence of real numbers such that

nhﬁngo | ans1 —an |=0.

Does this necessarily imply that the sequence is a Cauchy sequence.

Solution: Answer is No. See Class Board Photos, Page 2 (upside down)
4. Consider the {y,}22,, such that y; > 1 and yp4+1 :=2 — yi for n > 2. Show that y, converges.

5. (Finding Roots of a number) Let a > 0 and choose s1 > y/a. Define

1 a
Sn41 1= §(Sn + ;)

n

for n € N.

(a) Show that s, is monotonically decreasing and lim,,_, s, = \/a.

)
(b) If z, = s, — /a then show that 2,41 < %
)

(c) Let f(z) = 22 — a. Show that s, = s, 1 — j}:’((ii:l))'

(d) Draw graph of f with a =4 and plot the sequence s,, for a few steps when sy = 5.

Solution: See Class Board Photos.
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Practice Problems Set 2

1. Decide if {x,}22 ;either converges to a real number or diverges to co or diverges to —oo or none of
1
the above when z,, = n»?

2. Let z € R, {x,,}72,be a sequence of real numbers. Show that the following are equivalent:

(a) Ve > 0, there is an N € N such that | z,, —z |[< e for all n > N.
(b) Ve € (0,1), there is an N € N such that | 2, — 2 |< € for all n > N.
(c) Let C >0, Ve > 0, there is an N € N such that | z,, — = |< Ce for all n > N.
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Worksheet 3

1. Let A be a non-empty set of real numbers which is bounded below. Let —A := {z € R: —z € A}.
Show that inf(A) = —sup(—A).

2. If z,w,z; € Cfori=1,2,...,n then show that
|21 + 224 + 20| < ] + 22 4+ + |2l

and
2] = |w|| < |z — w

Solution: We will prove the first inequality by induction on n. Let P(n) be the statement:

n
<Dl
=1

P(1) is true as z; < z;. We have seen that P(2) is true. Let P(k) be true for some k € N such that
k > 2. We will show that P(k + 1) is true.
k+1

k k
Zzi = ' <ZZ7) + Zk+41 227
=1 i=1 1=1

This proves P(k + 1). We have used both P(2) and P(k) above. P(1) is true, P(2) is true, and
P(k) = P(k+1)V ke N-{1}. Hence by the principle of mathematical induction, P(n) is true
for all n € N.

n

>

i=1

<

k k+1
F ol < (zm) ol = 3 Ja

i=1 i=1

Now we will prove the second inequality. For any a,b € R,

la+ib] = Va2 + 02 = /(=a)? + (=b)% = | — (a + ib)|
Hence |z1| = | — 21| V z € C. In particular, |z — w| = |w — z|. Now,
Izl = [(z —w) + w| < |z —w| + |w]

2| = [w] < |z = w]
Interchanging w and z,
[w] = [2] < Jw =2 = |z —w|
Since |w| and |z| are reals, ||z| — |w|| equals at least one of |z| — |w| and |w| — |z|, both of which are

less than or equal to |z — w|. Hence,

2] = |wll < [z — w]

O

3. Let A and B be bounded nonempty subsets of R, and let A+ B:={a+b:a € Ab€ B}. Prove
that sup(A + B) = sup(A) + sup(B).
Solution: We will first prove that sup(A+ B) = sup(A) +sup(B). Let a = sup(A) and § = sup(B).
Asa>aVae Aand f > bV b e B, we conclude that « + 5 > a+bV a € A,b € B. Hence
a+pB>xVre(A+ B). a+ fisan upper bound of A + B.

Let v < a+ . To prove that o + 3 is the supremum of A + B, we need show that v cannot be
an upper bound of A+ B, i.e. we need to show that there exists x € A + B such that z > 7. Let
p = (a+ B —+)/2. Note that p > 0. As @ — p is not an upper bound of A, 3a’ € A3d > a—p.



As 8 — p is not an upper bound of B, 30 € B>V > 3 —p. Now, d +0 € A+ B. Also,
a4+ > (a—p)+ (8 —p) =7. So we have found x = o’ + V' € A+ B such that x > ~. Hence o+ 3
is the supremum of A + B. sup(A + B) = sup(A) + sup(B).

For any X C R, define —X :={—z:x € X}. So,forany y e R,y € X <— (—y) € (—X).

(wA)+(=B) = {z+y:ze(-A)ye(-B)}
{(=2)+(-y):2x € A,y c B}
= {—(z+y):xe€ A yec B}
{-2z:2€(A+B)}

= —(A+B)

We know that if X C R is non-empty and bounded below, inf(X) = —sup(—X) by below Claim.
1Hence, we also have

inf(A+B) = —sup(—(A+ B))
—sup((—=4) + (=B))
—(sup(=4) + sup(-B))
— sup(—4) — sup(—B)
= inf(A) +inf(B)

This completes the proof. O

Claim: Let A be a non-empty set of real numbers which is bounded below. Let —A := {x € R :
—z € A}. Show that inf(A) = —sup(—A).

Solution: : A is non-empty and bounded below, so it has a greatest lower bound. Let av = inf(A).
As ais a lower bound of A, a <z V z € A. Therefore —a > —xVr e A Asz € A < —r € —A,
we conclude that —a > x V & € —A. This shows that —« is an upper bound of —A.

As « is the greatest lower bound of A, 8 >a=3dx € A>x < . Let v < —a. To show that —« is
the least upper bound of —A, we need to show that 3y € —A 3> y > ~. By taking f = —v, we see
that 3z € Asx < —y. —x € —A and —x > . So we have found a y, namely —z. So we conclude
that —a is the least upper bound of —A. inf(A) = —sup(—A).

O

. In each of the cases below decide if {x,,}22 ;either converges to a real number or diverges to oo or
diverges to —oo or none of the above.

(a) an = 3ty
(b) Ty = n(_l)n
(c) xp = ,%
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Practice Problems Set 3

1. Decide if {x,}22 ;either converges to a real number or diverges to co or diverges to —oo or none of
the above when z,, = (a + a} + ag)%7 with a1, as,a3 > 0

2. Let {an},-; be a bounded sequence. Then show that it has a convergent subsequence.
3. Let {x,}22 ,be a sequence of real numbers R and suppose that x,, — x.

(a) Let m,n € N, show that z,,+, — x as m — oo.

(b) Let m,l € N, p: R — R such that p(z) = Y. _, pra®, and ¢ : R — R\{0}, ¢(z) = X1, qr®,
with pr € R,qr € R for k = 1,2,...,n. Show that if » : R — R defined by r(z) = % then
r(z,) — r(z).

(c) Show that {| =, [}5%; also converges
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Homework 1 Solution

1. Let A and B be two subsets of R, which are both bounded below. Let u = inf(A) and v = inf(B).
Find inf(C), in terms of u,v, when C = {ab:a € A,b € B} and A, B C [0, 0),

Solution: See Night Board discussion[Page 1]
2. Let {z,}52 ,be a sequence of real numbers that is not bounded. Then show that there is either a
subsequence that diverges to co or a subsequence that diverges to —oc.

Solution: See Night Board discussion[Page 2]

3. Decide if {z,}22converges or not when x,, = with a € R,p > 0.

_n®

(I+p)m
Solution: See Night Board discussion[Page 3]

4. Let y1,y2 € R be given, and define recursively for n > 1,

1

2
Yn+2 = gyn + gyn+1

for all n € N. Decide if y,, converges and if it does then find its limiting value.



