
June 20th 2019 SWMS-2018-Follow up Problem Set 3
Linear Algebra and Combinatorics, Day 3

1. Let X = {1, 2, ..., n}. Suppose there are two families of subsets A1, A2.., Am and
B1, B2..., Bm of X with the property that |Ai ∩ Bi| is odd and |Ai ∩ Bj| is even for
all i 6= j. Prove that m ≤ n.

2. Prove that if A is a symmetric matrix, then rk(A) ≥ (tr(A))2

||A||2F
. As before ||A||2F is

the Frobenius norm of A which is given by
∑

i,j |aij|2.

(Hint: When A was diagonal, we showed this in class. Prove that all the quantities
in the above inequality do not change if A is replaced by UAU−1 where U is an or-
thogonal matrix. Then use the fact that any symmetric matrix can be diagonalized).

3. Prove that if the columns of an m × n matix B are linearly independent, then the
n× n matrix BtB is invertible.
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