Writing of Mathematics Quiz 5 Semester I 2018/19

Your name: Solution: October 25th, 2018

Proof of Assumptions:

(a) Show that 1 —a < e~ ® for any a € [0, 1).
Solution: For x € R, we know

is well defined and

Consequently, for h # 0 and z € R

Eath) = E@ _ gy g (E(h) n - h)
For 0 <| h|< 1,
@frj' : X_;]:u'n = Bhl) < e (why 7).

So we can rewrite

’E(h)—l—h’ _
h

| hnt =1
ZT S“"ZE < [h]e,
n=2 n=2

for 0 <| h |< 1. Therefore
lim E(z+h) — E(z)
h—0 h

Hence E'(z) = E(z) for all z € R. If g : (0,1) — R is given by

— B(z) = E(x).

ga) =1—a—E(-a)
then g is differentiable and by chain rule
g (a)=—-1+FE(-a) <0, Vae(0,1). (why ?)
Therefore for all 0 < a < 1, g(a) < ¢g(0) which implies

l—a<e™“

(b) Let {an}n>1 be a sequence of numbers such 0 < a,, < 1. Using induction, show that

n

H(l—ak) Z I—Zak.

k=1 k=1

Solution: For n > 1, let

n

Pn)= [ -a)>1-> a
k=1

k=1
Step 1: As 1 —a; =1 —aq so P(1) is true.
Step 2: Assume for P(m) is true. So,

m m

H(lfak) Z leak.

k=1 k=1



Step 3: Let n =m + 1, we have

m—+1 m m
[Ta-a)= (H(l - ak)) (1= ams1) = (1= ) ar)(1 = am1)

k=1 k=1 k=1
m m m—+1
= 1*2% — Gm+1 +am+12ak >1- Z ay.
k=1 k=1 k=1
So P(m + 1) is true. Hence by the principle of induction, P(n) is true for all n > 1. O

1. Let {an}n>1 be a sequence of numbers such 0 <a, < 1. For any n > 1, let b, = [[;_, (1 — a;). Show
that

(i) by converges to b€ (0,1) if Y27, a < oc.

Solution: Note that 0 <b, < 1. Observe by the same proof as part (b) using induction we have
that for all m > 1 and , n > m,

n

H(l—a@Zl—iak.
k=m

k=m

As Y72, ax < oo, there is a N > 0 such that

As 0 < a,,, for n > N, we have

and

br-1
So if B=min{b; : 1 <i < N — 2} then
by_
b, > min{B, %} >0

for all n > 1. Further, b, > b, for all n > 1, i.e. it is monotonically decreasing. Therefore b,
converges to a positive number b > > min{B, bNQ’l } which implies b in(0, 1) O

(ii) by converges to 0 if Y 72 | aj = oco.

Solution: Note that 0 < b,, < 1. Observe by part(a), 1 —a; < e~% for all 1 <i. Hence by induction
we have for all k£ > 1,

where z, = Zle a;.
As zj, — oo as k — oo, by Problem 1 (d) in Hw 9, we know that e™* — 0 as k — oo.
Therefore by the Squeeze theorem we have

lim by = 0.

k—o0



