DWT - Pyramid Algorithm I

e can describe pyramid algorithm using either
- linear filtering operations

- matrix manipulations
e two approaches complementary, so will do both

e filtering approach begins with notion of wavelet
filter



The Wavelet Filter I

Let{h;:1=0,...,L — 1} be areal-valued filter 3
properties: (Assumg; =0fori < 0& [ > L)

L—1
» hy =0 (summation to zero)
[=0

L—1
» hi =1 (unitenergy)

[=0



The Wavelet Filter I

L—1
» hy =0 (summation to zero)
[=0

L—1
» hi =1 (unitenergy)

[=0

L—1 00
Z hihyson = Z hihise, = 0 ((orthogonality to even shifts
[=0

[=—00



The Wavelet FiIterI

e Transfer & squared gain functions féh, } :

L—1
H(f) = Z hye 2l
1=0

and
H(f) = H(f)
e Orthonormality property equivalent to

H(f)+H(f+3)=2 forall f
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The Rescaled Wavelet FiIteI

iLl — hl/\/2
satisfies
L—1 - L—1 - 1
hl — O, hl2 — 5
=0 =0
and



The Rescaled Wavelet FiIteI

Transfer & squared gain functions fokh; }:
N L-1 1
H(f)=) me ™' = —H(f)
= V2

and

~

H(f) = ()P = 5H()

Frequency domain orthonormality property:

~

H(f)+ﬁ(f+%) — 1 forall f



Unit Scale Wavelet Coefficientj

Filter X usingh; = h;//2:
Wl,tEZhZXt—lmodNa t:O,...,N—l
[=0
Fort =0,...,N/2 — 1, define
L—1

_ ol/2717
Wir=2 / Wity = E hiXot4+1-1 mod N
I=0

{W; .} forms first N/2 elements oW = WX
(first N/2 elements oW form subvectoiW;)

-



Unit scale matrix: W; = W; X I

L—-1

_ ol/2717
Wi =2 / Wisp1 = E R Xot11-1 mod N

[=0
N—-1

O
— E h; X2¢41—1 mod N
1=0

§ : h2t—|—1 [ mod N

{h7} is {h;} periodized to Iengtlzi\f
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Unit scale matrix: W; = W; X I

So we must have
Woe = |17, b, hy—1, hy—9y - - -, B3]

form last5 — 1 rows of W, by circular shifting:

W, = [T%WO.]T, tzl,...,g—l,

example:

T © 70 1.O 1.0 1.0 o o
Wlo_ [ 391929 %] O?hN—th—Zv"'?héJ'



The other half of the matrix)}V
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The Scaling FiIterI

Scaling filter:g; = (— 1) hr_i_

e reverse{h;} & flip sign of every other
coefficient

oe.g.:hozﬁ&hlz—%igozglzﬁ
e {g;} is ‘quadrature mirror’ filter fod h; }

e inverse relationshiph; = (—1)'g7_1_;
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The Scaling FiIterI

L—-1
Zgz = /2 (summation to,/2)
[=0

L—1

> " gi =1 (unit energy)
[=0
L—-1 00

Z 9igi+2n = Z 9191+2n = 0 (0orthogonality to even shifts)
(=0

[=—0o0
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Scaling Coefficients: Rescaled scaling fiIte:Is

Defineg, = ¢;/+/2:

Zgz—l Z —% 9191420 = 0

[=—00

Circularly filter { X; } with {g;} to get

L—-1

‘/iatEZngt—lmode t=0,..., N—1
[=0
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Scaling Coefficientj

Define fort = 0,...,5 — 1

L—-1

o1/23
Vie=2 / Vioty1 = E 91 X2t 411 mod N
I=0

N—-1
@)
— E 9; X2t—|—1—l mod N
[=0

{g7} is {g;} periodized taV.
{V1,} forms lastV/2 elements oW = WX
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e LetV), be thes x N matrix whose first row is

[giaggag?\f—lag?\f—% s 79(2)} — Vgla

other rows are given by

N
[T%V().]T, t = 1,...,5 —1

e haveV; = VX & £ rows of)), are
orthonormal.
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Orthonormality of V; & W1I

So
Wi
V1

IS an/N x N orthonormal matrix since

P =

o P; # )V except whenV = 2

e ), spans same subspace as lower half\of
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End of 1st Stage of Pyramid Algorithml

e synthesis oiX from P

X =P/ z{WlT VlT} = Wi WiV

e by definition,D; = W W,
e sinceX = S, + Dy, must haveS;, = V!V,

e also haveR; = D,
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Summary of 1st Stage of Pyramid Algorithml

Transforms{ X, : t =0,..., N — 1} into wavelet
& scaling coefficients

e & wavelet coefficient§ W, ,,t = 0,..., 5 — 1}:
-W,, an3 x 1 vector

- changes on scalg =1

- first level detailD,

- Wi = By, ans x N matrix consisting of first;
rows of W

- with B; containing periodizedh; }
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Summary of 1st Stage of Pyramid Algorithml

Transforms{ X; : t =0,..., N — 1} into wavelet
& scaling coefficients

o & scaling coefficient§V;,t =0,...,5 — 1}:
- V1, ans x 1 vector

- averages on scalg = 2

- first level smoothS;

-V, = A;, ans x N matrix spanning same
subspace as Ia%fz rows of W

- with A, containing periodizedg; }

19



2nd Stage of Pyramid Algorithm: | I

e Treat ‘scale 2’ procesgV;;: t =0,...,5 — 1}
like ‘scale 1’ proces$ X; :t =0,..., N — 1}:
L—1 N
Wa, = ZE_; PV 21—t mod Nj2o £ =0, =1
and
L—1

V2,t — E :glvl,Qt—l—l—l mod N /2, t=0,...,% —1
=0
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2nd Stage of Pyramid Algorithm: | I

Placels,'s in & x 1 vectorWy

o elements, ..., 2 —10f W

e wavelet coefficients for scale = 2271 = 2
PlaceVs,'s in & x 1 vectorV,

e scaling coefficients for scalg, = 2° = 4
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2nd Stage of Pyramid Algorithml

W, B
=PV = Vi

VQ AQ
B, & A, constructed like3; & Aj:

e rows of B, have{h,} periodized to length;
(each row circularly shifted with respect to
other rows by multiples of 2)

e rows of 4, have{g,} periodized to length:
sinceW, = B,V = B, A1 X, haveW, = By A,
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2nd Stage of Pyramid Algorithml

Synthesis oV, from W, & V.

Vi="P;

SinceX = Bi W,

-8t AL

ATV, obtain

= BIWy+ ALV,

X = B'W, + ATBI'W, + AT ALV,

= WIiW, + W)W, + A ALV,
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2nd Stage of Pyramid Algorithml

e know from 1st stage that{ W, = D,
o haveW! W, = D, because it involve¥V,

e haveA! A1V, = S, because
X —D; —Dy =855

o defineV, = Ay A, sothatV! vV, = S,
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2nd Stage of Pyramid Algorithml

orthnormality of P, implies
[VA[l* = [Wal[* + [[Vaf%,
while from stage 1 we have
X = [Wl* + [V,
thus yielding
X[ = [Wall* + [[Wal|* + [[Vaf*
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Summary of 2nd Stage of Pyramid Algorithml

Transforms{V;;:t =0,...,5 — 1} into wavelet
& scaling coefficients

e & wavelet coefficient§ W, t = 0,..., 5 — 1}:
- Wy, anZ x 1 vector

- changes on scale = 2

- second level detaiD;

- W, = BoAj, ang x N matrix

consisting of rowsy to 2 — 1 of W

26



Summary of 2nd Stage of Pyramid Algorithml

Transforms{V;;:t =0,...,5 — 1} into wavelet
& scaling coefficients

o & scaling coefficient§ Vs, t = 0,..., 5 — 1}:
- 'V,, ans x 1 vector

- averages on scalg = 4

- second level smooth;

-Vy = Ay Ay, ang x N matrix
spanning same subspace as %ﬂ)ws of W
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7th Stage: Pyramid Algorithm I

Transforms scalg; 1 = 2/~ 1 averages
{‘/}‘_1715 1 = O, c ey 2j—1

o differences on scale = 2/, namely wavelet
coefficients{W;, : t =0,..., 5 — 1}

e averages on scake = 27, namely scaling
coefficients{V;;: t =0,..., 2 — 1}
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7th Stage: Pyramid Algorithm I

In terms of filters (lettingV, = 2}), for

t=0,...,N; —1we have
-1
Wi = thvj—l,zt+1—5 mod N,_1 5
I=0
-1
Vie = Zngj—thH—z mod N,_1 5

[=0
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7th Stage of Pyramid Algorithm I

o W;=BjA; 1--- A,

N N N
whereW; & B; areg; X N & 55 X 5=

o W]‘ = WJX ande — B]‘V]‘_l

QDJ':W]TW]‘
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7th Stage of Pyramid Algorithm I

o Vj=A;A - Ay,

whereV; & A; ares: x N & 2 x =

o V,=V;XandV; = A;V,_,

0Sj:VJTVj
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7th Stage of Pyramid Algorithm I

e analysis of variance at end of stage

j j
IXIP = IWRIPHIVIP = IDelP+I1S5)17
k=1 k=1

e multiresolution analysis at end of stage

J
X=> Dp+S,
k=1
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Jth Stage of Pyramid Algorithm I

e sinceN = 27, algorithm terminates at stage

o W; =[Wjo| = [Wn_o
o V= [V = [Wn_1]

e Wxn_1 = X+ /N always,
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Discrete Wavelet Transform I

Wy B
Wo By Aq
W = Wj — BjAj_1 - Ay
W ByAj_1--- A
Vs ] AjA;j_1--- Ay |
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Partial DWT I

Can choose to stop dty < J repetitions, yielding a partial DWT of level
J():

Wl Bl Wl
WQ BzAl W2

Wj X = BjAj_1 . ‘./41 X = Wj

Wy, B, Aj—1---As W,
] V7, | ] Aj Agy—1-- Ay | ] Vi, |
Wi, & Vj, aresy= x N
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Partial DWT I

N
270

e yields
AJ

0

‘complete’ DWT yields 1 scaling coefficient

scaling coefficients for scale

e only requiresN to be integer multiple o?”’o;
complete DWT require$/ to be power of 2

e partial DWT more commonly used: scaling
coefficients capture ‘large scale’ components

e settingJ, Is application dependent
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Partial DWT I

e analysis of variance for partial DWT:

Jo
A 1 1 —2
% = D IWIP + lIVal? - X
=1

. 1 2
=~ > D)1+ NHSJOHQ - X
j=1
last 2 terms are the sample varianceSgf
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Partial DWT I

e multiresolution analysis for partial DWT:

Jo
X = ZD]-JrSJO

j=1

S;, represents averages on scaje = 27
(includesX)
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Unit scale matrix: W, I

L—-1

_ ol/2717
Wiy =2 / Wiaty1r = E X2t 411 mod N

[=0
N—-1

O
— E hl X2t—|—1—l mod N
[=0

{h7}is {h;} periodized to lengthv

39



Scaling Coefficients :V1I

Define first level scaling coefficients:

L—-1

o1/23
Vie=2 / Vioty1 = E 91 X2t 411 mod N
I=0

N-1
©)
— E g X2t—|—1—l mod NV
[=0

{gr} i1s{g:} periodized taV
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Effect of {;}, {g;} I

e {h;} is high-pass filter
e {g;} is low-pass becausé, } is high-pass

e same true for all Daubechies wavelet filters
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What Kind of Process is{Vu}?I

{ Xt} e— { X ],
, N | 5
= i2ntk/N __ — i2ntk /N
Xt—NZXke = Z X,.c
k=0 k=—3+1

becausd X} & {e?™*/N periodic
with period N
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What Kind of Process is{%,t}?l

As g, ~ low pass with passbarie- 1, 1], have

L—1 | =
(/ ~ ~ 127tk /N
Vi = § X~ — § - Xe /
N
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N

Vig = V2V 3
= V2V = V2 '
. Xk6227r(2t—|—1)k/]\7

__N
. k=—2+1
4
_ % XkeiZWk/N
2Ttk
3 2t/ (N/2)
__N
k=—3+1 \/2
N/
2

Z X/ 227rt/<3/N’

=N and) <t< N —1

44



What Kind of Process is{Vu}?I

o X/ associated withf], = %, -1 < f/ <1

o f1 = —kaSOka[—Z i]if,;é[—%,%]

® thus{\ﬁ,t} is low-pass bu{V/ ;} is ‘full-band’
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What Kind of Process is{Wu}?I

As h; ~ high-pass filter, have

2

/V\V/l,t = Zilth—z
1=0
1
N
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What Kind of Process is{WLt}?I

_N N
/2 4 : i27(204+1)k/N
W Z -+ Z Xke
k=—34+1  k=I+1
9 4 2 XkeiZWk/N 2tk /(N/2)
1L




What Kind of Process iS{Wu}?I

N/

1 = - /
Wl,t ~ ___ E Xéeﬂﬂtk/]\f

N/
k=—2 1
/ : ! — K 1 / 1
o X, associated witlf, = 5, —5 < [, < 5
2k 1
o fi=% =20/
SO fi, € [+,3] = f}. € [0, 3] in reverse order

o {W;,} is high-pass, bufW; ,} is ‘full-band
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2nd Stage of Pyramid Algorithm: | I

e Treat ‘scale 2’ proces§l;; : ¢ =0,...,5 — 1}

like ‘scale 1’ procesg X; :t =0,..., N — 1}:

L—-1

N
Wor= ) miVistii-tmeanys t=0,..., 1
[=0

and
L—1

V2,t — E :glvl,Qt—l—l—l mod N/2, t=0,...,.5—1
=0
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Cascade of Filterg

Flow diagram for cascade with 3 filters:

{bi} — | Al() | =5 As() | =] As() | = {ar}

if {b;} «— B(-) & {¢;} «—— C(-), then
e output fromA;(-) has DFTA(f)B(f)
e output fromA,(-) has DFTAy(f)A1(f)B(f)
So  {b} — A()|— {c}
with A(f) = As(f)Aa(f)A1(f)B(f)
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Equivalent Filter for 2nd Stage'

Path fromX to W, almost a filter cascade

e Q: can we obtairWW, from X using a single
filter?

e A:yes, as the following argument shows
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Equivalent Filter for 2nd Stage'

® deflne{h;} — {ho, 0, hl, 0,..., hL_Q, 0, hL—l};
note that this filter has width L — 1

o defineh, = hl/\/2 & define

2L—2

Wor= 3 WVirtmoa . £=0.... N1
[=0
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2L—2
—_ o ~ T -~
W2,4t—|—3 — E hl Vi,4t—|—3—l mod N

[=0
L—-1
— hl‘/i,4t+3—2l mod N
[=0
L—-1
E h 2(2t+1—1)+1 mod N
[=0
L—-1
— INT Y _ o
= 3 [V12t+1—]l mod N/2 — 9
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Equivalent Filter for 2nd Stage'

Flow diagram, indicating downsampling:

X —

{9}

—

{h)}

— 2{7\\/72 ? W2

Transfer functionH,(-) for equivalent filter is

e transfer function fof ¢;}, i.e.,G(-), times

o transfer function fofh/}, say,H' ()

o HI(f) = H(2f),soHy(f) = H(2f)G(f)
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Equivalent Filter for 2nd Stage'

Denote impulse response sequenceHof-) as
{h2712Z:O,...,L2—1:3L—3}

Flow diagram with equivalent filter:

X — {hz,z} ?Wg
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Equivalent Filter for 2nd Stage'

Can write
Lr—1

War = Z ho i Xat+1)-1-tmod N, 1 =0,...
=0
N-1

— Z ho 1 Xa+1)-1—Imod vyt =10,...

[=0

where{h;;} is {hy,} periodized to lengthv

56
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Equivalent Filters for 2nd Stage: VI

Another flow diagram with equivalent filter:

X — {H2(%)} — W,

similarly:

X — [ {a} | — {ng} lTV2

X — | {G2(%)} —V
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7th Stage: Pyramid'

In terms of filters (lettingV, = 2j) have

Wi = E hVi12t41-1mod N,y t=0,...,N; —1
L‘7 1
— E hj,lXZj(t—l—l)—l—l mod N 5
=0

where{’;,} is thejth level equivalent wavelet
filterandl;, = (2 — 1)(L — 1) + 1
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Equivalent Filter for jth Stage'

{h;;} formed by convolution of filters:

fi ter 1: go,91,-.-,90-2,9L-1;
filter 2: 90,0,91,0,...,91-9,0,91_1;
filter 3: 90,0,0,0,91,0,0,0,...,91-2,0,0,0, gr—1;

ﬁlt@fj—l: go,0,...,0,91,0,...,0,...,9r-2,0,....0,95_1;
filterj: ho,0,...,0,h1,0,...,0,...,hr_9,0,...,0,Ar_1
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Equivalent Filter for jth Stage'

Properties of A ; }

{h]"lil:O,...,LJ‘—l}

BT CS) = H,(f)

Nominal passband given by < |f]| <

Periodized filter for forming rows ofV;:
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Equivalent Filter for jth StagEI

For the scaling coefficients, have

L—-1

> gVj-12t41-tmed ;s t=0,...,N;—1
=0
L—1

E 950X 9 (t41)—1-1 mod N
=0

Vi

where{g,;} is thejth level equivalent scaling filter
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Equivalent Filters for jth Stageﬂ
{gj,l}

formed by convolution of filters
o filters 1 toj — 1 same as used to forirh, ; }

o filter 4:
gO,O,...,O,gl,O,...,O,gL_g,O,...,O,gL_l

j—1
{gj1:1=0,...,Lj—1} «— HG(Zlf) = G;(f)
[=0

e Nominal passband given by< |f| < -5
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Equivalent Filter for jth StagEI

ePeriodized filter for forming rows o¥;:

{g;’ll:O,,N—l}

{J]c@%) :k=0,....N -1}
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