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9.

OOt N

Superprocesses

Outline of Lectures at St. Flour
Introduction
Particle Sytems and Tightness (I1.1-11.4)
The Martingale Problem and Non-linear Equation (I1.4-11.8)
Path Properties of the Support of Super-Brownian Motion (III.1-111.3)
Polar Sets (II1.5-111.6)
Interactive Drifts (IV)
Spatial Interactions 1.
Stochastic Integration on Trees and a Strong Equation (V.1-V.3)
Spatial Interactions 2.
Pathwise Existence & Uniqueness, and the Historical Martingale Problem
(V.4-V.5)
Interacting Particle Systems 1. The Voter Model

10. Interacting Particle Systems 2. The Contact Process

Note.

A working document with Ted Cox and Rick Durrett was distributed to

provide background material for lectures 9 and 10.
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Glossary of Notation

an~t la]/N <t < (Ja| +1)/N = (%, ie., a labels a particle alive at time ¢
|A| Lebesgue measure of A
A the set of points less than a distance ¢ from the set A
A%¢ Ad+g¢
A weak generator of path-valued Brownian motion-see Lemma V.2.1
AT,m see Proposition V.2.6
A generator of space-time process—see prior to Proposition 11.5.8
it bounded pointwise convergence
b&E the set of bounded £-measurable functions
BSMP a cadlag strong Markov process with x — P?(A) Borel measurable

for each measurable A in path space
B(E) the Borel o-field on F
c C(RY)
C(E) continuous F-valued functions on R with the topology

of uniform convergence on compacts
Cy(E) bounded continuous E-valued functions on Ry with the supnorm topology
CF(R?)  functions in Cp,(R?) with bounded continuous partials of order k or less

Ceo(RY) functions in Cy(R?) with bounded continuous partials of any order
Ck (F) continuous functions with compact support on E with the supnorm topology
Cy(E) continuous functions on a locally compact E with a finite limit at oo
C(g)(A4) the g-capacity of a set A-see prior to Theorem I11.5.2
C Borel o-field for C' = C(R?)
Cy sub-o-field of C generated by coordinate maps ys,s <t
D

= equal in distribution
D(E) the space of cadlag paths from R, to F with the Skorokhod .J; topology

D? the set of paths in D(F) which are constant after time s
Dyq smooth functions of finitely many coordinates on R, x C
—see Example V.2.8

D(n,d) space of R"*%-valued integrands-see after Proposition V.3.1
A cemetary state added to E as a discrete point
D(A) domain of the weak generator A-see I1.2 and Proposition 11.2.2
D([f)T domain of weak space-time generator—see prior to Proposition I1.5.7
D(A) domain of the weak generator for path-valued Brownian motion
—see Lemma V.2.1

D(A/2) domain of the weak generator of Brownian motion-see Example 11.2.4
D the Borel o-field on the Skorokhod space D(FE)
(Dt) >0 the canonical right-continuous filtration on D(FE)
ep(W) e” (@)
E the Borel o-field on FE
Er the non-negative £-measurable functions
E {(t,y(- A1) :y € D(E),t >0}
fa(r) P if 3> 0, (log1/r)~tif B =0
F F x B(C(R?))
ﬁt ft X Ct

Fr the universal completion of F;
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Fx the Borel o-field on Q2 x
g5(r) rBif 3>0,1+ (logl/r)T,if =0and 1,if 3 <0
G:o see (IV.3.4)
t
G(f.1) [ sup P; f(x)ds
0 x

G(X) Ussocl{(t,z) : t > 6§, = € S(X;)}, the graph of X
h—m the Hausdorff h-measure—see Section I11.3
h(r) Lévy’s modulus function (rlog(1/r))'/?
ha(r) r2logt log™ 1/r if d > 3, r2(log™ 1/7)(log™ log™ log™ 1/r) if d = 2
HY the H; measure of {w:w =y on [0,s]}, s <t, y(-) =y(-As)
ﬁbp the bounded pointwise closure of ‘H
Hy the set of non-negative functions in H
I U N{Oonb = fag, .. an) s eNn e Zy )
IBSMP time inhomogeneous Borel gtrong Markov process—see after Lemma I1.8.1
I(f,t) stochastic integral of f on a Brownian tree—see Proposition V.3.2
I the compact subsets of R?
Lip, Lipschitz continuous functions with Lipschitz constant and supnorm < 1
(LE) Laplace functional equation—see prior to Theorem II1.5.11
(LMP), local martingale problem for Dawson-Watanabe superprocess
with initial law r—see prior to Theorem I1.5.1

Li(X) the collision local time of X = (X!, X?)-see prior to Remarks IV.3.1
log™ (z) (logx) V e°
Lw (9) the Laplace functional of the random measure W, i.e., E(e=" ()
1200 see after Lemma I11.5.2

M, (F) space of probabilities on E with the topology of weak convergence
Mp(E) the space of finite measures on E with the topology of weak convergence
ML (D) the set of finite measures on D(E) supported by paths which are constant

after time ¢

Mp the Borel o-field on Mp(E)
Mioe the space of continuous (F;)-local martingales starting at 0
(ME) mild form of the nonlinear equation-see prior to Theorem I1.5.11

(M P) x,martingale problem for Dawson-Watanabe superprocess with initial state X
—see Proposition 11.4.2

A

0 Q x O(R%)
Qp[r, 00) {H € 0([7, oo),MF(D(E))) . Hy, € ML(D) Vt> T}
QH QH [07 OO)
Qx the space of continuous Mp(FE)-valued paths
Qp the space of cadlag Mp(E)-valued paths
pe(x) standard Brownian density
i () pi(r —y)
P the o-field of (F;)-predictable subsets of R} x €2
t
P{¢(x) B (o(vi)exp{ [ g(¥,) ds})
0
Px, the law of the DW superprocess on (Q2x, Fx) with initial state Xg

—see Theorem I1.5.1
P, the law of the DW superprocess with initial law v
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~

Pr the normalized Campbell measure associated with Kr, i.e.,

Pr(Ax B) =P(1aKr(B))/m(1)
(PC) x — P?¥ is continuous
(QLC) quasi-left continuity, i.e., Y is a Hunt process—see Section I1.2
Q~r,m the law of the historical process starting at time 7 in state m-see Section II.8
R(I) U S(Xt), the range of X on I

tel
R() R(I) is the closed range of X on I
R U R([6,00)) is the range of X.
§>0

S(w) the closed support of a measure p
St S(Xy)
) simple P x £-measurable integrands—see after Lemma I1.5.2
(SE) strong form of nonlinear equation—see prior to Theorem I1.5.11
t [Nt]/N
7 bounded (F3)¢>--stopping times
ucp convergence on F which is uniform on compacts and bounded on F
Ui the A resolvent of a Markov process
=2 weak convergence of finite (usually probability) measures
Wy the coordinate maps on D(F)
y/s/w the path equaling y up to s and w(t — s) thereafter
y* () y(tA-)

Ca the lifetime of the ath branch-see after Remark 11.3.2
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I. Introduction

Over the years I have heard a number of complaints about the impenetrable
literature on measure-valued branching processes or Dawson-Watanabe superpro-
cesses. These concerns have in part been addressed by some recent publications
including Don Dawson’s St. Flour notes (Dawson (1993)), Eugene Dynkin’s mono-
graph (Dynkin (1994)) and Jean-Francois Le Gall’'s ETH Lecture Notes (Le Gall
(1999)). Nonetheless, one still hears that several topics are only accessible to ex-
perts. However, each time I asked a colleague what topics they would like to see
treated in these notes, I got a different suggestion. Although there are some other
less flattering explanations, I would like to think the lack of a clear consensus is a
reflection of the large number of different entry points to the subject. The Fleming-
Viot processes, used to model genotype frequencies in population genetics, arise
by conditioning the total mass of a superprocess to be one (Etheridge and March
(1991)). When densities exist (as for super-Brownian motion in one spatial dimen-
sion) they typically are solutions of parabolic stochastic pde’s driven by a white
noise and methods developed for their study often have application to large classes
of stochastic pde’s (e.g. Mueller and Perkins (1992), Krylov (1997b), Mytnik (1998)
and Section I11.4). Dawson-Watanabe superprocesses arise as scaling limits of in-
teracting particle systems (Cox, Durrett and Perkins (1999, 2000)) and of oriented
percolation at criticality (recent work of van der Hofstad and Slade (2000)). Rescaled
lattice trees above eight dimensions converge to the integral of the super-Brownian
cluster conditioned to have mass one (Derbez and Slade (1998)). There are close
connections with class of nonlinear pde’s and the interaction between these fields
has led to results for both (Dynkin and Kuznetsov (1996,1998), Le Gall (1999) and
Section II1.5). They provide a rich source of exotic path properties and an inter-
esting collection of random fractals which are amenable to detailed study (Perkins
(1988), Perkins and Taylor (1998), and Chapter III).

Those looking for an overview of all of these developments will not find them
here. If you are looking for “the big picture” you should consult Dawson (1993) or
Etheridge (2000). My goal in these notes is two-fold. The first is to give a largely
self-contained graduate level course on what John Walsh would call “the worm’s-eye
view of superprocesses”. The second is to present some of the topics and methods
used in the study of interactive measure-valued models.

Chapters II and III grew out of a set of notes I used in a one-semester graduate
course on Superprocesses. A version of these notes, recorded by John Walsh in a
legible and accurate hand, has found its way to parts of the community and in fact
been referenced in a number of papers. Although I have updated parts of these
notes I have not tried to introduce a good deal of the more modern machinery,
notably Le Gall’s snake and Donnelly and Kurtz’s particle representation. In part
this is pedagogical. I felt a direct manipulation of branching particle systems (as in
I1.3,I1.4) allows one to quickly gain a good intuition for superprocesses, historical
processes, their martingale problems and canonical measures. All of these topics
are described in Chapter II. In the case of Le Gall’s snake, Le Gall (1999) gives an
excellent and authoritative treatment. Chapter III takes a look at the qualitative
properties of Dawson-Watanabe superprocesses. Aside from answering a number of
natural questions, this allows us to demonstrate the effectiveness of the various tools
used to study branching diffusions including the related nonlinear parabolic pde,
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historical processes, cluster representations and the martingale problem. Although
many of the results presented here are definitive, a number of open problems and
conjectures are stated. Most of the Exercises in these Chapters play a crucial role
in the presentation and are highly recommended.

My objective in Chapters II and III is to present the basic theory in a middling
degree of generality. The researcher looking for a good reference may be disap-
pointed that we are only considering finite variance branching mechanisms, finite
initial conditions and Markov spatial motions with a semigroup acting on the space
of bounded continuous functions on a Polish space E. The graduate student learn-
ing the subject or the instructor teaching a course, may be thankful for the same
restrictions. I have included such appendages as location dependent branching and
drifts as they motivate some of the interactions studied in Chapters IV and V. Aside
from the survey in Section III.7, every effort has been made to provide complete
proofs in Chapters II and III. The reader is assumed to have a good understanding
of continuous parameter Markov processes and stochastic calculus—for example, the
first five Chapters of Ethier and Kurtz (1986) provide ample background. Some
of the general tightness results for stochastic processes are stated with references
(notably Lemma I1.4.5 and (I1.4.10), (I1.4.11)) but these are topics best dealt with
in another course. Finally, although the Hausdorff measure and polar set results in
Sections II1.3 and III.5 are first stated in their most general forms, complete proofs
are then given for slightly weaker versions. This means that at times when these
results are used, the proofs may not be self-contained in the critical dimensions (e.g.
in Theorem II1.6.3 when d = 4).

A topic which was included in the original notes but not here is the Fleming-Viot
process (but see Exercise IV.1.2). The interplay between these two runs throughout
Don Dawson’s St. Flour notes. The reader should really consult the article by
Ethier and Kurtz (1993) to complete the course.

The fact that we are able to give such a complete theory and description of
Dawson-Watanabe superprocesses stems from the strong independence assumptions
underlying the model which in turn produces a rather large tool kit for their study.
Chapters IV and V study measure-valued processes which may have state-dependent
drifts, spatial motions and branching rates (the latter is discussed only briefly). All
of the techniques used to study ordinary superprocesses become invalid or must be
substantially altered if such interactions are introduced into the model. This is an
ongoing area of active research and the emphasis here is on introducing some ap-
proaches which are currently being used. In Chapter IV, a competing species model
is used to motivate careful presentations of Dawson’s Girsanov theorem for interac-
tive drifts and of the construction of collision local time for a class of measure-valued
processes. In Chapter V, a strong equation driven by a historical Brownian motion
is used to model state dependent spatial motions. Section IV.4 gives a discussion of
the competing species models in higher dimensions and Section V.5 describes what
is known about the martingale problems for these spatial interactions. The other
sections in these chapters are again self-contained with complete arguments.

There are no new results contained in these notes. Some of the results although
stated and well-known are perhaps not actually proved in the literature (e.g. the
disconnectedness results in I11.6) and some of the proofs presented here are, I hope,
cleaner and shorter. I noticed that some of the theorems were originally derived
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using nonstandard analysis and I have standardized the arguments (often using the
historical process) to make them more accessible. This saddens me a bit as I feel
the nonstandard view, clumsy as it is at times, is pedagogically superior and allows
one to come up with novel insights.

As one can see from the outline of the actual lectures, at St. Flour some time
was spent on rescaled limits of the voter model and the contact process, but these
topics have not made it into these notes. A copy of some notes prepared with Ted
Cox and Rick Durrett on this subject was distributed at St. Flour and is available
from me (or them) upon request. We were trying to unify and extend these results.
As new applications are still emerging, I decided it would be better to wait until they
find a more definitive form than rush and include them here. Those who have seen
earlier versions of these notes will know that I also had planned to include a detailed
presentation of the particle representations of Donnelly and Kurtz (1999). In this
case I have no real excuse for not including them aside from running out of time and
a desire to keep the total number of pages under control. They certainly are one
of the most important techniques available for treating interactive measure-valued
models and hence should have been included in the second part of these notes.

There a number of people to thank. First the organizers and audience of the
1999 St. Flour Summer School in Probability for an enjoyable and at times exhaust-
ing 2% weeks. A number of suggestions and corrections from the participants has
improved these notes. The Fields Institute invited me to present a shortened and
dry run of these lectures in February and March, and the audience tolerated some
experiments which were not entirely successful. Thanks especially to Siva Athreya,
Eric Derbez, Min Kang, George Skoulakis, Dean Slonowsky, Vrontos Spyros, Hanno
Treial and Xiaowen Zhou. Most of my own contributions to the subject have been
joint and a sincere thanks goes to my co-authors who have contributed to the results
presented at St. Flour and who have made the subject so enjoyable for me: Martin
Barlow, Ted Cox, Don Dawson, Rick Durrett, Steve Evans, Jean-Francois Le Gall
and Carl Mueller. Finally a special thanks to Don Dawson and John Walsh who
introduced me to the subject and have provided ideas which can be seen throughout
these notes.
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II. Branching Particle Systems and Dawson-Watanabe Superprocesses
1. Feller’s Theorem
Let {XF :i € Nk € Z,} be i.i.d. Z -valued random variables with mean 1

and variance v > 0. We think of X* as the number of offspring of the i individual

Ly
in the &th generation, so that Zp 1 = Y XF (set Zy = 1) is the size of the k + 18t
i=1
generation of a Galton-Watson branching process with offspring distribution £(XF),
the law of Xf.

We write a,, ~ b, iff lim a,/b, = 1 and let = denote weak convergence of
n—oo

finite (usually probability) measures.

Theorem II.1.1. (a) (Kolmogorov (1938)) P(Z,, > 0) ~ 2/nvy as n — oc.

(b) (Yaglom (1947)) P (%~ € - | Z, > 0) =Z, where Z is exponential with mean
/2.

Proof. (a) This is a calculus exercise in generating functions but it will be used on
several occasions and so we provide a proof. Let f,(t) = E(t%~) for t € [0,1], and
f(t) = f1(t) (here 0° =1 as usual). A simple induction shows that f,, is the n-fold
composition of f with itself. Then Dominated Convergence shows that f’ and f”
are continuous on [0, 1], where the appropriate one-sided derivatives are taken at
the endpoints. Moreover f/(1) = E(XF) = 1 and f”(1) = var(XF) = ~. As f is
increasing and strictly positive at 0 (the latter because X* has mean 1 and is not
constant), we must have

0< f(0) < fu(0) 1 L <1and f(L) = L.

Note that f/(t) = E(Z;t%171) < 1 for t < 1 and so the Mean Value Theorem implies
that f(1) — f(t) < 1 —t and therefore, f(¢t) > t, for t < 1. This proves that L =1
(as you probably already know from the a.s. extinction of the critical branching

process).
Set z, = f,(0) and

(11.1.1) Yn =n(l —x,) =nP(Z, > 0).
A second order Taylor expansion shows that

_ _ [ (zn) 2
1=z =f(1)— flaxp)=1—2, — T(l — xp,)”° for some z, € [x,,1].
Therefore

Ynt1 = (n+1)(1 — zp41)
f"(2n)

=n+1)[1-z,— 5 (1—£En)2]
Yn Yo [ (2n)
= ([ - ]

f”(zn))]

- [1+1<1 (1+n")
= Yn n Yn n 9
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Now let v1 < v < 2 and § > 0. Note that lim,, ., x,, = 1 and lim, o f"(z,) =7,
and so we may choose ng so that for n > ng,

(I1.1.2) (1= 2n)72/2 < 6,

1 1
(I1.1.3) yn |1+ (1= yn’Yz/Q)] < Ynr Sy |1+ (1= yam/2)),
and therefore,

(I1.1.4) Ynt1 > Yn if yn < 2/72, and ypy1 < yn if Y > 2/71.

Claim vy, > %(1 — §) eventually. Note first that if ny > ng satisfies

Yny, < %(1 — 0/2) (there is nothing to prove if no such ny exists), then the lower
bound in (II.1.3) shows that vy, +1 > Yn, (1 + %) Iterating this bound, we see

that there is an ny > n; for which y,, > %(1 — 0/2). Now let n3 be the first
n > ng for which y, < %(1 — 0) (again we are done if no such n exists). Then

Yng—1 > %(1 —0) > Yn, and so (I1.1.4) implies that y,,—1 > % Therefore (11.1.3)
shows that

Yng = Ynz—1 [1 + (1 - yn3—1’72/2)]

ns — 1
21t
T2 nz—1 2
— 3 |:1 o (1 - xnsl)’y2j|
Y2 2
2
> —(1-9),
V2

the last by (II.1.2). This contradicts the choice of nz and hence proves the required
inequality for n > mo. A similar argument shows that y, < %(1 — 0) eventually.

We thus have shown that lim,,_,~ y, = 2/ and hence are done by (II.1.1).

(b) will be a simple consequence of Theorem I1.7.2 below, the proof of which will
use (a). See also Section I1.10 of Harris (1963). N

These results suggest we consider a sequence of critical Galton-Watson branch-
ing processes {Z(()n) : n € N} as above but with initial conditions Z(()n) satisfying
Z{" /n = x, and define X" = Z[(:t)] /n. Indeed it is an easy exercise to see from

the above that X 1(") converges weakly to a Poisson sum of independent exponential
masses.

Notation. F denotes a Polish space. Let D(E) = D(R,, E) be the Polish space of
cadlag paths from R, to E with the Skorokhod J;-topology. Let C(E) = C(R4, E)
be the Polish space of continuous FE-valued paths with the topology of uniform
convergence on compacts. Let Y;(y) = y(t) for y € D(E).
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Theorem I1.1.2. (Feller (1939, 1951)) X(™2X in D(R), where X is the unique
solution of

t
(FE) X, =x+ / VX, dB,,
0

where B is a one-dimensional Brownian motion.
Proof. We will prove much more below in Theorem II.5.1. The uniqueness holds
by Yamada-Watanabe (1971). 1

We call the above process Feller’s branching diffusion with parameter ~.

2. Spatial Motion

We now give our branching population a spatial structure. Individuals are
“located” at a point in a Polish space F. This structure will also usually allow us
to trace back the genealogy of individuals in the population.

Notation. £ = Borel subsets of £ = B(E),
Cy(E)={f:E — R: f bounded and continuous} with the supnorm, || ||,
D = B(D(E)), (D¢),;>, is the canonical right-continuous filtration on
D(E), B

w(f) = [ fdp for a measure p and integrable function f.

Assume
(11.2.1) Y = (D,D, D, Y, P?) is a Borel strong Markov process (BSMP)

with semigroup P, f(z) = P*(f(Yz)). “Borel” means x — P*(A) is £-measurable for
all A € D. The other required properties here are Yy = x P*—a.s. and the strong
Markov property. Evidently our BSMP’s have cadlag paths. These assumptions are
either much too restrictive or far too abstract, depending on your upbringing. At
the risk of offending one of these groups we impose an additional condition:

(I1.2.2) Py : Cy(E) — Cy(E).

This is only needed to facilitate our construction of Dawson-Watanabe superpro-
cesses as limits of branching particle systems and keep fine topologies and Ray
compactifications at bay.

Standard arguments (see Exercise 11.2.1 below or the proof of Theorem 1.9.21
in Sharpe (1988)) show that (II.2.2) implies

Y is a Hunt process, i.e., if {1} are {D;}-stopping times such that
(QLC) T,, 1T < o0 P*a.s., then Y(T},) — Y(T') P* — a.s.
In particular, Y; =Y;_ P* —a.s. for all ¢ > 0.

Definition. ¢ € D(A) iff ¢ € C4(F) and for some ¢ € C(E),

t
o(Yy) — o(Yp) — /@ZJ(Y;)ds is a P*-martingale for all z in FE.
0
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It is easy to see v is unique if it exists and so we write ¢ = A¢ for ¢ € D(A).
. b . .
Notation. == denotes bounded pointwise convergence.

Proposition I1.2.1. ¢ € D(A) & ¢ € Cp(F) and @b—% as t | 0 for some
¥ € Cy(F). In this case, 1) = A¢ and for any s > 0, Ps¢ € D(A) and

(I1.2.3) AP,¢ = P,A¢ = §PS¢.
S

Proof. (<) If s > 0, our assumption and the semigroup property show that

Ps—l—z&Qﬁ_]DsQSb_p>

; Py as t]0 Vs>0.

(QLC) implies P,1(z) is continuous in s for each x. An easy calculus exercise shows
that a continuous function with a continuous right derivative is differentiable, and
so from the above we have

0
(II'2'4) & s¢ = Ps1),

and so
P [ o0v) - 0(v0) ~ [ 0(V)ds | = Proe) ~ o)~ [ Prtaras =0,
0 0

The Markov property now shows the process in the above expectation is a martingale

and so ¢ € D(A) with A¢p = .
(=) Let ¢ € D(A) and s > 0.

t

(Prsstlo) = Poota)) 1= P | P7 ([ Aoryarse | | 2P, (a0)(a) as ¢ 10,

where the last limit holds by Dominated Convergence. Taking s = 0, one completes
the proof of (=). For s > 0, one may use the above argument and (<) to see
P, € D(A) and get the first equality in (I1.2.3). The second equality follows from
(I1.2.4) with ¢ = A¢. 1

Let Uxf(z) = E( [ e *f(Y;)dt) denote the A-resolvent of ¥ for A > 0.

0
Clearly Uy : Cy(E) — Cp(E) by (11.2.2).

Proposition 11.2.2.
(a) Vo € D(A)  Ux(A—A)p=¢.
(b) Vo € Cy(E) Urxp € D(A) and (A — A)Uxp = ¢.
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Proof. (a)

UrAgp(z) = /e_MPtAgb(x)dt

0
00

:/(”%(Ptqﬁ(x))dt (by 11.2.3)

0
00

T / e P,y () dt
0

= —¢(z) + AUx¢(2).

= €_>‘tPt¢(x)’

oo

Uro(Y;) = E‘”( / e_’\“qS(Yu)du‘Dt)e’\t

(I1.2.5) !

t

= [ - [ (v )aal,

0

where M, denotes the martingale E*( [ e *“¢(Y,)du | D;). Some stochastic calcu-
0

lus shows that (£ means equal up to martingales)

t s t t

o) [ 20 (a1, = [ e o, )du | ds O/ B(Ys)ds = 0/ AUAG(Ya)—p(Ya)ds,

0 0
where we have used (11.2.5). This implies Ux¢ € D(A) and AUx¢p = AUxp — ¢. |

Notation. b€ (respectively, £ ) is the set of bounded (respectively, non-negative)
—b
&-measurable functions. If H C b€, H * is the smallest set containing H and closed

b : . . .
under -5, and H, is the set of non-negative functions in M.

Corollary I1.2.3. D(A)? =&, (D(A)) " = b,
Proof. If ¢ € Cy(E), P, B as t | 0 and so it follows that \Ux¢pZ¢ as A — oo,
and so ¢ € D(A)bp. The result follows trivially. 1§

Exercise I1.2.1. Prove that Y satisfies (QLC).
Hint. (Following the proof of Theorem 1.9.21 of Sharpe (1988).) Let

X =limY(T,) € {Y/(T-),Y(T)}.

It suffices to consider T' bounded and show E?(g(X)h(Yr)) = E*(g(X)h(X)) for
all g,h € Cp(E) (why?). As in the proof of Corollary I1.2.3 it suffices to consider
h = Uyf, where f € Cp(FE) and A > 0. Complete the required argument by using
the strong Markov property of Y and the continuity of U) f.
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Here are some possible choices of Y.

Examples 11.2.4. (a) Y; € R is d-dimensional Brownian motion.
C2R?) = {¢ : R? - R, ¢ is C? with bounded partials of order 2 or less} C D(A)

and A = % for ¢ € CZ(R?) by 1t6’s Lemma. In this case we will write D(A/2) for
D(A).

(b) ¥; € R? is the d-dimensional symmetric stable process of index a € (0,2)
scaled so that P (e?¥t) = @ e=t0" where |y| is the Euclidean norm of y. If
v(dy) = cly|~4~“dy for an appropriate ¢ > 0, then for ¢ € CZ(R?) C D(A)

Aota) = [ [as(x L y) - ola) — Vo) v(dy),

Yy
L+ [y]?
as can be easily seen, e.g., from the stochastic calculus for point processes in ITkeda-

Watanabe (1981, p. 65-67) (see also Revuz-Yor (1990, p. 263)).

In both the above examples
C(RY) = {p € Cp(R?) : all partial derivatives of ¢ are in Cy(R?)}

is a core for A in that the bp-closure of {(¢, A¢) : ¢ € C°(R?)} contains {(¢, Ag) :
¢ € D(A)}. To see this first note that if ¢ € D(A) has compact support, then

Pid(z) = / Py — 2)d(y)dy € C°(RY) for ¢ > 0

because Y has a transition density, p;, all of whose spatial derivatives are bounded
and continuous. In the stable case the latter is clear from Fourier inversion because

|0|m/pt(y _ x)ei&ydy _ |9|m€z’9~w—t\9|a

is bounded and integrable in 6 for all m € N. Now choose {1, } C Cp° with compact
support so that ¥, T 1 and

{lzl <n} C{n =1} C{yp > 0} C {lz] <n +1}.

If ¢ € D(A) and ¢, = P, then an integration by parts shows that ¢, € D(A)
and A¢, = Y, Ap + ¢A,. The above shows that P;/,¢, € Cp°. Dominated

Convergence implies that P; /n¢nb—p>q§, and (I1.2.3) and a short calculation shows
that

b
This proves the above claim.

Notation. M;(F) is the space of probabilities on a Polish space F and its Borel
o-field, equipped with the topology of weak convergence. Ck(FE) is the space of
continuous function on E with compact support, equipped with the topology of
uniform convergence.

Exercise I1.2.2. Assume Y; € R? is d-dimensional Brownian motion with d > 2
and Uy f is defined as above but with A = 0.
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(a) Show that if f > 0 is Borel measurable on R? then as A | O,
Unf(x) 1 Uof(z) = ka [ |y — 2>~ f(y)ds < oo, for some ky > 0.

(b) Show that Uy : Cx(RY) — D(A), AUy = —¢ for all ¢ € Cx(R?), and
UgAp = —¢ for all ¢ € Cx(RY) ND(A).

Hint. One approach to (b) is to show that for ¢ € Cx(R9), as A | 0, U>\¢b—p>U0¢ ey
and AU, 6% — 6.
Example I1.2.4. (c¢) Suppose, in addition, that our BSMP Y satisfies

(PC) z — P* is continuous from E to M, (D(E)).

This clearly implies (11.2.2).

Under (PC) we claim that the previous hypotheses are satisfied by the path-
valued process t — (t,Y') = (t,Y(- At)) € Ry x D(E). To be more precise,
let £ = {(t,y") : t > 0,y € D(E)} with the subspace topology it inherits from
R, x D(E), £ = B(E), and if y,w € D(E) and s > 0, let

y(t) t<s
(t—s) t>s

(v/3/w)(t) = {w (e D).

Note that F is Polish as it is a closed subset of the Polish space Ry x D(E). R
Definition. Let W; : D(E) — E denote the coordinate maps and for (s,y) € E,
define P, , on D(FE) with its Borel o-field, D, by

A

P,y (W. € A) = PY9)((s+-,y/s/Y") € A),

i.e., under Ps,y we run y up to time s and then tag on a copy of Y starting at y(s).

~

Proposition I1.2.5. (¥, (Ps’y)(s y)GE') is a BSMP with semigroup
P, : Cy(E) — Cy(E).

Proof. This is a routine if somewhat tedious exercise. Let (ﬁt) be the canonical
right-continuous filtration on D(E). Fix u > 0 and to check the Markov property
at time u, let (s,y) € E, A € D,, 1 be a bounded measurable function on E and

T > u. Also set
A={we DE): (v— (s+uv,(y/s/w’)) € A} € D,,

and

P(w) =P(s+utt,y/s/(w"™)), we DE).
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Then

[ravWudey, = [ 13000000+ apv
= / 11(Y (@) PY*@) (4 (V¥ (w) /u/Y")dPY®(w) (by the Markov property for Y)
= / Li(Y (@) PO (9(s +u+ ¢, (y/s/ Y (W) /5 + u/YT)) APV (w)
= [ LG+ /Y D Prtayo e VAP

= /1APWu(w)(¢(Wt))dps,y(w)-

This proves the Markov property at time u. R
Turning now to the semigroup P, let f € C,(E) and suppose (Sn,Yn) —
(Soo, Yoo) in E. Note that if T' > sup,, s, is a continuity point of y,, then

Yn(5n) = Yn(T) = Yoo (T) = Yoo (80)-

Therefore by (PC) and Skorohod’s representation (see Theorem 3.1.8 of Ethier and
Kurtz (1986)) we may construct a sequence of processes, {Y,, : n € NU {co}} such
that Y,, has law P¥»(*») and limY,, = Y., in D(E) a.s. Now use the fact that

Sn = S00s (Un, Yn) = (Yoos Yoo) in D(E)?, and Y,,(0) = yn(sn)
imply  Yn/Sn/Yn — Yoo/Sc0/ Yoo as m — 00 in D(E).

This is a standard exercise in the Skorokhod topology on D(E) which is best left to
the reader. Note that the only issue is the convergence near s., and here the con-
dition Y,,(0) = y,(sy) avoids the possibility of having distinct jump times approach
Soo in the limit. The above implies that lim, oo f(yn/5n/Y.}) = f(Yoo/S00/YL) a.s.
and therefore

nh—{%o ptf(sn: yn) = nh—>Holo E(f(yn/sn/yrf)) - E(f(yoo/soo/yoto)) = Ptf(somyoo)'

This shows that P, : Cy(E) — Cy(E). The strong Markov property of W now
follows from this and the ordinary Markov property by a standard approximation
of a stopping time by a sequence of countably-valued stopping times. Also the
Borel measurability of (s,) — Ps,(1»(W)) is now clear for ) a bounded continuous
function of finitely many coordinates, in which case this function is continuous by
the above, and hence for all bounded and measurable i) by the usual bootstrapping
argument. Finally P, ,(W(0) = (s,y)) = 1 is clear from the definitions. B

Exercise I1.2.3. Let Y; be a Feller process with a strongly continuous semigroup
P, : Cy(FE) — Cy(E), where Cy(FE) is the space of continuous functions on a locally
compact metric space (F,d) with finite limit at co. Show that (PC) holds.

Hint. Let z,, — x. It suffices to show {P*"} is tight on D(E) (why?). By Aldous’
criterion (Walsh (1986), Thm. 6.8(a)) it suffices to consider a sequence of stopping
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times {T,,}, T, < tg < o0, a sequence d,, | 0, and show

lim P* (d(Yr,+s,,Yr,) >€) =0 Ve >0.

n—oo

Exercise 11.2.4. Give an example of a Markov process satisfying the hypotheses
(I1.2.1) and (I1.2.2) of this Section but for which (PC) fails.

Hint. Take ¥ = R, and consider the generator

Af(y) = (f(1)=f(0)1y = 0)+(f(1/y)—f(y¥) 10 <y < D)+y(f(1)—f(y)1(y > 1).
Thanks go to Tom Kurtz for suggesting this example.

3. Branching Particle Systems

Let Y be the E-valued Markov process from the previous Section and introduce
a drift function g € Cp(FE) and branching variance (or rate) function v € Cy(E).
Recall that G4 denotes the non-negative elements in the set G. The state space
for our limiting and approximating processes will be Mg (E), the space of finite
measures on F with the topology of weak convergence, and we choose an initial
state Xo € Mp(FE).

For N € Nand = € E, v¥(z,-) € My(Z,) is the offspring law for a parent
located at #. We assume z — vV (x,-) is measurable and satisfies (@ denotes
convergence on E which is uniform on compacts and bounded on E):

(a) /kVN(x,dk) =1+ gN]\([x) where quﬂ)g as N — oo,

(11.3.1) (b) Var (VN(LL‘, )) = yn(x) where ’yN@’y as N — oo,

(¢) 36 >0 such that sup/k2+5VN(x,dk) < 0.

N,z

Remarks I1.3.1. (1) At the cost of complicating our arguments somewhat,
(I1.3.1) (c) could be weakened to the uniform integrability of k? with respect to
{vN(z,"):2€ E,N € N}.

(2) Given v € Cp(E)4+ and g € Cp(F) it is not hard to see there is a sequence
{vV} satisfying (I1.3.1). In fact there is a k € Z, k > 2 and functions py and gy
such that

v (2, ) = 6o(1 — pn () — gn (2)) + O1pn () + Srgn ()
will satisfy (I1.3.1) with gy = g for N > Nj.
Exercise I1.3.1. Prove this.

Hint. A simple calculation shows that if (I1.3.1(a,b)) hold for vV as above with
gn = g, then py(z) = 1+ g(x)/N — ay(x)/(k — 1) and qn(7) = an(z)/(k* — k),
where

an(z) = v (@) + g(2) /N + g(z)* /N,

Let 7y = [|glloc/N + l9l13% /N? + llglloc /V'N and set vy (2) = (z) Vay. Show that
you can choose k sufficiently large so that py(x), qn(x) > 0, py(x) + gn(z) < 1 for
N large, and (I1.3.1) is valid with gy = g for such an N.
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We now describe a system of branching particles which undergo near critical
branching at times k/N according to the laws vy (z,-) where x is the location of
the parent. In between branch times particles migrate as independent copies of
the process Y from the previous section. It will be important to have a labeling
scheme to refer to the branches of the resulting tree of Y-processes. We follow the
arboreal labeling of Walsh (1986) — in fact this section is really the missing Ch. 10 of
Walsh’s SPDE notes. We have decided to work in a discrete time setting but could
just as well work in the continuous time setting in which inter-branch intervals are
exponential rate N random variables.

We label particles by multi-indices

o0
ael= UN{O """ "= {(ag,...,0m) oy € N;ne Z,}.
n=0
Let (g, ..., a,)| = n be the generation of o and write
f<a<sf=(ag,...,a;) = ali for some i < |af,

i.e. if # is an ancestor of . We let a V k = (ay, ... an, k) denote the jth offspring
of @ and a A 8 denote the “greatest common ancestor” of a and 3 (set a A 3 = ¢
if ag # B and |p| = —0), and let 7o = («p, ..., @,_1) denote the parent of « if
n > 0.

Adjoin A to E as a discrete point to form Ea = F U {A} and let P? be point
mass at the constant path identical to A. Let Q = EX x D(Ea)N x ZY and let F
denote its product o-field. Sample points in €2 are denoted by

w=((z;,ieN), Y*aecl),(N* acl)).

Now fix N € N and define a probability P = PY on (2, F) as follows:
(I11.3.2)
(a) (z;,i < My) is a Poisson point process with intensity N Xo(+)

and x; = A if ¢ > My.
(b) Given G,, = o(z;,i € N) V(NP YP, 8] <n), {Y*:|a| =n}

are (conditionally) independent and (for |a| = n)

P(Y™ € AG,)(w) = P ®) (Y( A (”;\; 1)) € A‘Y<~ A %) = Y,’”’(w)>
||

where Y™ = z,, if |o| = 0. That is, Y* ( A W) =Y"*(-)and given G,,

YN a1/N,(laj+1)/N] : |a] = n} evolve as independent copies of ¥’
starting from Y7 (Ja|/N), and stopped at (|a| + 1)/N.

(c) Given G, = G, Vo (Y : |a| =n), {N*:|a| = n} are (conditionally)
independent and P(N* € -|G,)(w) = vV (Y*((Ja| + 1)/N,w), -).

It should be clear from the above that {Y® : a € I} is an infinite tree of
branching Y processes, where Y;* = Y} for 0 <t < (JaAB|+1)/N. Let t = [Nt]/N
for ¢ > 0 where [z] is the integer part of z, set T = Ty = {kN~! : k € Z,} and
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let 7 = 1/N . It will be convenient to work with respect to the right continuous
filtration given by

Fo=F" =0 ((@iew, Y N jajane) V (ﬂ o (Y i |a] = Nt,s < r))

r>t

It also will be useful to introduce the slightly larger o-field
Fi=FVo(Y*:|a| = Nt).
Here are some consequences of our definition of P for each « € I and t = |a|/N:

(11.3.3) {(Y*,Fs):s >t} is a Markov process,and for all s € [t,t + 7],
P(YYs+-) € A|F)(w) =P @ (Y(A(t+7—5)) €A as.
for all A € D.

(I1.3.4)P(Y™ € A|Fy)(w) = PP @) (Y (- A (t+ 7)) € A) as. for all A e D.

(I1.3.5) P(N® € |F) =vN (Y3, ) as.

Clearly (IL.3.5) is a restatement of (I1.3.2)(c). (II.3.4) should be clear from
(I1.3.3) and (II.3.2)(b) (one can, for example, induct on |«|). To prove (11.3.3), it
suffices to prove the stated equality for s € [t,t + 7), so fix such an s. The stated
result is an easy consequence of (I1.3.2)(b) if F; is replaced by the smaller o-field
Gne VF, Y where FY" is the right continuous filtration generated by Y. Now use
the fact that H® = o(Y? : |3| = Nt,8 # «) is conditionally independent of Y
given Gy (by (I1.3.2(b)) to see that the stated result is valid if Fy is replaced by
the larger o-field Gy V FY “ V' H*. Now condition this last equality with respect to
Fs to obtain (I.3.3).

Remark I11.3.2. If X}V = + ZiMN dz,, an easy consequence of (II.3.2)(a) and the
weak law of large numbers is

(11.3.6) Xév(¢)£>X0(¢) as N — oo for any bounded measurable ¢ on FE.

Note also that E(X{¥(-)) = Xo(:). From (IL.3.6) it is easy to show that Xéngo.
For example, one could use the existence of a countable convergence determining
class of functions on E (see the proof of Theorem 3.4.4 in Ethier and Kurtz (1986)).

Instead of assuming {z¥,i < My} is as in (I1.3.2)(a), we could assume more
generally that {zN,i < My} are random points (My is also random) chosen so
that XV = %th 5$£\7£>X0, supy B(XY (1)?) < oo, and E(XY(+)) < coXo(+) as
measures. The only required change is to include ¢y as multiplicative factor in the

upper bound in Lemma I1.3.3 below. For example, we could assume {z;,i < My}
are i.i.d. with law Xo(-)/Xo(1) and My = [NX(1)] and set ¢y = 1.

The interpretation of (I1.3.2) (b,c) is that for |a| = Nt, the individual labelled
by « follows the trajectory Y* on [t,t 4+ 7] and at time ¢ + 7 dies and is replaced
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by its N children. The next step is to use the N to prune the infinite tree of
branching Y processes. The termination time of the at® branch is

0, if zo,=A
(%= min{(z’+ 1)/N :i < |af, NI < ai+1}, if this set is not ) and z,, # A
(o] +1)/N, otherwise.

Note in the first case, the oth particle was never born since oy > Mpy. In the second
case, aj11 > N means the a; st offspring of a|i doesn’t exist. Finally in the
last instance, the family tree of « is still alive at (Ja| + 1)/N but we have run out
of data to describe its state beyond this final time.

We write at (or a ~ t) iff |a|/N < t < (la| + 1)/N = (2, ie., iff a labels
a particle alive at time t. Clearly a ~ t iff & ~ ¢t. Note that we associate a with
the particle alive on [|a|/N, (Ja| + 1)/N], although of course Y, s < (Ja| +1)/N
describes the past history of its ancestors. From Feller’s theorem (Theorem I1.1.2)
it is natural to assign mass % to each particle alive at time ¢ and define

1 1
XtN:NZ(syta:NZ(syta, e, XN(A)=#{Y*ecA:a~t}/N, Ack.

an~t an~t

Since N® < oo for all a € I ass., clearly XY € Mp(E) for all t > 0 a.s. Note
also that Y € D(E) for all o with 24, # A a.s., and therefore X¥ = % 3 dye

a~t
has sample paths in D(Mp(E)) a.s. on each [t, ¢+ 7), and hence on all of Ry. The
associated historical process is

1
HY = ) dvs, € Mp(D(E)).

ant

Again HY € D(R4, Mp(D(E))). Therefore X}V is the (normalized) empirical mea-
sure of the particles alive at time ¢ while H} records the past trajectories of the
ancestors of particles alive at time t. Clearly we have

XN (g) = / o) HY (dy).

Exercise I1.3.2. Show that
(i) {a~t} e F.
(i) X} is F;-measurable.
(A trivial exercise designed only to convince you that |a| < Nt in the above definition
is correct.)

Our goal is to show XV=X in D(Mp(E)) and characterize X as the unique
solution of a martingale problem. The weak convergence of HY to the associated
historical process H will then follow easily by considering the special case in Example
I1.2.4 (c). As any student of Ethier and Kurtz (1986) knows, the proof proceeds in
two steps:

1. Tightness of { X} and derivation of limiting martingale problem.
2. Uniqueness of solutions to the martingale problem.
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These are carried out in the next 3 sections.
We close this section with a simple bound for the first moments.
Notation. P* = [ P*(-)u(dz),p € Mp(E). If y € C(E), let y*(s) = y(t A s).
Lemma I1.3.3. Let g = sup||gn||,, and g =sup{gn(z):z € E, N € N}.
(a) If v : D(Ry, E) — Ry iéVBorel, then for any t > 0
E (HY (¢)) < emLEX (p(Y?)) < e9=LEXo (p(Y?)).

In particular, E(X{ (¢)) < e?* EX0(¢(Y;)) Vo € &,
(b) For all x, K > 0 and for all N > Ny(goo),
P(sup XN (1) > z) < =R X, (1)~ "
t<K

Proof. (a) Let P (1) (y) = EYO (y(Y*) | Y* =y), s < t. We prove the result for
t <t by induction on t. If t = 0, then one has equality in the above. Assume the
result for ¢ < ¢. Then

t—I—T N Zw ( /\(t+7)>
an~t

and so

E <H£T(¢)> =F N Zw < A(t+T)) E(N®| Fy)

an~t

_pl= Zw( A(m)) ( +gn (1@17) T) (by (IL3.5))

awt

<+gnE (5 S Puerv (Vi) | oy (033)

ant
eIT eIt pXo (Prisr(Yonr)) (by induction hypothesis)
= TV EY (Y(YAtm)) -

Finally it should be clear from 1 the above that the result follows for t € (t,t + 7).
(b) Claim 629°°§X£N(1) is an (F;)-submartingale for N > Ny(goo). From the above
calculation we have

IA

o=t g (X, (1) | 7o)
2 62900@"‘7_)(1 — gooT)XLN(l) Z GQQOOEXE]V(l)a

for N > No(gso). The weak L! inequality for non-negative submartingales and (a)
now complete the proof. |1

Remark I1.3.4. It is clear from the above argument that if gy = 0, then equality
holds in (a).
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4. Tightness

We first specialize Theorem 3.1 of Jakubowski (1986), which gives necessary
and sufficient conditions for tightness in D(R4,S), to the case S = Mp(E). As
E is Polish, Mp(FE) is also Polish-see Theorem 3.1.7 of Ethier and Kurtz (1986)
for the corresponding result for M;(E) from which the result follows easily. (An
explicit complete metric is defined prior to Lemma I1.7.5.) Therefore D(Mp(FE)) is
also Polish and Prohorov’s theorem implies that a collection of laws on D(Mp(E))
is tight iff it is relatively compact.

Definition. A collection of processes {X* : o € I} with paths in D(S) is C-
relatively compact in D(S) iff it is relatively compact in D(S) and all weak limit
points are a.s. continuous.

Definition. Dy C C,(F) is separating iff for any p,v € Mp(E), u(¢) = v(o)
V¢ € Do implies p = v.

Theorem II.4.1. Let Dy be a separating class in C,(E) containing 1. A sequence of
cadlag Mp(FE)-valued processes { X", N € N} is C-relatively compact in D (Mp(E))
iff the following conditions hold:

(i) Ve, T > 0 there is a compact set Kr . in E such that

sup P (sup X;V(K%E) > 5) <eEe.
N t<T

(ii) V¢ € Do, {XN(¢) : N € N} is C-relatively compact in D(R, R).

If, in addition, Dy is closed under addition, then the above equivalence holds when
ordinary relatively compactness in D replaces C-relative compactness in both the
hypothesis and conclusion.

Remark. A version of this result is already implicit in Kurtz (1975) (see the
Remark after Theorem 4.20). A proof of the sufficiency of the above conditions in
the C-relatively compact setting is given at the end of this Section. All the ideas of
the proof may be found in Theorem 3.9.1 and Corollary 3.9.2 of Ethier and Kurtz
(1986).

Although the C-relatively compact version is the result we will need, a few
words are in order about the result in the general setting. (i) essentially reduces
the result to the case when F is compact. In this case it is not hard to see there
is a countable subset D C Dy closed under addition such that ¥(u) = (u(f))rep;

is a homeomorphism from Mpg(FE) onto its image in RPo. The same is true of
the map X; — (Xt(¢>)¢eD6 from D(Mp(E)) onto its image in D(Ry,RP0). To

complete the proof we must show D(R,,RP0) and D(R,R)o are homeomorphic.
This is the step which requires D to be closed under addition. As any scholar
of the Ji-topology knows, X™ — X and Y” — Y in D(R,,R) need not imply
(X" V") — (X,Y) in D(Ry,R?), but it does if in addition X" +Y"™ — X +Y. See
Jakubowski (1986) for the details.

Notation. FX = (] o(X, : s < u) denotes the right-continuous filtration gener-
u>t

ated by a process X. Let A7¢p = (A + f)¢ for ¢ € D(A), f € Cyp(E).
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We will use Theorem I1.4.1 to prove the following tightness result. Recall that
our standing hypotheses (1I.2.1), (I1.2.2) and (I1.3.1) are in force.

Proposition IL.4.2. {X"} is C-relatively compact in D(Mp(E)). Each weak
limit point, X, satisfies

¢
Vo € D(A), Mi(p) = Xe(0) /Xs (A9¢)ds is a continuous
0

(MP)x

0
t

(ftx) -martingale such that My(¢) = 0 and (M (¢)), = /XS (’y¢2)ds
0

Proof. We take Dy = D(A) in Theorem II.4.1, which is a separating class by
Corollary I1.2.3. We first check (ii) in I1.4.1.
Let ¢ € D(A) and define

t
M = §(Y2) — (V) — / AG(YE)ds, te [tt+ N7, t=|al/N,a el

t
Note that if we group the population at s + N~! according to their parents at s we

get
N Z
Xon-1(0) = ¢ d)( stN- )

ans

Therefore,
(I1.4.1)

XYy () = XY () = = 3 o (Yana ) N =6 (Yﬁ)]

s—l—N71
o Y M+ / ZA¢ (Y)d
and
XN (6) = X[ (0) = 5 T (0 () — o(47)
a~t
(I1.4.2)

aNt aNt
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Sum (I1.4.1) over s < t and then add (11.4.2) to arrive at

XN(¢) = TS (Ve ) (3 - (14 w7y N )

s<t ans
/XN don)ds + N 72305 (don (Vi) — oan())
s<t a~s
[ZZM ] [
and therefore
t
(PN X (0) =X @)+ MY 0+ [ XD (6gw)ds + 5 (9)
0

t
MY () + / XN (A)ds
0

In the last line, the terms MbN(¢) 5N(¢) and M (¢) are defined to be the
corresponding terms in the previous expression.
We start by handling the error term 6.

Lemma I1.4.3. sup |5 (¢ )|L—1>O as N - o0 VK eN.

Proof. If hN( ) Ey(|gN¢(YN 1) qub(Yo)D then

E (sup 16, (¢ ) <) N'E (% Y E ()gww;w) — gno (YY) &))

t<K s<K

_ / B(XN(w))ds  (by (1133))

< 9K / EX0 (hy(Ya))ds  (Lemma IL3.3(a))

= o5 ([ o) — oo d5).
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Now since {Ys,Y;— : s < K} isa.s. compact, (II.3.1)(a) and Dominated Convergence
show that for some ny — 0,

B(sup Y @)1) <= 5 ([ g6(0sn-r) ~ g0(01ds) +

t<K T

_ 9K pXo (/K ‘g¢(yjs)_g¢(¥;_)]ds) as N — oo
=0. 1 0
Use (I1.3.3) and argue as in the proof of Proposition I1.2.1 to see that
(M, Ft)

L[t i+ N-1] 1S A martingale.

This and the fact that {a ~ t} € F, (recall Exercise 11.3.2) easily imply that
(MY (9), Fi)y>o is a martingale. Lemma I1.3.3 (a) with ¢ = 1 implies integrability.
Perhaps somewhat surprisingly, we now show that M*¥ (¢) will not contribute to
the limit as N — oo. This is essentially a Strong Law effect. A moment’s thought
shows that the fact that Y has no fixed time discontinuities (by (QLC)) must play
an implicit role in the proof as the following result fails without it.

2
Lemma I1.4.4. sup |MtS’N(¢)|L—>O as N — oo VK > 0.
t<K

Proof. Let hy(y) = EY([¢(Yi/n) — gb(YO)]z). The definition of M and an easy
orthogonality argument shows that for K € N

B (M 02) =N Y B B (M) | 7

s<K ans
<N 23 NS (V) + 140N 2) | | (by (113.3))
s<K an~s

<2E/ N () + [ AG[2N2XN (1)ds

B ( | @0 = 0x)’ ds) + KN72| 49| Xo(1)

In the last line we have used Lemma I1.3.3(a) and argued as in the proof of Lemma
I1.4.3. As in that result the above expression approaches 0 as N — oo by Dominated
Convergence. This proves the above expectation goes to 0 and the result follows by
the strong L? inequality for martingales. 1
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Recall that T = Ty = {j/N : j € ZT}. We claim (MEb’N(gb), i)teT is also a

martingale. To see this note that
b, b, =
E (MY (6) = MM (9) | )

S S (I FIC (RNIERSRIES

ant

=0

by our definition of the conditional law of N¢. Integrability of this increment is again
clear from Lemma I1.3.3(a) and E(|N®|) < C. In view of the fact that our spatial
martingales vanish in the limit we expect that the martingale M;(¢) in (MP)y,
must arise from the “branching martingales” M®¥ (¢).

To analyze M®" we use the following “well-known” result.

Lemma 11.4.5. Let (Mév,?év) be martingales with M} = 0. Let

teTy

(MN), = Z E(MX v — ]\JSN)2 | ?5), and extend MY and (M) to Ry as
0<s<t

right-continuous step functions.

(a) If {(M™N) : N € N} is C-relatively compact in D(R) and

(I1.4.3) sup |[MNt+N"H - MYB)|E0 as N—oo VK >0,
0<t<K

then {M™} is C-relatively compact in D(R).
(b) If, in addition,

2
(I1.4.4) {(MEN> +(MN), . N ¢ N} is uniformly integrable V¢ e T,

then MNx=Z M in D(R) implies M is a continuous L? martingale and
(MNe, (M) % (M, (M)) in D(R)?.
(c) Under (I1.4.4), the converse to (a) holds.
Proof. (a) is immediate from Theorems VI.4.13 and VI.3.26 of Jacod-Shiryaev
(1987). A nonstandard proof (and statement) of the entire result may also be
found in Theorems 8.5 and 6.7 of Hoover-Perkins (1983). (b) remains valid without
the (M™), term in (I1.4.4) but the proof with this condition becomes completely
elementar3_f as the reader can easily check. 1

The key ingredient in the above result is a predictable square function inequality
of Burkholder (1973):
(PSF)
de = ¢(cp) such that if ¢ : Ry — R4 is continuous, increasing, ¢(0) = 0 and

P(2X) < cog(A) for all X > 0, (M, F,) is a martingale, M, = sup,<,, | M/,

(M), =Y E((Mg — My—1) | Fre1) + E(MZ) and d, = maxy<p<n [Mg — My,
k=1

then B (6(M;)) < e [B (o (D)) + ()]
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To apply the above Lemma to M (¢), first note that by (I1.3.2)(c), if & ~ s,

B~ s, and a # 3, then N* and N” are conditionally independent given ]-_"ﬁ. The
resulting orthogonality then shows that

B (50 - 32V 0) 1 7.

_ % S (VN )E ((NO‘ —(1 +gN<Y;N_1)N—1))2 | ?S)

ans

1 « o
N2 Z QS(Y§+N*1)2’YN(Y§+N*1)~

ans

Sum over s < t to see that

(1ras) ), = [ X @i+l 0) <o [ XV (s

where

el () =N2D"N Py (Y y-1) — PP (Y.

s<t arvs

Just as in Lemma 11.4.3, for any K > 0,

(I1.4.6) sup [e¥(6)[550 as N — oo.
1<K

We also see from the above that for 0 < s <t < K,

(M*N(9)), — (MM (9)), < esup X ¥ (1)]t — s,
which in view of Lemma I1.3.3(b) and Arzela-Ascoli implies the C-relative compact-
ness of {{M®*N(¢)). : N € N} in D(R). To verify (I1.4.3) and (I1.4.4) we will use
the following result, whose proof we defer.

Lemma I1.4.6. sup E [ sup XV (1)? | < oo for any K > 0.
N t<K

Exercise I1.4.1 (a) If § is as in (I1.3.1(c)) use (PSF) to show

|2+6

lim E | ) |AM"N(4)(t) =0 VK>O0.

N—oo
t<K

Hint: Conditional on Fy, AM®N(¢)(¢) is a sum of mean 0 independent r.v.’s to
which one may apply (PSF).
(b) Use (a), (PSF), and Lemma I1.4.6 to show that VK > 0

244
sup (Sup M (9)] ) < o0
N t<K
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2
and, in particular, {sup \Mf ’N((b)\ : N € N} is uniformly integrable.
<K
The uniform integrability of {(Mb’N(¢)>£ : N € N} is clear from (I1.4.5) and

Lemma I1.4.6, and so the above Exercise allows us to apply the relative compactness

lemma for martingales (Lemma I1.4.5) to conclude:
(M)
{M,b’N (¢) : N € N} are C-relatively compact in D, and all limit points are

continuous L? martingales. If M”™ ()2 M.(¢), then
(M2 (@), (MPT4()).) = (M.(9), (M(9))) in D>
Proof of Lemma II.4.6. Let ¢ = 1 in (MP)" and combine the terms

t
/Xév(gN)ds + (5?(1) to see that (recall that goo = supy |lgn||)
0

(11.4.7) XN (1) < XN 1)+ MY (1) + g /_Xév(l)ds.
0

Doob’s strong L? inequality and Lemma I1.3.3(a) imply

E (sup Mtb’N(l)2> <ckE ((Mb’N(1)>K)
t<K -

K

<cE| [ XN(1)ds (by (I1.4.5))
0

< ¢(K)Xo(1).

(I1.4.8)

Y2}

Jensen’s inequality and (I1.4.7) show that for u < K

sup XN (1)2 < XN (1) + esup MPN (1)% + cggoK/X;Vu)?ds.
t<u t<K ~ -
o - 0

Consider the first v < K at which the mean of the left side is infinite. If such a

u exists, the last integral has finite mean and so does the right-hand side. This

contradiction shows E ( sup XY (1)2) < oo and a simple Gronwall argument now
t<K

gives a bound uniform in N, namely for all u < K,

b (?Ep X <1>2) =¢ [S%PE (X0 (1)?) + () Xo(1) | es=K. W

To complete the verification of (ii) in Theorem I1.4.1, return to (M P)Y. Recall
from Remark II.3.2 that Xév(¢)£>Xo(¢) as N — oo. The Arzela-Ascoli Theorem
t

t ¢
and Lemma 11.3.3(b) show that [ XY (¢gn)ds and [ XN (A¢)ds are C-relatively
0o - 0
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compact sequences in D(R). Therefore (M P)Y, (M?®) and Lemmas 11.4.3 and 11.4.4
show that { XN (¢)} is C-relatively compact in D(R) for each ¢ in D(A), and (ii) is
verified.
We now give the

Proof of the Compact Containment Condition (i) in Theorem II.4.1. Let
e,T >0and n=mn(e,T) > 0 (n will be chosen below). As any probability on a Polish
space is tight, we may choose a compact set Ko C D(FE) so that PXo(Y € K§) < .
Let K = {yt,yr— : t < T,y € Ko}. It is easy to see K is compact in E (note that if
t, — t and y, — y, then y,, (t,,) — y(t) or y(t—) for some subsequence {ny} and
similarly for y,, (t,,—)). Clearly

PX (Y, e K° or Y, € K® 3<T)<n.

Let
RN = e29=tgN{y . y(s) € K¢ for some s <t}.

1
= 29t _ Z sup 1 (YS).
ot s<t

Claim RY is an F-submartingale for N > Ny. As R¥ is increasing on [t,t +7), it
suffices to show that

(11.4.9) E(RY ~RY | FY) 20 as.

We have

1 _
RY - Rl =5 ) [e%zsummma)fva — 2N gy 1KC(Y;“)]

s<t s<t

%
=z~
(]

[QQQOOLNG — 29 (E—N_l)] sup 1g (Y.*)

a~t—N-—1 <t
1
=N D> et [Na —gn(Y)/N — 1] sup 1 e (Yy")
a~t—N~—1 s<t
1
o X v (/N 41— e N sup Lo (V0).
a~t—N-—1 s<t

The conditional expectation of the first term with respect to .7-"5\_[ is 0. The second
term is at least

1 _

N Z g9t [—goo/N +1—e ZQW/N} suplge (YY) >0, for N > Ny(goo)s

t
amt—N-1 s<t

and (I1.4.9) is proved. Now use the weak L' inequality for submartingales and
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Lemma I1.3.3 (a) to see that for N > Ny(goo)

P (supXtN(Kc) > 5) <P (supRiV > 5)
t<T t<T

< e 'E(RY)
< 29T = 19T pXo (Yse K¢ 3s<T)
<e

by an appropriate choice of n = n(e,T). It is trivial to enlarge K if necessary to
accommodate N < Ny(goo), €.g. by using the converse of Theorem I1.4.1 and the
fact that each Py is trivially tight. N

Completion of Proof of Proposition I1.4.2. By Theorem I1.4.1 {XV} is C-
relatively compact in D(M F(E)) To complete the proof of Proposition 11.4.2 we
must verify that all limit points satisfy (M P)x,. Assume XV¥=X. By a theorem
of Skorohod (see Theorem 3.1.8 of Ethier-Kurtz (1986)) we may assume X V& X
are defined on a common probability space and XM — X in D(M F(E)) a.s. Let

¢ € D(A). Note that X — fX (A¢)dr and X — fX (g¢)dr are continuous maps

from D(Ry, Mp(E)) to C’(R+, R), and X — X.(¢) is a continuous function from
D(Mp(E)) to D(R). This, Lemmas I1.4.3 and I1.4.4, the convergence in probability
of X{™*(¢) to Xo(¢) (by (II.3.6)), the uniform convergence on compacts of gy, to g
and condition (i) in Theorem II.4.1 allow us to take limits in (M P)N* and conclude

that MM (¢) — M.(¢) in D(R4,R) in probability where

X,(6) = Xo(6) + Mi(6) + / X,(Ad + go)ds

By (M?), M.(¢) is a continuous square integrable martingale. In addition, (M?)

together with (11.4.5), (I11.4.6), vy, uib’y and the compact containment condition (i)
allow one to conclude

t

t
(M(¢)), = P — lim XNk o>y, )d /XS
0

k—oo
0

To complete the derivation of (M P)x, we must show that M;(¢) is an (F7¥)-
martingale and not just a martingale with respect to its own filtration. To see this

let s1 <s9...<s,<s<t : Mp(E)"” — R be bounded and continuous and use
Exercise 11.4.1 (b) to take limits in

E <<Mf’N’“(¢) — MM (qb)) o (XN Xjff)) —0.

This shows that X satisfies (M P)x, and thus completes the proof of Proposition
1Im4.2. 1
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Proof of Theorem II.4.1. We only prove the sufficiency of the two conditions
as the necessity is quite easy. Let d be a complete metric on Mp(E) and if = €
D(Mp(E)) and §,T > 0, set

w(x,0,T) = sup{d(z(t),z(s)) : s,t <T, |s—t| <d}.

A standard result for general Polish state spaces states that {X~ : N € N} is
C-relatively compact if and only if

(I1.4.10) Ve, T > 0 there is a compact set KS’T C Mp(E) such that
sup P(XN(t) ¢ K2 for some t < T) <,
N

and

(IT1.4.11) Ve, T > 0 there is a 6 > 0 so that limsup P(w(XN,§,T) >¢) <e.
N—o0
For example, this follows from Corollary 3.7.4, Remark 3.7.3, and Theorem 3.10.2
of Ethier and Kurtz (1986).
We first verify the compact containment condition (I1.4.10). Let ,7 > 0. By
condition (i) there are compact subsets K,,, of E so that

sup P(sup XV (K¢) > 27™) < 271,
N t<T

Take ¢ = 1 in condition (ii) and use (I1.4.10) for the real-valued processes X (1)
to see there is an R = R(e,T) so that

sup P(sup XV (1) > R) < £/2.
N t<T

Define
C%={pe Mp(E): u(Kg) <2 ™ for allm e N, and u(1) < R}.
Then the choice of R and K, imply that
P(XY ¢ C° for some t < T) < e.

To verify compactness of CO, let {u,} be a sequence in C°. To find a weakly
convergent subsequence we may assume that inf p,(F) > § > 0. Tightness of
{tn/pn(E)} is now clear, and so by Prohorov’s theorem there is a subsequence
{ng }over which these normalized measures converge weakly. As the total masses
are bounded by R, we may take a further subsequence to ensure convergence of the
total masses and hence obtain weak convergence of {j,, }. It follows that K, = CO
is compact and so will satisfy (11.4.10).
The next step is to show

(I1.4.12) Vf € Co(Mp(E)), {fo XY : N € N} is C-relatively compact in D(R).
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Let f € Cp(Mp(F)) and &, T > 0. Choose K° as in (I1.4.10) and define

k m;
A= {h : MF(E> — R : h(u) = Zai H,u(fi’j), a; € R, fi,j € Do, k,m; € Z+}

i=1 j=1

C Cy(Mp(E)).

Then A is an algebra containing the constant functions and separating points in
Mp(E). By Stone-Weierstrass there is an h € A so that sup ¢ o |h(p) — f(pn)] <e.
If {YN} and {ZN} are C-relatively compact in D(R) then so are {aY N + bZ"}
and {YNZN1 for any a,b € R. This is easy to show using (I1.4.10) and (I1.4.11),
for example (but is false for ordinary relative compactness in D(R)). Therefore
condition (ii) of the Theorem implies that {h o XV} is C-relatively compact and by
(I1.4.11) there is a § > 0 so that

(I1.4.13) limsup P(w(ho XV ,8,T) > ¢) <e.

N—oo

If s,t <T and |t — s| <, then

FXE) =X < 20 flloeL(XN([0,T]) ¢ K)+2 sup (A= f () |+ P(XET) = h(X )],

and so,
w(f o XN,6,T) < 2| fllo (XN ([0,7]) ¢ K°) +2¢ +w(ho XN,6,T).
Therefore

limsup P(w(f o XV, 6,T) > 3¢)

N—oo

< limsup P(X™([0,T)) ¢ K°) + limsup P(w(h o XV 6, T) > ¢) < 2¢,

N—o00 N—oo

the last by (I1.4.13) and the choice of K°. We have verified (I1.4.11) with {f o X~}
in place of {X"}, and as (I1.4.10) is trivial for this process, (I1.4.12) follows.

It remains to verify (I1.4.11). We may assume d is bounded by 1. Let ¢, T > 0,
and KY is as in (I1.4.10). Choose u; € K°, i < M, so that K° ¢ UM, B(;,¢), and
let fi(n) = d(ps, p). Clearly f; € Cyp(Mp(E)). We showed in the previous paragraph
that there is a § > 0 so that

M
(I7.4.14) > “limsup P(w(f; o XN,5,T) > ¢) <.
=1

If u,v € K° choose p; so that d(v, ;) < e. Then

d(p,v) < d(p, ;) + d(p;,v)
< |d(p, pg) — d(pj, v)| + 2d(pj,v)
< max |fi(p) = fi(v)] + 2e.
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Let s,t < T, |s —t| <J. Then the above inequality implies that

d(X", X.Y) < max|f; 0 XV (t) = fio X" (s)| + 2 + L(X™([0,T]) ¢ K°),

and therefore,

w(XN,6,T) < max w(f; o XN, 6,T)+ 2+ 1(XN([0,T]) ¢ K°).

It follows that
limsupP(w(X™,6,T) > 3¢)

N—oo

< limsup P(max w(f; o X™,6,T) > ¢) + limsup P(XV ([0,7]) ¢ K°) < 2¢,

N—o00 N—oo

the last by (I1.4.14) and the choice of K°. This gives (I.4.11) and so the proof is
complete. §

5. The Martingale Problem

In order to prove convergence in Proposition 11.4.2 it suffices to show solutions
to (M P)x, are unique in law. We will show this is the case and state the main
result of this section in Theorem II.5.1 below. Let g, v € Cp(E) with v > 0 as
before. A is the weak generator of our BSMP, Y, satisfying (I1.2.1) and (I1.2.2).
Recall that A9¢ = A¢p + g¢p. (Q, F,F:,P) will denote a filtered probability space
with (F%) right-continuous.

Definition. Let v be a probability on Mpr(E). An adapted a.s. continuous Mg (FE)-
valued process, X, on (Q, F, F;,P) satisfies (LM P), (or (LM P)%74) iff

t
X, has law v and Vo € D(A) Mi(6) = X,(¢) — Xo(d) — / X.(A96)ds
0

(LMP),
¢
is an (F;) — local martingale such that (M (¢)); = /Xs (y¢?)ds.
0

Remark. If [ X(1)dv(Xo) = oo, then the integrability of M;(1) may fail and
so we need to work with a local martingale problem. We let (M P), denote the
corresponding martingale problem (i.e. M;(¢) is an (F;)-martingale), thus slightly
abusing the notation in Proposition 11.4.2. That result shows that if Xo € Mp(FE),
then any limit point of {X "'} satisfies (M P);s, on the canonical space of measure-
valued paths.

Definition. (LMP), is well-posed if a solution exists on some (2, F, 7, P) and
the law of any solution (on C(Ry, Mpr(FE)) is unique.

Notation. Qx = C(R+,MF(E)), Fx = Borel sets on Qx, Qp = D(R+,MF(E)).
Theorem IL.5.1. (a) (LM P), is well-posed Vv € M;(Mp(E)).
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(b) There is a family of probabilities {Px, : Xo € Mp(E)} on (Qx,Fx) such that
if X¢(w) = wy, then
(i) P,(-) = [ Px,(-)dv(Xy) is the law of any solution to (LM P), for any prob-
ability v on Mp(FE).
(ii) (Qx, Fx, F~, X, Px,) is a BSMP.
(iii) If (Z;),s satisfies (LM P), on (Q,F,F:,P) and T is an a.s. finite (F)-
stopping time, then P(Zr4. € A | Fr)(w) = Pz, (w)(A) as. VA € Fx.
(c) If (I1.3.1) holds and {X™} are as in Proposition I1.4.2, then

P(XY € )EPx, on Qp.

(d) If T,F(Xo) = Px, (F(X;)), then T; : Cy (Mp(E)) — Cy(Mp(E)).

The key step in the above is the uniqueness of solution to (LM P),. The
remaining properties will be standard consequences of this and the method (duality)
used to establish uniqueness (see, e.g., Theorem I1.5.6 below). A process satisfying
(LMP), on (Q, F,Fy, P) is called an (F;)-(A, 7, g)-Dawson-Watanabe superprocess,
or (F)-(Y,~, g)-DW superprocess, with initial law v, or, if v = dx,, starting at Xj.

The following standard monotone class lemma will be useful.

Lemma I1.5.2. Let H C bF be a linear class containing 1 and closed under % et
Ho C 'H be closed under products. Then H contains all bounded o(Hy)-measurable
functions.

Proof. See p. 497 of Ethier-Kurtz (1986). H§

Let X satisfy (LM P), on some (2, F,F;,P). Let M. be the space of con-
tinuous (F;)-local martingales such that My = 0. Here processes which agree off an
evanescent set are identified. Let P be the o-field of (F;)-predictable sets in Ry x €,
and define

t
Elzoc = {w Ry xQXE — R : 1 is PxE—measurable, /Xs(l/zgy)ds <oo Vit> 0},
0

and ,
L2={ypeLf.: E(/ Xs(qufy)ds) < oo Vt > 0}.
0

A P x E-measurable function ¢ is simple (write ¢ € S) iff

K-1
w(tﬂ"j?x) = Z ¢2<w)¢l(x)1(tz,tz+1]<t)
1=0

for some ¢; € D(A), ¥; € bF, and 0 =ty < t1... < tx < oo. For such a 1 define

K-1

M) = [ [ ols,e)dM(s,0) = 3 s (Minei, (66) = Mine (60)
0

1=0
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Then a standard argument shows that M (1) is well-defined (i.e., independent of
the choice of representation for 1) and so 1 — M (¢) is clearly linear. If

Di(s,w) = Vi), 141105,

then ¢; is P-measurable and M, (¢) = Zfigl giﬁidMs (¢;). Therefore M () is in
M and a simple calculation gives

(M), = / X, (1?2) ds.

Lemma II.5.3. For any ¢ € Efoc there is a sequence {1, } in S such that

P 0//(% —)2(s,w, 2)y(2) X (da)ds > 27 | < 27

Proof. Let S denote the set of bounded P x E-measurable functions which can be

approximated as above. S is clearly closed under 2 Since (A) Y , S contains

K—-1
w(tawvm) = Z ¢i(w7x)1(ti7ti+l](t)
=0

where 0 = ¢ < ... < tg < oo and Y;(w,z) = fi(w)gi(x), ¢; € bE,
fi € bFy,. Now apply Lemma I1.5.2 to the class H of ¢; € b(F, x &) for which
Y as above is in S. Using Ho = {fi(w)oi(x) : fi € bF,,¢; € bE}, we see that

K-1 —
¢(t7w7x) = Z wi(wax)l(ti,ti+1}(t) is in § for any % € b(:’rtz X 8)
i=0

If ) € b(P x &), then
2"
Un(s,w,x) =2" / Y(ryw,x)dr if se€ (iZ*", (i + 1)2*"} 1=1,2,...
(i—1)2—n

satisfies 1,, € S by the above. For each (w, ), 1, (s,w, ) — 9(s,w, z) for Lebesgue
a.a. s by Lebesgue’s differentiation theorem (e.g. Theorem 8.8 of Rudin (1974)) and
it follows easily that v € §. Finally if ¢ € Efoc’ the obvious truncation argument

and Dominated Convergence (set ¥,, = (¥» An)V (—n)) completes the proof. 1

Proposition I1.5.4. There is a unique linear extension of M : § — Mj . to a

¢
map M : 51200 — M, such that (M(v)), = {Xs(w/zg)ds Vt >0 as. Vi € leoc'

If ¢ € £2, then M (v) is a square integrable F;-martingale.
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Proof. Assume M satisfies the above properties and 1 € ﬁ%oc' Choose 9, € S as
in Lemma I1.5.3. By linearity,

(M) = M), = (M =60}, = [ X (1(005) = 0u()”) ds

<2 wp. >1-27"
A standard square function inequality and the Borel-Cantelli Lemma, imply

sup | My (1) — My(¢)| — 0 as. as n— oo.
t<n

This proves uniqueness and shows how we must define the extension. The details
showing that this extension has the required properties are standard and left for
the reader. Finally it is easy to use the dominated convergence theorem to see that
if M € My, satisfies E({(M);) < oo for all £ > 0 then M is a square integrable
martingale. This proves the final assertion for ¢ € £2. |

Remarks. I1.5.5. (1) By polarization if ¢, ¢ € EIQOC’

<M(¢)7M(¢)>t :/Xs(7¢s¢s)d8.
0

In particular if A; and Ay are disjoint sets in & and M(A;) = M(1la,), then
(M(Ay), M(Asz)), = 0 and so M; is an orthogonal (local) martingale measure in
the sense of Ch. 2 of Walsh (1986) where the reader can find more general construc-
tions of this type.

(2) If [ Xo(1)dv(Xo) < oo, then take ¢ = 1 in (LMP), and use Gronwall’s
and Fatou’s Lemmas to see that E(X;(1)) < E(Xo(1))e?" where g = sup g(z). If ¢

is P x € measurable and bounded on [0,7] x Q x E for all " > 0, then the above
shows that 1 € £2 and so M;(1)) is an L? martingale.

Let Mg denote the Borel o-field on Mp(E).

Theorem I1.5.6. Assume:
(H1) VXo € Mp(FE) there is a solution to (LM P)s, .
(H2) Vt > 0 there is a Borel map p; : Mp(E) — M, (MF(E)) such that if
v € My (Mp(E)) and X satisfies (LM P),,, then

P(X, € A) = /pt(XO,A)du(XO) VA € Mp.

Then (a) and (b) of Theorem II.5.1 hold.

Remark. This is a version of the well-known result that uniqueness of the one-
dimensional distributions for solutions of a martingale problem implies uniqueness
in law and the strong Markov property of any solution. The proof is a simple

adaptation of Theorem 4.4.2 of Ethier-Kurtz (1986). Note that (H;) has already
been verified because any limit point in Proposition I1.4.2 will satisfy (LM P)s, .
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Proof. Let Z satisty (LM P), on (2, F, F;,P) and T be an a.s. finite (F;)-stopping
time. Choose A € Fr so that P(A) > 0 and define Q on (Q,F) by Q(B) =P (B | A).
Let Wy = Zpyy and G = Frye, t > 0. If vy = Q(Wy € -), we claim W satisfies
(LMP),, on (2, F,G, Q). Define

t+T

Sy = mf{t : / Z,(1)dr > k:} A k.

T

One easily checks that Sy + T is an (F;)-stopping time and Sy is a (G;)-stopping
time. Clearly Si T oo P-a.s., and hence Q-a.s. Let MZ be the martingale measure
associated with Z, and for ¢ € D(A) let

MY (6) = Wild) — Wo(6) — / W, (A96) ds = MZ, ,(¢) — MZ(0).
0

Fix 0 <s<tand D € G = Fsi7. The definition of Sj, ensures that
t
N; = //I(T < s < S+ T)p(x) M7 (ds, dz)
0

is an L? bounded martingale ((N), is bounded), and therefore,

Q (M55, (9) = My, (9)) 1) =P (N4t — Nrs) 1pna) /P(A)
=0

by optional sampling, because D N A € Fy7. This proves M}V (¢) is a (G;)-local
martingale under ) and a similar argument shows the same is true of

MtW(¢)2 — | W, (7¢2)d7ﬂ~
/

This shows that W satisfies (LM P),, on (Q,F,G;, Q). (Hsz) implies that for ¢ > 0
and C € Mp,

QW € C) = / 141, Cwoldps),

that is

P(Zrye € C | A) =E(pi(Z7,0) | A),
and so
(II51) P (ZT+t € C | fT) = pt(ZT, C) P-a.s.

Therefore {Z;} is (F;)-strong Markov with Borel transition kernel p; and initial law
v, and hence the uniqueness in I1.5.1 (a) is proved.
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(H;) and the above allow us to use the above Markov kernel to define the law,
Px, (on Qx) of any solution to (LM P)s . (IL5.1) implies Xo — Px,(A) is Borel
for finite-dimensional A and hence for all A in Fx. It also implies

P(Zry € Al Fr)(w) =Pz (4)

first for A finite-dimensional and hence for all A in Fx.
Now consider the “canonical solution” to (LMP),, Xi(w) = wt, on Qx under
P,(-) = [ Px,(-)dv(Xy). It is easy to check that X solves (LM P), under P, for any

¢
v e My (Mp(E)). (Note that if Sy = inf{t : [ X,(1)ds > k} Ak then Mypg, (¢) is a
0

square integrable martingale under Py, and Px, (M¢ns, (¢)?) < [|[7¢?|| & for each
Xo € Mp(F) and so the same is true under P,.) This proves the existence part
of Theorem I1.5.1(a). By the above (QX, Fx,F¥ X, IP’XO) is Borel strong Markov,
and the proof is complete. 1

To verify (Hs) we first extend (LM P), to time dependent functions. Recall

that X satisfies (LM P),.

Definition. Let 7' > 0. A function ¢ : [0,7] x E — R is in D(A)y iff

(1) For any x in E, t — ¢(t,x) is absolutely continuous and there is a jointly Borel
measurable version of its Radon-Nikodym derivative ¢(t,z) = %(t, x) which is
bounded on [0,7] x E and continuous in x for each t € [0, 7.

(2) For any t € [0,T], ¢(t, ) € D(A) and A¢; is bounded on [0,T] x E.

-,

Proposition I1.5.7. If ¢ € D(A)r, then
t
Xi(¢) = Xo(do) + Mi(¢) + /Xs(és + A9¢s)ds VYt e[0,T] as.
0

Proof. Set t7 = i27™ and define ¢"(t,x) = 2" [ @(t,x)dt if 7, <t <7, i> 1.
i—1

Clearly qﬁ”b—pnb. It is easy to see ¢"(t,-) € D(A) and

&
(11.5.2) Ay (x) :/ Apy(z)du2™ it 1} <t <t}
¢

1—1

By the (local) martingale problem we have
(11.5.3)

t t

Xo(#7) = Xep (0% )+ [ Xo(A%0p )d O" (s, 2)dM (s,x), t € [t 17).
t( Pt t tr +tn/1 ( t)stl/ s, s, € 1

By the continuity of X we have for ¢ > 2

Xt?—l <¢;LG—1> - Xt?—l_ <¢%—1_> +Xt?—1 <¢%L—1 N ¢ZTL—2) ’
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and so for i > 2 and t € [t? |, t7),

1—17 Y%

t

Xu(08) = Xep (00 )+ Xer, (o8, —oh )+ / X, (A%97. ) ds

+/t/¢n(s,x)dM(s,x).

i—1
1—1

If t 7 t7, we get a telescoping sum which we may sum over ¢ <t (i > 2) and add
(I1.5.3) with ¢ = 1 and ¢ = t7—, together with the above expression for X;(¢}) —

Xip—(prp—), where t € [17,47,,). I CP = 30 1t} < ) Xpr (S — Gfn ), we get
i=1 v -

t

(I15.4) X, (87) = Xo(dl) + Cp + / X, (AT + gol') ds + My(6™).
0

Note that if [t] = [2"¢]27", [t]T = ([2"¢] + 1)27", then

=3 / Xin (bayan — 65) 2"ds

[2rg ti st27"

=, / /Xt?(ér)drdSQ"

= Ty s
[2nt] t? S+2—n g—n
— / / Xen(dr) — X (¢y) drds2™ + / rX, (o) dr2"
i=lyn s 0
1—1

[t

/X (¢r) dr—i—/X qﬁr —r)dr2".

[¢]
t .
The sum of the last three terms approach [ X,.(¢,)dr for all t > 0 a.s. If
0

h(r) = SUP{‘XU(@") - Xr(‘m)’ Hu—r[ <27 u >0},

then hnb—p>0 a.s. by the continuity of Xu(ér) in w and the first term is at most
"

/ hy(r)dr — 0 Vi>0 as.

o
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t .
We have proved that C}* — [ X,.(¢,)dr for all ¢t > 0 a.s. By (IL.5.2) we also have
0

1 LAE E

t
0/ X (AgT)d Z / / X, (Ady) duds2™,

and an argument very similar to the above shows that

t

lim [ X (A¢Y) ds—/X (Ags)d Vi >0 a.s.

n—oo

0

By considering (M (¢) — M(¢™)), we see that

sup | Mi(¢p) — Mt(¢")\ﬂ0 as n—oo forall K >0.
t<K

The other terms in (I1.5.4) converge trivially by Dominated Convergence and so we
may let n — oo in (I1.5.4) to complete the proof. N

Not surprisingly the above extension is also valid for the martingale problem
for Y.

Notation. If ¢ € D(A)r, let Ap(t,z) = ¢(t,z) + Ay (x) for (t,z) € [0,T] x E.
Proposition IL5.8. If ¢ € D(A)r, then

t
Ny = o(t,Y:) — ¢(0,Y)) —/ Ap(s,Ys)ds te€[0,T)
0

is a bounded a.s. cadlag D;-martingale under P” for all x € FE. Its jumps are
contained in the jumps of Y a.s.
Proof. The continuity properties of ¢ imply that

hr?+ o(s,Ys) =o(t,Yy) forallt€[0,T) P* — a.s.
and

hIzIel— o(s,Ys) = o(t,Ye—) forallt e (0,T] P*— a.s.
Therefore N is a.s. cadlag on [0,7] and can only jump at the jump times of Y a.s.
The definition of D(A)7 implies that ¢ and A¢ are bounded on [0, 7] x E and hence
N is also uniformly bounded.

Take mean values in Proposition I1.5.7 with ¢ = 0 and Xy = J, and use Remark
I1.5.5 (2) and Exercise 11.5.2 (b)(i) below to see that

Pry(x) = do(x) + /0 Py(Agy)(x)ds for all (t,7) € [0,T] x E.
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—,

If uw € [0,T) is fixed then (t,z) — ¢(u+t, ) is in D(A)r_, and so the above implies

t
Prbuss(z) = dulx) + /O Py(Adsyn)ds V(t,2) € [0,T —u x B Vu € [0,T).

It is now a simple exercise using the Markov property of Y to see that the above
implies that N; is a Dy-martingale under each P*. |1

Green Function Representation
¢
Let PYo(z) = E (d)(Yt) exp{fg(Ys) ds}).
0
Exercise 11.5.1. (a) Show that P{ : C,(E) — Cy(FE).
Hint: One approach is to use a Taylor series for exp and recall P, : C,(E) — Cy(E).
(b) Show ¢ € D(A) & (Ptg¢—¢)t_1b—p>¢ € Cp(F) ast | 0, and in this case ¢ = A9¢.
(¢) Show that P{ : D(A) — D(A) and £ P{¢ = AIP{¢ = P/A%¢ V¢ € D(A).

The next Exercise will be used extensively.
Exercise I1.5.2. Assume X solves (LM P),,.
(a) Prove that Vo € b€

(GFR)  X,(¢) = Xo (PY¢) + / / PY p(x)dM(s,z)  as. Vt> 0.
0

Hint: Assume first ¢ € D(A) and apply Proposition 11.5.7 for an appropriate
choice of ¢(s,x).

(b) Assume v = dx,. (i) Show that P(X.(¢)) = Xo(P{¢) V¢t > 0 and ¢ € bE.
(ii) Show that if 0 < s <t and ¢, ¢ € b€,

P (Xs(0)Xi(¢)) = Xo (P{o) Xo (P{) + /Xo(Pﬁ’ (YPL, ¢! ) dr.
0

Hint: Recall Remark 11.5.5.

Definition. If W is an Mp(E)-valued random vector and ¢ € by,
Lw(¢) = E(e=W(®) = E(es(W)) is the Laplace functional of W, or of Py =
P(W e ).

Lemma II.5.9. Assume Dy C (b€) satisfies D_obp =b&4. Then Ly (¢) = Ly (¢)
for all ¢ € Dy implies Py = Pyy.

Proof. Clearly equality of Ly and Ly on Dy implies Ly = Ly on b€,. An
elementary argument (see the proof of Proposition 3.4.4 of Ethier-Kurtz (1986))
shows that there is a countable convergence determining set V' C Cy(E) 4 (i.e. v, —
vin Mp(E) < vp(¢) — v(p) V¢ € V). For any ¢ € V, v — v(¢) is measurable
with respect to o(ey : ¢ € V). This implies that the class of open sets in Mp(E),
and hence Mp, is contained in o(ey : ¢ € V). Apply the Monotone Class Lemma
I15.2 with H = {® € bMp : E(®(W)) = E(®(W'))} and Ho = {ey : ¢ € Cu(E)4}
to see that Ly = Ly on Cy(FE)y implies Py = Pyy-.

We will verify (H3) by giving an explicit formula for Ly,. If X and X’ are
independent solutions of (LM P)s, and (LMP)s,,, respectively, then it is easy to
(0]



168 Superprocesses

check that X + X’ satisfies (LM P)5Xo+x" This “additive property” is also clear
0

for the approximating branching particle systems considered in Proposition 11.4.2;
the particles do not interact and so superimposing two such systems gives another
such system. This leads to Lx,+ x| = Lx, - L X/ and suggests the use of Laplace
functionals to characterize the law of X;. It also explains the “multiplicative” part of
the terminology in “critical multiplicative branching measure diffusions”, the catchy
name for Dawson-Watanabe superprocesses prior to 1987.

Let ¢ € D(A), for a fixed t > 0 and f € Cy(E),. By Proposition I1.5.7 and
1t6’s Lemma, for u < t,

exp (V) / Xs( ds

S

— exp (= Xo(t)) - //exp{ XL () — /Xr(f) dr b (s, 2)dM (s, 2)

0

+/exp X (ths) /X dr 3(1/35+A%8+f—w§/2)] ds

Let N, denote the stochastic integral on the righthand side. Let ¢ € D(A);. Now
choose a non-negative 1 so that the drift term vanishes, and ¢; = ¢, i.e.,

(I1.5.5) Yo+ A%+ [ —A02/2=0, 0<s<t o=

The previous equation then becomes

(I1.5.6) exp{ ~ Xou(6) — /Xs(f) ds} —exp (= Xo(to)) + Ny u <t

This shows that the local martingale N is bounded and therefore is a martingale
satisfying F(N;) = 0. Take expectations in (I1.5.6) with u = ¢ to see that

(I1.5.7) E<exp /X ds :/e—Xowwdy(Xo).

—,

If a(z, A) = g(2)A—~(2)A2/2 and V, = VI ¢ = oy, then i € D(A), iff V € D(A),,
and (I1.5.5) and (IL.5.7) (for all t > 0) become, respectively:

oV
(SE)¢af Os :A‘/S—i_a(avs)—i_fa 5207 V0:¢7
and
t
(LE) E(exp / X, (f = / e~ %oV 9) du(Xo) Yt > 0.
0

These arguments trivially localize to ¢ € [0,7] and hence we have proved:
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-,

Proposition I1.5.10. Let ¢ € D(A); and f € Cp(E)y. If V € D(A)r for some
T > 0 and is a non-negative solution V' to (SE)4 s on [0,7T] x E, then (LE) holds
for all 0 <t < T for any X satisfying (LM P),,.

The next result will extend this to a larger class of ¢ and f and solutions to
the following mild form of (SE):

t

(ME), V= P+ / P (f + a(, V2)) ds.
0

It is easy to check, e.g. by using Proposition I1.5.8 to write V;_4(Ys) as the sum
of a martingale and process of bounded variation, that any solution to (SE) with

Viogxe € D(A); for all t > 0 satisfies (ME). Conversely, a solution to (ME) will
satisfy

Vien = Vi (P —1)

11.5.8 =
( ) h h

h
1
Vit g [ PrlatVienor) + )
0

and hence should satisfy (SE) provided that these limits exist.

Theorem I1.5.11. Let ¢, f € bE,..

(a) There is a unique jointly Borel measurable solution th ¢(z) of (MFE)g, s such
that V/¢ is bounded on [0, 7] x E for all T > 0. Moreover V¢ > 0.

(b) If, in addition, ¢ € D(A); and f is continuous, then V7¢ |jo rxr€ D(A)r
VT > 0, V/¢(z) and AV/ () are continuous in ¢ (as well as ), and VI ¢
satisfies (SE)g, .

(¢) If X is any solution of (LM P), then (LE) holds.

In view of the locally Lipschitz nature of a(z,\) in A, (a) and (b) of the above
result are to be expected and will follow from a standard fixed point argument,
although some care is needed as a does not have linear growth in A\. The regularity
of the solutions in (b) will be the delicate part of the argument. Note that if
the spatial motion is Brownian, the argument here may be simplified considerably
because of the regularity of the Brownian transition density.

(c) follows immediately for ¢ € D(A); and f € Cy(E)4 by Proposition 11.5.10.
It is then not hard to derive (LE) for all ¢, f € b€, by taking bounded pointwise
limits.

We defer the details of the proof until the next section and now complete the
Proof of Theorem II.5.1. We first verify (Hz) of Theorem I1.5.6. If X satisfies
(LMP)sy, for Xo € Mp(E), then (from Theorem I1.5.11) for each ¢ € D(A) 4

(I1.5.9) P (e—xtw)) _ o~ Xo(V29)
This uniquely determines the law, p;(Xo, -), of X; by Lemma I1.5.9. Let X} — X, in

Mp(E), then for any ¢ € Cy(F), the mean measure calculation in Exercise I1.5.2(b)
shows that

/u(¢)pt(X37du) = X§(P/¢) — Xo(P/o) = /N(¢)pt(X0>dﬂ)'
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This weak convergence shows that if ¢ > 0 there is a compact subset of F, K,
such that sup,, [ w(K¢)pe(X§,du) < e. This shows that {p;(XJ, ) : n € N} is
tight on Mp(E). For example, one can apply Theorem I1.4.1 to the set of constant
Mp(E)-valued processes. (11.5.9) shows that for ¢ € D(A)

/ eo()pe(Xy dpn) = e XS (V00 = X0(V09) - / eo(1)pe(Xo, dpr),

and hence that p;(Xy, -) is the only possible weak limit point. We have proved that
Xo — pt(Xo, ) is continuous, and in particular is Borel.
If X satisfies (LM P),, then Theorem I1.5.11 (c) shows that

Ples(X1)) = [0 anx) = [ [ eatum (Ko, dudv(Xo) Vo < b,

and so (Hz) follows by Lemma I1.5.9. This allows us to apply Theorem II.5.6 and
infer (a) and (b). The above continuity of p;(Xp,) in Xy implies (d). Finally the
uniqueness in (a) shows that all the weak limit points in Proposition I1.4.2 coincide
with Px, and so the convergence in (c) follows. 1

The following Feynman-Kac formula shows solutions to (M E) 4, ¢ for non-negative
¢ and f are necessarily non-negative and will be useful in Chapter III.

Proposition I1.5.12. Suppose ¢, f € b€ and V : [0,7] — R is a bounded Borel
function satisfying (MFE)y ¢ for t <T. For v <t < T define

v(Y7)
2

C,=CH = /ug(YT) — V(t—rY(r))dr.
0

Then for all (¢t,z) € [0,T] x E,

Vit.a) = B 0()e) + [ B (f()e) dn

Proof. Let 0 < s <t. Use (ME)g s with ¢t — s in place of ¢ and apply P; to both
sides to derive

t—s

PVi_s =P+ P (f + gV —V2/2)dr
0

=V - / Po(f 4 gVier — V2, /2)dr.
0
The Markov Property now shows that
Ns = W—S(YS) - ‘/t(YO) + / f(Yr) +g(Yr)V;€—’r(Yr) - ’Y(Ytr)‘/t—r(ytr)z/2 dT, S S t
0

is a bounded Ds-martingale under P” for all x. 1t6’s Lemma then implies

ecsm_s(n):m(x)—/ eCTf(Yr)dr—i—/ eCdN,.
0 0
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The stochastic integral is a mean zero L2-martingale under each P* and so we may
set s =t and take means to complete the proof. 1

Extinction Probabilities

The Laplace functional equation (LE) is a powerful tool for the analysis of
X. As a warm-up we use it to calculate extinction probabilities for X. Assume
g()=geR, v()=v>0,and Xy € Mp(F) is deterministic. Then, setting ¢ =1
in (LMP)sy, , we see that X(1) satisfies the martingale problem characterizing the
solution of

t

(I1.5.10) X, (1) :XO(1)+/\/7XS(1)dB5 +/gXS(1)ds,

0 0

where B is a linear Brownian motion. An immediate consequence of Theorem
I1.5.1(c) is X™(1)=X.(1) in D(R), which when g = 0 reduces to Feller’s Theorem
I1.1.2.

Assume first g = 0 and for A > 0 let V; = V;* solve

Clearly the solution is independent of x and so one easily gets
VA =2A(2 4 Mty) L.

(LE) implies that the Laplace functional of the total mass of the DW-superprocess

1S

. Xo(1)2
I15.11 i ( AXt“)): _2ot)2A L
( ) Xo € P 2

Let A — 0o to see

(I15.12) Py, (X; = 0) = Px, (Xs = 0Vs > £) — exp {iﬂ(l)} |

ty

In particular, by letting t — oo we see that X becomes extinct in finite time Py -a.s.
See Knight (1981, p. 100) for the transition density of this total mass process.

Exercise. I1.5.3. Assume () = > 0,¢(-) = g are constants.
(a) Find Px, (X =0 Vs >t). (Answer : exp{;ﬁf—z(_lg)tg)} if g # O.)

1 ifg<o0
(b) Show that Px, (X becomes extinct in finite time) = exp { —2X’(y)(1)g} ifg>0°

(c) If g > 0 prove that Px,-a.s.

X becomes extinct in finite time or tlim X (1) = oc.
— 00

Hint. Show that e~ *Xt(1) is a supermartingale for sufficiently small A > 0 and

Jim Ex, (%) = xp { ~2%atlis ],
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Exercise 11.5.4, Assume X, € Mp(E) — {0}, vn(x,dk) = vn(dk) is independent
of x and gy = 0. Prove that for ¢ bounded and measurable,

E(X ()X (1),5>0) =

Conclude that if X is the (Y,~,0)-DW-superprocess (v > 0 is constant), then

Xo(P:¢)
BE(X:(6)|Xs(1),s > 0) = 20219 x (),
(Xe(0)| Xs(1), s ) Xo(1) ¢(1)
Hint. Condition first on the larger o-field o(N*, a € I) Vo(My) (recall My is the
Poisson number of initial points).

Remark I1.5.13. Assume that X satisfies (LM P), on (Q, F,F;,P), where A is
the generator of the d-dimensional symmetric stable process of index a € (0, 2] and
the smaller class C°(R9) is used in place of D(A). Recalling that Cp°(R?) is a core
for D(A) (see Example 11.2.4), we may pass to the bounded pointwise closure of
{(¢,Ad) : ¢ € C°(RY)} in (LM P), by Dominated Convergence. Here note that if

Ty = inf{t : X;(1) > k} Ak and ¢nb—p>¢, then Miar, (¢r) is a bounded martingale for
all n. Therefore X satisfies (LM P), and so is an (F);-(A,~, g)-DW superprocess
with initial law v.

Exercise 11.5.5. Let X be the (Y,~,0)-DW superprocess starting at Xo € Mp(FE),
where Y is the d-dimensional symmetric stable process of index a € (0,2] and v > 0
is constant. For 4o, A > 0, let ¢y (z) = ¢(xA~/*) and

xM(p) = %Xm(@), t>0.

Prove that X is a (Y, ~y70,0)-DW superprocess (starting of course at Xé’\)).

6. Proof of Theorem I1.5.11.

Step 1. If ¢, f € b€, there is a timax € (0, 00] and a unique solution V' to (M E) ; on

[0, tmax) Which is bounded on [0, T| x E for all T < t,.x and satisfies lim ||[V;]| = oo
t

max

if tax < 00. If in addition ¢, f € Cy(FE) and ||Pip — ¢|| — 0 as ¢ | 0 (as is the case
for ¢ € D(A)), then V : [0, tmax) — Cp(F) is continuous in norm.
This is a standard fixed point argument which only requires a(-,0) = 0 and
VK > 0,a |px[-r, K€ Co(E % [-K, K]) and |a(z, A) — a(z,\)| < Cx|A = X
(11.6.1)
for all z in E,\,\ € [-K, K] for some increasing {Ck} and Cy > 1.
We start with ¢, f as in the second part of the above assertion. We will view

f as fixed but will let ¢ vary and will choose § = §(||¢]]) > 0 below. Define
¢ : C([()?(S]?Cb(E)) - C([()?(S]?Cb(E)) by

t

W) = Peo+ [ P (f + aU))ds.

0
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Note that a(Us) = a(-, Us(+)) € Cp(E). To see that ¢ does map into the above space,
note first that ¢ — P,¢ is in C'(Ry,Cy(E)) by our choice of ¢ and the semigroup
property. If 0 <t <t+ h <6, then

t+h

/Pt+h s(f+a(U ))ds—/tPt_S(f+a(Us))ds

0

h
S /Pt+h s f+a( dS +/||Pt s (Us+h)> Pt s( ( s))”ds

§[||f||+sup||a ||}h+ / lo(Ussn) — a(U,)llds

— as h |0

by (I1.6.1) and sup ||Us|| < oo. Hence 9 is as claimed above.
s<é

Take K = 2||¢|| + 1 and for U € C([0,6], Cy(E)) define [|U|| = sup,<s [|U¢]| and
let B(0, K) be the set of such U with ||U]| < K. If U € B(0,K) and
0<d<e(lol)= (K —lol)/(IfIl + KCk),

then

[P < llell + ollfl +5\AS|L£< laC MIF< ol + o[lfl| + KCk] < K

and therefore ¢ : B(0,K) — B(0,K). If, in addition, 0 < ¢ < ex(||4]|) = 1/2Ck,
then an application of (6.1) shows that for U,V € B(0, K)

8
[ (U) = (V)] < / la(Us) = a(Vs)llds < Cxd||U = V]| < %HU =V

Now let § = (||¢||) = min (1(||¢]]),e2(]|¢]|)) and note that

(11.6.2) oglfpng o(r) >0 forany M >0.

Then 1 is a contraction on the complete metric space B(0, K) and so has a unique
fixed point V; which solves (M E)y ¢ for t <.

To repeat this construction with Vs in place of ¢ we must check that
|PnVs —Vs|| — 0as h | 0. Use (ME)y ;s at t = § to see this reduces to

|| / Puys_sa(Va) = Ps_sa(Va)ds| — 0 as | 0.
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The above norm is at most (0 < h < 9)

h 6—h

)
l / Prys—ea(Va)ds| + | / Ps_.a(Va)ds|| + / 1Ps—s (a(Varn) — (Vi) ds
0

0 d—h
o—h

< 2sup (V) + / la(Vain) — a(Va)ds
- 0

—0 as h|O

by the norm-continuity of V' and (II.6.1). By repeating the previous argument
with V5 in place of ¢ we can extend V. to a norm-continuous solution to (ME) ¢
on [0,d; + d2] where 6; = (||¢||) and d2 = 6(||Vs,]|). Continue inductively to

o
construct a norm-continuous solution to (ME)s ¢ on [0, tmax), Where tymax = > 0y
n>1
and 0,11 = 0(||Vs, 416, ||)- If tmax < 00, clearly limd,, = 0 and so (11.6.2) implies
lim_ |[Vs,+...15,_, | = oc and hence Tim |[V]| = oo.
n—oo

max

For ¢, f € b€ one can use the same existence proof with L>° ([0, ] x E), the space
of bounded Borel functions with the supremum norm, in place of Cb([O, d], C’b(E)).
We need the fact Pip(z) is jointly Borel which is clear for ¢ € Cy(E) (because
(I1.2.2) and (QLC) imply continuity in each variable separately) and hence for all
¢ € b€ by a monotone class argument. It follows easily that ¢(U)(t, z) is Borel and
the argument proceeds as above to give a Borel solution of (M E)g 5 on [0, tmax) X E.

Turning to uniqueness, assume V and V are solutions to (M E)y 5 on [0, tmax)
and [0, fmax ), respectively so that V and V are locally (in t) bounded and, in par-
ticular, K = sup ||Vi]| V ||Vi]] < oo for t < tmax A fmax. Then for such a ¢ and

s<t

K,

t
Vi — T < cK/nvs Vs
0

which implies V = V on [0, tmax Atmax) by Gronwall’s Lemma, (s — ||V —zs || is uni-
versally measurable). Clearly tyax < tmax is impossible because then tTlim Vel =

max

oo would imply lim Hf/}H = oo which is impossible for tyax < tmax by our local

boundedness assumption on the solution V. Therefore tyax = tmax and so V = V.
This completes Step 1.
Step 2. If ¢ € D(A) and f € Cp(E), then the above solution satisfies the conclusions
of (b) for Tt < timax-

The key step will be the existence of 4. In addition to (I1.6.1), the only
property of a we will use is

a'(z,\) = 3a(ac, A) € C(F x Ry) and satisfies

(11.6.3) OA
lim sup |[@'(A) —a'(A+8)| =0and sup ||a'(-,\)]| <o VK > 0.
L0 <K S
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Fix 0 < T' < tpax. Recall from (I1.5.8) that for h > 0, if

h
Rl = ht /Pr(f +a(Viyn_y))dr,
0

then V,* = (Vi — V;)h ™1 satisfies

(I1.6.4) o B l)
h

The norm continuity of V; (from Step 1) and (I1.6.1) show that as h,r | 0 (r < h),

la(Vign—r) — a(V;)|| — 0 and so P.(f + a(‘/,g+h_r))b—p>f +a(V) on [0,T] x E. It

follows that Ri”b—p>f +a(Vy) € Cy([0,T] x E) as h — 0+. Therefore it is clear from
(I1.6.4) that if

Vi + Rl

(I1.6.5) Vthb—p>Vt on [0,7] x E and the limit is continuous in each variable

separately,

then the conclusions of (b) hold on [0,7] x E and Step 2 is complete.
To prove (I1.6.5), write

_ Pund—Pro

Vh
¢ h

Ll /th_S(f +a(Va))ds

0
t

t
+ /Pt_s ((a(Vern) —a(Vi))h™t —d (Vo)V]) ds + /Pt_s(a’(n)xgh)ds
0 0

(IIGG)E 1, + 25 + 35 + 44,

The norm continuity of Vs, and hence of a(Vs), together with ¢ € D(A) imply

(I1.6.7) 1+ 2, BP(Ad) + P(f +a(¢)) on [0,T]xE as h]0.

Note also that the limit is continuous in each variable if the other is fixed. The
mean value theorem shows there is a ¢ (x) between V,(x) and Vi (z) such that

[(a(Visn) = a(Vo))h ™ = ' (VO V'] (2) = (¢ (2,2 (2)) — o (w, Vs (2))) V! (2).

This together with (I1.6.3) and the norm continuity of V imply
t
(I11.6.8) sup |3n| < nn / |VI|ds for some 7, — 0 as h—0+.
0
Our local boundedness condition on a’ (see (I1.6.3)) and norm continuity of V' imply

t
sup 4] < C / IV ds.
0
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Use the above bounds in (I1.6.6) to get
¢
Al <cvc [Ivilds, t<T
0

and hence

(11.6.9) sup | V|| < CeCT.
t<T

We now may conclude from (I1.6.8) that
(11.6.10) sup |3n] =0 as h|O.

t<T,x

The above results and (I1.6.6) suggest that V; (if it exists) should solve

t

(I1.6.11) Wy = P(Ap+ f +a(9)) + /Pt_s(a’(VS)Ws)ds.
0

A slight modification of Step 1 shows there is a unique solution of (II.6.11) in
L>([0,T],Cy(E)). To see this, set § = Ap + f + a(¢) € Cy(E) and define

(U Loo([OaT]aCb(E)) - Loo([O,T],Cb(E))

by )
Y(W)(t) = PO+ /Pt_s(a’(Vs)Ws)ds.
0

Clearly h(s,z,\) = o (x, V(1)) X is Lipschitz in A uniformly in (s, z) € [0,T]x E and
s0 as in Step 1 we get the existence of a unique fixed point W first on L> ([0, 8], C,(E))
for appropriate § > 0 and then on L ([O, 1], C’b(E)) by iteration because the linear
growth of h in A\ means the solution cannot explode. As Wy(z) is continuous in x
for each t and continuous in t for each z (see (I1.6.11)), to prove (I1.6.5) it suffices
to show

(I1.6.12) VAEW, on [0,T] x E.

In view of (I1.6.9) we only need establish pointwise convergence. For this we may
fix h,, | 0 and define 7(t,z) = Iim |V;" () — W;(z)| which is bounded on [0, T] x E
because W is. Apply (I1.6.6), (I1.6.7), (I1.6.10) and (I11.6.11) to see that

t

r(t,r) = lim /Pt_s (a/ (V5)(VIm — W) (z)ds

n— oo
0
t

<c / Py a(ra)(x)ds,

0
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and so

t
|mu§c/WAw.
0

This implies » = 0 and hence (I1.6.12). The proof of Step 2 is complete.
Step 3. If ¢, f € b€y, then tmayx = 00, Vi = VY ¢ > 0 and is bounded on [0,T] x E
VT > 0 and (LE) holds if X is any solution of (LM P),.

The non-negativity is immediate from Proposition I1.5.12. For the other asser-
tions assume first ¢ € D(A), f € Cp(E)4. Step 2, the non-negativity of V/¢, and
Proposition 11.5.10 show that (LE) is valid for ¢t < tmax. If § =supg(z), (ME)e ¢

and the non-negativity of V¢ imply

t
mdwsuw+mm+§/mdww,t<mw
0

and therefore
(11.6.14) IV oIl < (I8l + 1) €7, t < tmax.

This means HV}f ¢|| cannot explode at a finite tyax and S0 tyax = 00.
Turning to more general (¢, f), let

H= {(¢,f) € (bS+)2 tmax = 00, (LE) holds}.

Assume (¢, fn)b—p>(¢>, f) and (¢, frn) € H. By (11.6.14) we have

sup |V ¢n| < 00 VT > 0.
n,t<T

Apply (LE) with v = 85, and (¢, f,) to see that V"¢, 2V, on [0,T] x E VT > 0
(the boundedness is immediate from the above). Now let n — oo in (ME),, ¢, and

use Dominated Convergence to see that V,* = th ¢ and for (¢, f), tmax = 00, and
(LE) holds by taking limits in this equation for (¢, f,). This shows H is closed

under 2. As H S D(A);+ x Cy(E)4 (by the previous argument) and D(A), is bp-
dense in b€, (Corollary I1.2.3) we may conclude that H = (b€, )%. This completes
Step 3 because the boundedness claim is immediate from ¢,,,x = oo and the local
boundedness established in Step 1.

(a) is immediate from Steps 1 and 3. (c) follows from Step 3. (b) is clear from
Step 2 and . = 00 in Step 3. 1
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7. Canonical Measures

Definition. A random finite measure, X, on E is infinitely divisible iff for any
natural number n there are i.i.d. random measures {X; : ¢ < n} such that X and
X1+ ...+ X, have the same law on Mp(E).

Example. Let (X;,¢ > 0) be a (Y, ~, g)-DW-superprocess starting at Xo € Mp(FE).
If {X?:4 < n} are iid copies of the above DW-process but starting at Xo/n, then

(11.7.1) X2X1 1. 4+ X" as continuous Mp(E)-valued processes.

This follows from Theorem IL.5.1, by noting that X'+ ...+ X" satisfies the martin-
gale problem which characterizes the law of X (or by using the convergence theo-
rem and the corresponding decomposition for the approximating branching particle
systems). In particular for each fixed ¢ > 0, X; is an infinitely divisible random
measure.

For our purposes, Chapter 3 of Dawson (1992) is a good reference for infinitely
divisible random measures on a Polish space (see also Kallenberg (1983) for the
locally compact case). The following canonical representation is essentially derived
in Theorem 3.4.1 of Dawson (1992).

Theorem I1.7.1. Let X be an infinitely divisible random measure on E such that
E(X(1)) < co. There is a unique pair (M, R) such that M € Mp(E), R is a
measure on Mp(E) — {0} satisfying [ v(1)R(dv) < oo, and

(I172) E(exp(~ X())) = exp{ — M(9) - / L— e Y OR(v)} V6 € (bE)..

Conversely if M and R are as above, then the right-hand side of (I1.7.2) is the Laplace
functional of an infinitely divisible random measure X satisfying (X (1)) < 0.

Definition. The measure R in (I1.7.2) is the canonical measure associated with X.

We will give an independent construction of the canonical measure associated
with X, a DW-superprocess evaluated at ¢, below (see Theorem I1.7.2 and Exercise
I1.7.1). There are some slight differences between the above and Theorem 3.4.1 of
Dawson (1992) and so we point out the necessary changes in the

Proof of Theorem IL.7.1. A measure, p, on E is locally finite (1 € Mpr(E)) iff
it is finite on bounded sets. Suppose X is infinitely divisible and E(X (1)) < oc.
Theorem 3.4.1 of Dawson (1992) shows there is a locally finite measure, M, on F
and a measure, R, on My r(E)— {0} such that (II.7.2) holds for all ¢ € (b€) with
bounded support. Fix such a ¢. Then for A > 0

(I1.7.3) u(\@) = —log E <e—XW>) = AM(¢) + / 1— e MO R(dy).

Since v(¢)e () < C\(1 — e ™)) and [1 - e WO R(dv) < oo for A > 0, it
follows that [v(¢)e **(®) R(dv) < oo for A > 0. An application of the Mean
Value and Dominated Convergence Theorems allows us to differentiate (I1.7.3) with
respect to A > 0 and conclude

E <X(¢)e_)‘X(‘z’)> [E (e—AX(@ﬂ ;

1

= M(¢) + / v(¢)e M@ R(dv).
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Let A — 04 and use Monotone Convergence to see

(I1.7.4) E(X(¢)) = M(¢) + / v(¢)R(dv)

first for ¢ as above and then for all non-negative measurable ¢ by Monotone Con-
vergence. Take ¢ = 1 to see M is finite, [v(1)R(dv) < oo and so R is supported
by Mp(E)—{0}. We can also take monotone limits to see that (I1.7.2) holds for all
¢ € (b€)+.

For uniqueness note from (I1.7.3) that for any ¢ in (b€)

lim u(AA™! = M(9) + lim (1 - e_A”(¢)> A"LR(dv) = M(¢),

where in the last line we used (1 —e=*(®))A\~1 < y($) and Dominated Convergence.
This shows that M and [ h(r)R(dv) are determined by the law of X for h in

K
C={h(v) =) be ") b €R, ¢; € (b€)4, h(0) = 0}.
1

K
Note that for integration purposes h(v) = — > b;(1 — e~ %) and C is a vector
1

space closed under multiplication. As in Lemma I1.5.9, the Monotone Class Lemma
5.2 shows these integrals determine R.

Assume conversely that (I1.7.2) holds for some M, R as in the Theorem. As
in Theorem 3.4.1 of Dawson the right-hand side is the Laplace functional of some
random measure which clearly must then be infinitely divisible. One then obtains
(I1.7.4) as above and this shows E(X (1)) < oco. 1

Assume now that X is the (Y, g)-DW superprocess with v(-) = ~v > 0 con-
stant, g = 0, and law Px, if X starts at Xo € Mp(FE). Let 9 € E and consider the
approximating branching particle systems, X in Theorem IL5.1 starting at dy,
(under Pgo) and 6,,/N (under P(SIZO/N), and with gy = 0 and vy(z,dk) = v(dk)
independent of (z, N). In the former case we start N particles at xo (see Remark
I1.3.2) and in the latter we start a single particle at xy. Let ¢ € Cp(E)+ and write
Vi¢ for V¢, the unique solution of (M E)s . Lemma I1.3.3 and Remark 11.3.4 (the
arguments go through unchanged for our slightly different initial conditions) show
that

(11.7.5) NP v (XY (9) = P (X[ (9)) = Peglo).

Theorem I1.5.1 and (LE) imply that

[P(S]ZO/N(QXP (_XtN(qs)))}N = Py, (exp (=X/¥(¢))) — exp (=Vid(w0)) as N — oo.

Take logarithms and use log z ~ z—1 as z — 1 (the expression under the Nth power
must approach 1) to conclude

(I1.7.6) lim (1 . e—XfW))NdngO/N — Vyo(0).

N—oco



180 Superprocesses

Also note by Kolmogorov’s Theorem (II.1.1(a)) that
(11.7.7) Jim NP(S v (XY #£0) =2/t

(I1.7.7) and (IL1.7.5) easily imply tightness of ]\TP(SJZ0 /N(XtN €, XN #0)and (I1.7.6)
shows the limit points coincide. The details are provided below.
Theorem I1.7.2. For each zp € E and ¢ > 0 there is a finite measure R;(zo, ) on
Mp(E) — {0} such that
(i) NPy (X[ € X{Y # 0)=Ry(0,-) on Mp(E) and zo — Ry(o,) is Borel
measurable,

(i) Px, (exp (—X:(¢))) :exp{— / / 1 —e_”(¢)Rt(xo,dy)dX0(xo)} Vo € bE,,
(iii) Ry (w0, Mp(E) — {0}) = 2/, / WS Ri(zo,dv) = Pidlzo) Yo € bE,

Ry (o, {y (1) € A}) = (2/41)° / 1a(x) exp{—2a/t}dz VA € B((0,00)),

(iv) [ (1))v(¢)R(zo,dv) = fo (vtz/2)ze * dz Pyp(xg) Vo € bE, ¢ € bB(RY).
Proof. A sequence {pun} of finite, non-zero measures on Mp(E) is tight if
supy 4N (1) < oo and for any € > 0 there is a compact set K. C E such that
pn ({v 1 v(KE) > e})/un(1) < e. For example, one may apply Theorem I1.4.1 to
the set of constant paths X~ = X with law px /py(1). (I1.7.5) and (I1.7.7) easily
imply these conditions for uy(-) = NP(SN /N(XtN € XN #0). Let pus be any
weak limit point in My (Mp(E)). Then (II 7.6) implies

(I1.7.8) / 1—e"Odu(v) = Vig(xg) Vo e Cy(E)y.
Take ¢ = X > 0 in the above, recall Vi = 2A(2 + Mtvy)~! and let A — oo to see that

oo (M (E) — {0}) = 2/t
= lim pn(1) (by (IL.7.7))

N—o0
= foo(1).

This shows 1~ ({0}) = 0 and, together with (I1.7.8), implies
(I1.7.9) / e () = 2/9t — Vid(wo) Yo € Cy(E)s.

As in Lemma I1.5.9, this uniquely determines pioo and shows py=jies. The Borel
measurability of R;(xg) in z¢ is then clear from the Borel measurability of the
approximating measures. The proof of (i), (ii) (by (LE)), and the first assertion in
(iii) is complete. The second assertion in (iii) is a special case of (iv), proved below.
The final assertion in (iii) is obtained by setting ¢ = A in (I1.7.9), as was already
done in the above.
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For (iv) it suffices to consider i) and ¢ bounded and continuous. For the
branching particle system described above, N' = o(N® : o € I) is independent
of o(Y*:a €I) and so

NPY XY ()XY (9)LXN (1) # o>)
= NBY y(e(x N ()n(x)y SR (o(INY)

aNt

ZNPQO/N(@b(XiV(l))l(XfV(l) # 0)X;" (1)) Peg(xo)-

Now let N — oo in the above. Lemma I1.4.6 and NPgV (XN(l)Q) < P({V (XN (1)%)
give us the necessary uniform integrability to use (i) and conclude that

/¢ ¢) Ry (z0,dv) /w v(1)Ry(xo, dv)Pip(xo),

and the last part of (iii) completes the proof of (iv). |}

Clearly we have given a direct construction of the canonical measure, R;(xg, ),
of X; under Ps, . In this case M = 0. For general v, g it is not hard to modify the
above to recover the canonical representation from our convergence theorem. We
leave this as Exercise I1.7.1 below. In general M will not be 0 as can readily be seen
by taking v = 0.

Exercise II.7.1. Let X be a (Y,~,9)-DW superprocess starting at d,, where
v € Cp(E)+ and g € Cy(E). Extend the proof of Theorem I1.7.2 to show there is
an My(zg,-) € Mp(E) and a o-finite measure R;(zg,:) on Mp(E) — {0} such that
[ v(1)Ri(xo,dv) < oo and

Es,, (exp (—X¢(¢))) = exp {—Mt(xo,ﬁb) - /1 - e_”(¢)Rt(x07dy)} Vo € (bE)+.
Hint. Recalling (I1.7.6), let € > 0, ¢ € Cy(E)4, and write
/(1 . e—XiW))NdngO/N - N/ 1 e X@) ng(qs)) LXN (1) <e)dPY
(%) /XN Xi'(1) <€) NdP;, )y
/(1 — e X O 1(XN (1) > e)NdPy .
Show that the first term goes to 0 as € | 0 uniformly in N and that
{/XtN(-)quVu) <e)NdPY N e N}

and

(NP (X e XN (1) >¢): NeN}

are tight on E and Mp(E), respectively. Now let N — oo through an appropriate
subsequence and then € = ¢ | 0 in (*) to obtain the desired decomposition.
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Theorem I1.7.2 and (I1.7.7) imply
(I1.7.10) ngo/N (XY €| XY #0) 2Ri(z0,)/Re(20, 1),

that is, R:(zo,-), when normalized, is the law of a cluster at time ¢ of descendants
of a common ancestor at ¢t = 0 conditioned on the existence of such descendants.
Note that Yaglom’s Theorem II.1.1(b) is immediate from (I1.7.10) and Theorem
I1.7.2(iii).

Exercise I1.7.2. (a) If X is a (Y,,0)-DW-superprocess under Px, with v > 0
constant, prove that e~ 'P.s, (X; € -, X; # 0)=Ry(zg,-) as € | 0 on Mp(E).

Hint. Use Theorem II.7.2 (ii) to show convergence of the corresponding Laplace
functionals.

(b) If T} is the semigroup of X, show that R(zo,v) = [ T;—+9(v) R (z,dv) for all
0 <7<t xy € E, and 1 bounded measurable on Mp(E) — {0}.

Hint. Use (a), first consider ¢ € Cp(Mp(FE)) such that ¥(0) = 0, and recall that
Tt . Cb(MF<E)) — Cb(MF(E))

If Xg € Mp(E), let Z4%° be a Poisson point process on Mp(E) — {0} with
intensity | R¢(zo,-)dXo(xo). Theorem I1.7.2(ii) implies that

(11.7.11) /1/ 2hX0(dy) is equal in law to  Px, (X; € -).

In view of (I1.7.7) and (II.7.10) we see that this representation decomposes X; ac-
cording to the Poisson number of ancestors at time 0 with descendants alive at time
t. This perspective will allow us to extend Theorem II.7.2 and this Poisson decom-
position to the sample paths of X. Indeed, (I1.7.1) shows that infinite divisibility is
valid on the level of sample paths.

Let ¢ : Qp — [0, 00] be given by ((X) = inf{t > 0: X; = 0} and define

QF" ={XecQp:X0=0,(>0,X, =0 Vt>(},
Qfr = {X e QF* X s continuous} C Qx,
equipped with the subspace topologies they inherit from 2 and €2 x, respectively. If

{Nj, : k € NU{oo}} are measures on Q7% we write Ny=N,, on QF% if Ny (¢ > t) < oo
for all Kk € NU {oo} and t > 0, and

NL(X € -,¢>t)3N, (X €-,¢ >1) as k — oo, as finite measures on Qp Vt > 0.

Theorem I1.7.3. (a) For each 7y € E there is a o-finite measure, N, , on QZ®
such that NP;, /n(XN € )=N,, on QF2.

zq
(b) For all t > 0, N, (X; € -,¢ > t) = Ri(zo, ).
(c) Let = be a Poisson point process on QE% with intensity N,,. Then
X: = [wndE(v), t > 0, has the law of a (Y,~,0)-DW-superprocess starting at
Osg -

Remark I1.7.4. Note that (I1.7.7) and the equality N, ({ > t) = R¢(xo,1) = 2/7t
allow us to use (a) to conclude

P, v (XN e | XN #£0) BN, (X €-|¢>t) on Qp VE>0.
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In this way N, describes the time evolution of a cluster starting from a single
ancestor at zo given that it survives for some positive length of time. We call N,
the canonical measure of the process X. It has been studied by El Karoui and
Roelly (1991) and Li and Shiga (1995). A particularly elegant construction of N,
in terms of Le Gall’s snake may be found in Chapter IV of Le Gall (1999). The
reader may want to skip the proof of Theorem II.7.3 on a first reading.

Proof. Let X" be as before under P(SJZO, and for i < Nlet X'=L1 Y dya

N t
ar~t,ag=1
be the portion of X{V descending from the 1 initial ancestor. Fix ¢ > 0 and set
AN = {i < N : X"+ 0}. The mutual independence of G; = o(Y*, N : a > i),
i = 1...,N, shows that conditional on A}, {X.N’l 4 € AN} are iid with law
P(;]ZO/N(X.N €| XN #0). We also have
(I1.7.12) XM= XN
i€eAN

Clearly |AN| = card(AY) is binomial (N, P(;xo/N(XtN # 0)) and so by (IL.7.7),
converges weakly to a Poisson random variable A; with mean 2/~vt. The left side
of (IL.7.12) converges weakly on 2p to Ps, (X;4. € -) (use the fact that the limit

is a.s. continuous) and so for € > 0 there is a compact set K. C Qp such that
Pgo (X[, € K¢) < e for all N. Use (IL7.12) to see that this means that for all N

£ > ngo (XY e KE A | =1) = ngo/N (XY, € KSIX¥ #0) P(JA)Y | =1).
This proves tightness of {P} /N(Xt]YI—~ €| XN #0): N € N} on Qp because
zo

Jim P(|AN| =1) = (2/yt)e”?/7* > 0. Let P! be any limit point on Qp. If A, is

the above Poisson random variable and conditional on A, {X? : i < A;} are iid with
law P!, then we may let N — oo through an appropriate subsequence in (I1.7.12)
and conclude

Ay
(11.7.13) > X! haslaw Ps, (Xip. € ).

i=1
Note that P(A; > 1) =1 — e 2/7t = Ps,, (Xt # 0) (recall (I1.5.12)). From this and

Ay
the above we may conclude that Y X' =0 iff Ay = 0 and therefore
i=1

Ay
P (At >1,> X'e ) =Ps,, (Xiq. €, X #0).
=1

The measure on the right is supported on
Ay ={XeQx: Xg#0,(>0,X,=0all s >(},

and so the same must be true of P! = L(X?) as P(A; = 1, X} & Q) = 0 by the
above.
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f0<t;<...<tpand ¢; € Chp(E); for 1 <i <k, (I1.7.13) shows that
k k
Ps,, (exp{ - Zth+t(¢j)}> = exp{ — / 1 —exp ( - Zytj(¢j))dpt(y)2/'yt}.
1 1

k
This uniquely determines [ exp (= v4j(¢;))dP*(v) and hence the finite-dimensional
1

distributions of P! by a now familiar monotone class argument. We have shown (use
(I1.7.7))

NP5 (Xih € X #0)

(I1.7.14) :Npgo/N (ng%o) cho/N (Xt]i € |X1€N7£0)
%%Pt on (p,
Y

where the limit is supported on QY.
To handle the small values of t we need a definition and a Lemma.
Notation. Lip; = {¢ : E — R : [[¢] <1, |¢(x) — ¢(y)| < p(z,y)} (p is a fixed
complete metric on E).
Definition. The Vasershtein metric d = d, on Mp(E) is

d(p,v) = sup {|p(¢) —v(9)| : ¢ € Lip, } .

Then d is a complete metric which induces the weak topology on Mp(FE) (e.g. see

Ethier and Kurtz (1986), p. 150, Exercise 2). It only plays an incidental role here

but will be important in treating models with spatial interactions in Chapter V.
Redefine X" near t = 0 by

TN _ XN ift > N3
t tN3XN o ifte[0,N73)"

Lemma IL.7.5. (a) NPN

f /N(SupXSN(l) > g) < 4vyde~? for all 4, > 0 and
o s<6

N >2/e.
(b) There are Ny € N and dy > 0 such that

NPQO/N(S?;X;V(1>>51/5>§51/2 for 0<d0<dy and N > Nj.

() NPY (Supd (XgV,XgV) > 4/N> < 4N,

Proof. (a) Use (MP)" in Section 1.4 and (I1.4.5) with ¢ = 1, gy = 0 and yy
constant to see that under P} /N XN(1) is a martingale with predictable square
z0

¢
function v [ XN (1)ds. The weak L' inequality and Lemma I1.3.3 (a) imply that for
0
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N >2/e

NP(SIZO/N (sgI;X;V(l) > 8) < NP(SIZO/N <SI<II§X£V(1) — Xév(l) > 5/2)
) - )
S N4€_2PgO/N ’}//X‘;N(l)ds = 4765_2_
0

(b) Assume first § > N 3. Then for N > Ny, 26~1/5 < N and so by (a) for & < do,
NP |y <sup5(;v(1) > 51/5) =NPY | sup XN(1) >8P
0 s<6 o N-3<s<6

Assume now 6 < N~3. Then the above probability equals
NEY v (SNSXN (1) > 67°) = NPY (XN (1) > 674N 9.

Our assumption on § implies 26%/° N3 < 2N3/%> < N for N > Ny and so (a) bounds
the above by
AyNT3NOES/> < 445%/° < 512 for 6 < 4.

(c) If f € Lip; and t < N3,

XN = XN O] < IO + v XY )] <2 s XN (),

This shows that the right-hand side is an upper bound for sup, d(X}", X'tN ) and an
application of (a) completes the proof. I

We now complete the

Proof of Theorem II.7.3. Lemma II.7.5 (¢) and (II.7.14) show that if ¢,, | 0
(t, > 0) is fixed and € > 0, we may choose K2 compact in Qp such that

(I1.7.15) sup NPY |y (m‘ ¢ K2, XN £ 0) <2,

For t > 0 define

Ki={Xe€Qp:X,,+ €K, Vt, <tand sup X(1) <272"" for all n > 1/e}.

8§2—2n
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Lemma I1.7.5(b) and (I1.7.15) show that for ¢ < ey and N > N
N N e yvN
NPY o (XY ¢ K7, XY #0)
N N e v N
<3t <ONBY (XN, ¢ Ki XY #0)

+ Z NPgIZO/N( sup X;V(l)>2_2"/5)

n>1/e s<272n
()
< 252*" + Z 27" < 2.
n=1 n>1/e

It is a routine Skorokhod space exercise to check that K} is a compact subset of

0% = {X € Qp : Xg = 0}. This together with Lemma II1.7.5(c) shows that

{NPN /N(XN €-,(>1t): N € N} is relatively compact in Qp and all limit points
o

are supported on QY.
Fix tg > 0. Choose N — oo such that

(I1.7.16)  NP{ (XY €-,( > 1) SN on Qp as N — oo through {N}.

To ease our notation we write N for Ny and Qu for NV P({V /N By taking a further
zo

subsequence we may assume (I1.7.16) holds with ¢,, in place of ¢y (recall t,, | 0).

Clearly N'm(.) are increasing in m and so we may define a measure on Qp by
Ng, (A4) = lim N'm(A). Let ¢, < t. Theorem I1.7.2 implies that

181%1 N@oo Qn (XN(1) € (0,8),¢ > ) < 13?8 R (20, {v: v(1) € (0,6)}) = 0.

A standard weak convergence argument now gives
Jim Qy (XN e (>t)= Jim Qu (XN e, XY (1) >0, > ty)
=N (.| X¢(1) > 0).

This shows that the measure on the right side is independent of m and so the above
implies

(I1.7.17) Qn (XN €,¢>1) 2N, (-, Xe(1) >0) vVt >0,
and in particular (take t = t,,)
(I1.7.18) Ny, (5 Xe, (1) >0)=N"(-), m=0,1,2,....

(I1.7.17) shows that the measures N, ( , X (1) > O) are decreasing in ¢ and this
implies for each s < ¢, N, a.s. X5 = 0 implies X; = 0. Right-continuity implies

(11.7.19) Xs=0=X;,=0 Vs<t Ny -as.

This implies {¢ = 0} C ({X¢, = 0} N, -a.s., and therefore N'm-a.s. Therefore

Nim(¢ =0) <N (X; =0)=0,

m
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the last by (I1.7.18). It follows that N, ({ = 0) = limo Ntm (¢ = 0) = 0 which,

together with (I1.7.19) shows that N, is supported by QF®. (I1.7.17) may therefore
be written as

(11.7.20) Qn (XN €, ¢(>t) 3N, (¢ >t)  Vt>0.

The convergence in (I1.7.14) and the above together imply
2
(I1.7.21) Nz (Xig. €,¢ > t) = %Pt(-)

(Note that (II.7.20) alone would not give this if ¢ is a point of discontinuity, but as
the limit in (I1.7.14) exists we only need identify the finite-dimensional distributions
in terms of N, and (I1.7.20) is enough for this.) This implies N, -a.s. continuity of
X4 for all t > 0 (recall P*(Q%¢) = 0) and hence shows N, is supported on QE*.
(I1.7.21) also identifies the finite dimensional distributions of N, and so by (II.7.18)
with m = 0 we may conclude that all limit points in (I1.7.16) equal N, (-,{ > to).
This proves (a). (b) is then immediate from Theorem I1.7.2(i).
Let Z be as in (c). Note that E({v : 1, # 0}) is Poisson with mean

A
Ny (¢ > t) = 2/~t (by (I1.7.21)) and so fl/tJrE(dy)g > Xi.., where A; is Poisson
i=1

(2/~t) and given Ay, {X/, . : i < A;} are iid with lawE\IxO (X¢s. | ¢ > t) = P (by
(I1.7.21)). Compare this with (I1.7.13) and let ¢ | 0 to complete the proof of (c). B

8. Historical Processes.
We return to the path-valued setting of Example I1.2.4(c¢) under the assumption

(PC) x — P* is continuous.
In addition to the E-valued BSMP W; with laws (P;.,) described there, we introduce
probabilities {Pﬂy (1yy) € E’} on D(FE) by

Pry(4) = PO ({w: (y/7/w) € A}).

If W. has law ]ST,y and Y has law P, , then

D T
(I1.8.1) (We)yso=(m+1,Y7) .

Let § € Cy(E), 4 € Cy(E) L, and for 7 > 0 define
Mp(D)={me Mp(D(E)):y" =y m-—aa.y}.
Fix m € M%(D) so that 6, x m € Mp(E) and let X be the (W, 4, §)-DW superpro-

cess starting at d, X m with law I@’T’m(z I@)(;T xm) on the canonical space of continuous

A

Mp(E)-valued paths. Introduce

Qulr, 00) = {H c C([T, oo),MF(D(E))) . H, € ML(D) Vit > T},
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and let Qp = Qy[0,00) with its Borel o-field Fg. Let II : E — D(E) be the
projection map and define an Mp (D(E))—valued process (Hy,t > 7) by

HTth (A) = Xt (H_l(A)) .

Lemma I1.8.1. X, = 6., x H,y, ¥Vt > 0 and H, € ML(D) Vt > 7 P, ,-a.s.

~

Proof. Let P/ f(r,y) = PT,y(exp{ftg(Ws) ds}f(Wy)) and
0

A(t) = {(uy) € E:uT+1}.
Then by Exercise 11.5.2(b)

Pron (20(A(0)) = [ P2(10)(7.9) dimly) =0

because W; = (7' +t, YT”) pT’y—a.s. This shows Xt =04t X Hr iy Prpp-as. for
each t > 0 and hence for all ¢ > 0 a.s. by the right-continuity of both sides. Since
X, € Mp(E) ¥t > 0 a.s., the second assertion follows immediately. N

The process of interest is the Mp(D)-valued process H. We abuse our notation
and also use H; to denote the coordinate variables on Qg and let

FHls,t+] = [ o(H,:s <r<t+1/n).
n=1

Define Q;,,,, on (QH, FH[r, oo)) by Qrm(-) = I@’T’m(H € ), where H is as in Lemma
I1.8.1. The fact that X is a BSMP easily shows that

H= (QH,fHJfH[T7t+]7Ht7QT,m)

is an inhomogeneous Borel strong Markov process (IBSMP) with continuous paths
in ML(D) C Mp(D). This means
(i) Yu > 0 and A € FH[u,00) (1,m) — Q. (A) is Borel measurable on {(7,m) :
m € ML(D), 7 <u}.
(i) Hr =m, H € ML(D) Vt > 7, and H. is continuous Q; ,,,-a.s.
(iii) If m € ME(D), ¢ € bB([r,00] x Mp(D)) and T > 7 is an (F7[r,t+]),s -
stopping time, then

Qr,m (¢<T7 HT+~) | fH[Tv T+]) (w) = QT(UJ),HT(W) <¢(T(w)’ HT(W)+'))
Qrm —as. on {T < oo}

This is a simple consequence of the fact that X is a BSMP (only (iii) requires
a bit of work) and the routine proof is contained in Dawson-Perkins (1991) (Proof
of Theorem 2.1.5 in Appendix 1). We call H the (Y, 4, §)-historical process.

Of course it is now a simple matter to interpret the weak convergence theorem
(Theorem I1.5.1(c)), local martingale problem (LM P),,, and Laplace equation (LE)
for X, in terms of H.

To link the weak convergence result with that for the (Y, g)-superprocess
consider the special case where ¥(t,y) = v(y(t)), g(t,y) = g(y(t)) for some g €
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Cy(E) and v € Cy(E)y, 7 = 0 and m € M2(D). Note that we can, and shall,
consider m as a finite measure on E. Note also that 4 and g are continuous on E
(but not necessarily on R, x D) — see Exercise I1.8.1 below. It is then natural to
assume our approximating branching mechanisms 7 ((t, Y), ) =N (y(t), ) where
{vV} satisfy (I1.3.1). Let {Y® : a ~ t} be the system of branching Y-processes
constructed in Section I1.3. If W& = (¢,Y%,), then {W* : a ~ t} is the analogous
system of branching W-processes and so Theorem I1.5.1(c) implies

. 1 w - .
(I1.8.2) XNy = NZ(SWta:Xt on D(Ry, Mp(E)),

ant

where X has law Po,m.-
Recall HY € Mp(D(E)) is defined by HY = XN (II71(-)), i.e.,

Htjv - %Zéyit’

ant

and so, taking projections in (I1.8.2), we have
(11.8.3) P(HY € )2Q0.m ().

Remark I1.8.2. It is possible to prove this weak convergence result without the
continuity assumption (PC) and to prove Theorem II.5.1(c) with the assumption
(I1.2.2) P, : Cy — C} replaced by the weaker condition (QLC) (i.e. Y is a Hunt
process). For v constant and g = 0 these results are proved in Theorems 7.15 and
7.13, respectively, of Dawson-Perkins (1991). Our proof of the compact contain-
ment condition (i) can be used to simplify the argument given there. Without our
continuity assumptions one must work with the fine topology and use a version of
Lusin’s theorem. The processes of interest to us satisfy our continuity conditions
and so we will not discuss these extensions.

It is a relatively simple matter to take projections in (I1.8.2) (or (I1.8.3)) and
compare with Theorem II.5.1(c) to see that
(11.8.4)

X = Hi(y: € ) is a (Y, 7, 9)-DW superprocess starting at m under Qg .

We leave this as Exercise I1.8.1. See Exercise 11.8.3 for another approach.

Exercise I1.8.1. (a) Define IT: R, x D(E) — E by T1(t,y) = y(t). Show that IT is
not COIltiIlLl.OuAS but its restriction to E' is.
Hint. On E, II(t,y) = y(T) for all T' > t.

(b) For H € Qg define TI(H)(t) = Hy(y; € -) € Mp(FE). Show that IT: Qy — Qx
and is continuous.
Hints. (i) Show
T :QH — C(R+, MF(E))
Ht — 515 X Ht
is continuous. 3 R
(ii) Show that II(H); = T(H); o |
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(c) Use either (I1.8.2) and (a), or (I1.8.3) and (b), to prove that under Qg ,, II(H.)
is a (Y,~, g)-DW superprocess starting at m € Mp(FE).

Consider now the version of (MP) which characterizes Q,,. For s <t and ¢
in bD (D = B(D(E))) let Ps1d(y) = Psy(¢(Y")) be the inhomogeneous semigroup

associated with the path-valued process Yt If A is the weak generator of W and
Ap(s,y) = Asé(y), then it is easy to see from Proposition I1.2.1 that for ¢ € Cy(E),

¢ € D(A) ( s, s+h¢s+h - ¢s) /h_)A Qb as h l 0 for some Asgb(y) in Cb( )
t
< For some fls¢(y) in Cb(E), d(t,Y") — ¢(s,Y®) /

t > s, is a P, ,-martingale V(s,y) € E.

If m € M (D), an (F:),~.-adapted process (H;),-, with sample paths in Qg[7, 00)
defined on (2, F, (F1),>,, P) satisfies (HMP)_  iff H, =m a.s. and

t
Vo€ D(A) My(6) = Hy(r) — Ho(6,) — / Ho(Ab + uds)ds s a

continuous (F;)-martingale with (M (¢)), = /HS (49 ds Vt>71 as.

The following is immediate from Theorem I1.5.1, applied to X. As we are considering
deterministic initial conditions we may work with a martingale problem rather than
a local martingale problem (recall Remark I11.5.5(2)).

Theorem I1.8.3. (a) (HMP)_,  is well-posed. Q; ,, is the law of any solution to

(HMP), . o
(b) If K satisfies (HMP)_, on (Q,F,(Ft);>,P) and T' > 7 is an (F3),>,-stopping
time, then a a

P(qu.. eA | JTT)((U) = QT(UJ)’KT(W) (HT(UJ)_F. € A) as. VAe Fy. 1

We call a solution (Ky,t > 7) on (Q,F, (Fi)i>r,P), an (F;)-historical process
(or (F;) — (Y, 4, g)-historical process) starting at (7, m).

The Feyman-Kac semigroup associated with Y and g is

t

Pl ily) = (exp { /g(u,Y“) du}aﬁ(Yt)) 0<s<t, ¢ecbD.

The mean measure formula for DW-superprocesses (Exercise 11.5.2 (b)) gives

t

Bron (X0) = [ Pro(eo { [ a002)as}o(w) dim(y),

0
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which by (I1.8.1) and Lemma IL.8.1 gives (set ¢(¢,y) = ¥(y*) for ¢ € bD)
(I1.8.5) @y (H (4 / m(y)  t>r, ebD.

Let {P,} denote the semigroup of W and let b, f € b, (€ is the Borel o-field
of E). The Laplace equation for X (Theorem I1.5.11) shows that if V; is the unique
solution of

¢ L2
(ME); ; Vi=Bé+ [P (f - @) ds,
0
then
t
(EE) P, (exp /Xs ds —exp{ /Vt T,y) dm(y )}
0

Let D* = {y € D(E) : y = y°}. Defining Vi1(y) = Vies(s,9) (s < t,y € D*)
establishes a one-to-one correspondence between solutions of (M E) 4.7 and solutions

of
(ME),; ; Viit(y) = Pra(de)(y) + / Py, (fs + G5V — sV, /2) () ds

Note that in (M E); ; we may fix ¢ (and ¢;) and obtain an equationiny € D7, 7 < t.
Using Lemma I1.8.1, and setting @(¢,y) = ¢(y') for ¢ € bD, and f(t,y) = f(t, y")
for f € b(B(Ry) x D), , we readily translate (LE) into

Theorem I1.8.4. Assume ¢(y) and f(¢,y) are non-negative, bounded, Borel func-
tions on D(FE) and Ry x D(E), respectively. Let V;(y) be the unique solution of

(ME); ¢ with ¢ and f as above. Then

(HLE) Qe (exp { = Hi(9) - / H,(f.)ds}) = exp {— [ Vest dm<y>} .

Exercise I1.8.2. Assume (H;,t > 7) is an (3’-}) (Y, 4, 0)-historical process starting
at (7,m). Show that for any ¢ € bD, [ ¢(y”)H¢(dy)is a continuous (F;)-martingale.
Hint. The martingale property is easy (use (I1.8.5)). For the continuity, start with

¢ continuous and then show the class of ¢ for which continuity holds is closed under
bp
—.

Exercise II.8.3. Let m € ML(D), and assume §(s,y) = g(y(s)) and
4(s,y) = v(y(s)) for some g € Cp(E) and v € Cp(E) 4. Let K satisfy (HM P), , on
(Q,F,(Ft)t>r, P). Define Xy € Mp(E) by X4(A) = Kr+:({y : yr++ € A}). From
the hint in Exercise I1.8.1(a) it is easy to see that X. is a.s. continuous.
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(a) If ¢ € D(A), prove that d(s,y) = d(y(s)), (s,y) € E, defines a function in D(A)
and A¢(s,y) = Ad(y(s)).

(b) Show that X solves (MP)%&Z’A and conclude that P(X € -) = Py, is the law of
the (Y,~, g)-superprocess starting at Xo = m(y, € ).

Since X, is an infinitely divisible random measure, the same is true of H,
under Q,, for each ¢ > 7. We can therefore introduce the canonical measures
from Section 7 in the historical setting. Assume 4 = ~ is constant and g = 0. If
(1,y) € E, let Ry(r,y) denote the canonical measure of X; from Theorem IL.7.2.
Then Lemma I1.8.1 and (I1.7.11), applied to X, imply that

A

Ry(7,y) (1) = 04t X Brrpe(y, ),
where (by Theorem I1.7.2)

(a) R,+(y,) is a finite measure on M}.(D) — {0} which is Borel in
2

Yt —=7)’
/¢(V(1))V(¢)RT,t(y,dV) :/0 (y(t = 7)z/2)ze *dzPry (3(Y"))
for any bounded Borel ¢ : D(F) — R and ¢ : Ry — R,
and R, 4(y,{w:w™ #y})=0.
(I80) ) Qumlexp(-Hi(6)) =exp (= [ [1- Ot avymian))
for any Borel ¢ : D(E) — R..
(¢) If m € Mj(D) and Z is a Poisson point process on Mp(D) — {0}
with intensity /RT,t(y, )Jdm(y) then /VE(dV) has law Q. (H; € ).

y € D7, and satisfies R, (M} (D) — {0}) =

The fact that w™ = y for R, ;(y)-a.a. w (in (a)) is immediate from (c) and the
corresponding property for H; under Q; s, (use (I1.8.5) to see the latter).

The uniqueness of the canonical measure in Theorem I1.7.1 and the fact that
under Qr5,, X¢(-) = Hr:({y' : iyt € -}) is a (Y, ,0)-superprocess starting at
yr (y € D7) by Exercise 11.8.3, show that if f[t(y) = y; and (R¢(x))zcp are the
canonical measures for X, then

(II.87) R7’,7’—|—t(/ya Vo ﬂ;-i]:t E .) - Rt(y'r7 .)'



Superprocesses 193

II1I. Sample Path Properties of Superprocesses
1. Historical Paths and a Modulus of Continuity

Assume (X, (Pu) emp(r)) is a (Y,7,0)-DW-superprocess with v(-) = v > 0
constant, (PC) holds, and (H , (Qﬂm)(r,m)e E) is the corresponding historical process
on their canonical path spaces, 2x and 2y, respectively.

Theorem III.1.1. (Historical Cluster Representation). Let m € ML (D) and
T<s<t Ifry(Hy)(-) = H({y:y® €-}), then

M
(I11.1.1) Qe (rs(Hy) € - | FH[r, 54]) QZ

where (e, yi)i<am are the points of a Poisson point process on Ry x D with intensity

(ﬁ)(yt_s x Hy(w)) and v;_, is an exponential law with mean (¢ — s)/2. That

is, the right-hand side of (III.1.1) defines a regular conditional distribution for the

random measure on the left side given FH[r, s+].

Proof. By the Markov property of H we may assume s = 7. Fix m € M} (D). Let

Ai,..., A, be a Borel partition of D and define m; = m(-N A;). Let H*,..., H" be

independent (F;)-historical processes with H* starting at (7, m;) on some (2, F, F;, P).

Then by checking the historical martingale problem (HMP), ,, we can easily see

n .

that H = ) H' is an (F;)-historical process starting at (7,m) and so has law Q; ,,.
i=1

For each i, the mean value property for historical processes (I1.8.5) implies (recall

y =y" m-a.e.) for each t > 7

P(H] ({97 € ATD) = [ 1a(7) Py (07 € AD)dm(y) =0,

The process inside the expected value on the left side is a.s. continuous in ¢ by
Exercise 11.8.2 and so is identically O for all ¢ > 7 a.s. This implies

(I111.1.2) H()=H;(-n{y" € A;}) i=1...n foral ¢t>7 as.
It follows that if we start with H. under Q; ,, and define H® by (II1.1.2), then

(I11.1.3) (H!)i <n) are independent F[r, t+]-historical processes
o starting at  (7,m;)i<n, respectively.

In particular {H?, (1), s > 0};=1.,, are independent Feller diffusions (i.e. solutions
of (I1.5.10) with g = 0) with initial values {m(A;) : i = 1...n}, respectively. Recall-
ing the Laplace transforms of H}(1) from (I1.5.11), we have for any A1,..., A, >0
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and f(y) == é)\zlz‘h (y) (y € DT)?

Qron(exp{ = [ FGVH:d)}) = Qo (o0 { - Z NH{ (1))

= im(A;
- P { 2.3 i);\i(t(— 3)7}

i=1

= exp { - /Qf(y)(2 + )t - T)V)‘ldm(y)}

= E<eXp{ - /ef(y)E(de,dy)}>,

where = is a Poisson point process on Ry x D with intensity ﬁ(m_T X m).
As the above equation immediately follows for any Borel f > 0 on D, the proof is
complete because we have shown [1(y™ € -)H;(dy) and [el(y € -)=(de,dy) have

the same Laplace functionals. 1

A consequence of the above argument is
Lemma III.1.2. If A is a Borel subset of D(E), and m € MJ(D), then X =
Hoir({y : y~ € A}) is a Feller branching diffusion (a solution of (I1.5.10) with
g=0), and for t > 7,

vt —1)

Proof. This is immediate from (III.1.3) and the extinction probabilities found in
(I1.5.12). 1

The above Theorem shows for s < t, Ht({y TS }) is a purely atomic mea-
sure. The reader should be able to see that (conditionally) this measure is a Poisson
superposition of exponential masses directly from Kolmogorov’s and Yaglom’s the-
orems (Theorem II.1.1). If 7 = s = 0, the above may also be easily derived from the
corresponding canonical measure representation (II.7.11) for H; and projecting it
down to yg. Note that the exponential masses come from the last assertion of Theo-
rem I1.7.2(iii). An extension of the above cluster decomposition which describes the
future evolution of the descendants of these finite number of clusters will be proved
using similar ideas in Section II1.6 (see Theorem III1.6.1 and Corollary I11.6.2).

Until otherwise indicated assume ((X¢)¢>0, (Pu)cnrp(re)) is a super-Brownian
motion with branching rate v > 0 (we write X is SBM( 7)). This means X is a
(B,~,0)-DW-superprocess on its canonical space {)x, where B is a standard Brow-
nian motion in R? and v is a positive constant. H. will denote the corresponding
historical process on Q. We call H a historical Brownian motion (with branching
rate 7).

The following result is essentially proved in Dawson-Iscoe-Perkins (1989) but
first appeared in this form as Theorem 8.7 of Dawson-Perkins (1991). It gives a
uniform modulus of continuity for all the paths in the closed support of H; for all
t > 0. The simple probabilistic proof given below seems to apply in a number of
different settings. See, for example, Mueller and Perkins (1992) where it is applied to

QT,m (Hs ({y : yT S A}) =0 Vs > t) = exp {— m(A)2 } .
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the supports of the solutions of a class of parabolic stochastic pde’s. It also extends
readily to more general branching mechanisms (see Dawson and Vinogradov (1994))
and to the interacting models considered in Chapter V (see Chapter 3 of Perkins

(1995)).
Notation: S(u) denotes the closed support of a measure p on the Borel sets of a

metric space. h(r) = (rlog 1/7’)1/2 is Lévy’s modulus function.

Theorem II1.1.3. (Historical Modulus of Continuity). If d,¢ > 0, let
K(6,¢) = {y € C(RY) : ly(r) — y(s)| < ch(|r — s|) Vr,s > 0 satisfying |r — s| < 6}.
Qo,m denotes the law of historical Brownian motion with branching rate v > 0
starting at (0, m).

(a) If ¢ > 2, then Qg ,-a.s. there is a d(c,w) > 0 such that

S(Hy)(w) C K(8(c,w),c) Vt>0.
Moreover there are constants p(c) > 0 and C(d, ¢) such that
Qo,m(d(c) <7) < O(d,c)m(1)y~tr? for r € [0, 1].

(b) If m # 0 and ¢ < 2, then Qg ,,-a.s. for all 6 > 0 there is a ¢ in (0, 1] such that
H (K (6,¢)¢) > 0.

Remark. This should be compared to Lévy’s modulus of continuity for a simple
Brownian path for which ¢ = V/2 is critical. This reflects the fact that the tree of
Brownian paths underlying H. has infinite length. We prove (a) below only for a
sufficiently large c.

Proof of (a) (for large ¢). Use Lemma III.1.2 and the Markov property to see that
. j -7 —1 -n . n

= Q1 - e { - 5 ({: g —u(50) [ > e )
< 210 (Hy o (13/27) (G — 1)/27)] > ch(27))

Now recall from (I1.8.5) that the mean measure of H; is just Wiener measure stopped
at t. The above therefore equals

2197 [ By (B2 - BUG = 1/2)| > ch(2™)) dm()
< 2n+1,y—1m<1)cdnd/2—12—nc2/2
by a Gaussian tail estimate. Sum over 1 < 57 < n2" to see that

Gon (1 ({o () -s( 255 > e}) >0

for somet > (j+1)27" and 1 <j < n2">

< Cd,yf1m(1)nd/222n+127n02/27
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which is summable if ¢ > 2. Assuming the latter, we may use Borel-Cantelli to see
IN(w) < c© a.s. such that H; =0 for t > N(w) and

j ] —1 —-n . . —n
nzNw)=|y(5) —y( 75 )| Sch(@7") V21, (7+1)27" <t

(I11.1.4)
Hi-aa. y VYVt <n.

We now follow Lévy’s proof for Brownian motion. Let é(co,w) = 2~ N > 0 a.s.,
where co will be chosen large enough below. The required bound on
Qo,m (d(c2) < ) is clear from the above bound and the extinction probability esti-
mate formula (I1.5.12). Let N >t > 0 and choose y outside of an Hy-null set so
that (II1.1.4) holds. Assume r < s <t and 0 < s —r < 27 and choose n > N
so that 27" ! < s —r < 27", For k > n, choose s; € {j2_k : j € Z4} such that
sk 4+ 27F < s and si is the largest such value (set s = 0 if s < 2*’“). One easily
checks that

sk 18, Skt = s+ jrr12” Y for jriq = 0,1 or 2 (and jry1 = 0 only

arises if s < 27571,

Note also that sg + (jer1 + 1)2_k_1 = Sp41 + 2-k—1 < g < t. Therefore the choice
of y and (II1.1.4) imply |y(sks1) — y(sx)| < jrr1ch(27%71), and so for some ¢; > 0
(c1 = 5c/log2 will do),

9(9) ~ ylsa)l < D Jrnch(27) < 263" h(E) < ez )
k=n k=n

(I11.1.5)

< cih(s—r).
Similarly one constructs ri T r so that
(I11.1.6) ly(r) —y(ryn)| < cih(s —r).

The restriction s — r < 27" implies s, = 1, + 7,2~ " where j,, = 0 or 1 and so
$n < s < t, which means by (III.1.4) that

(ITI1.1.7) ly(sn) — y(rn)| < ch(277) < ev/2h(s — 7).

(IT1.1.5)-(I11.1.7) imply |y(s) —y(r)| < (2¢1 +cv2)h(s—71) = coh(s—r). This proves
Ht(K(é(CQ),Cg)C) =0 for t < N(w) and so all ¢ > 0 because H; = 0 for t > N.
K (6, ¢2) is closed and therefore S(H,;) C K (6(cz),c) for all t > 0.

To get (a) for any ¢ > 2, one works with a finer set of grid points {(j +
)0 1 j € Zy, 0 < p< M} (6 <1 sufficiently small and M large) in place of
{j2=™:5=0,1,2...} to get a better approximation to r, s, as in Lévy’s proof for
Brownian motion. For example, see Theorem 8.4 of Dawson-Perkins (1991).

(b) Let c < 2 and 1 >n > 0. If

B = {y e C:ly(2j27") — y((2j — 1)27")| > ch(2™™)},
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it suffices to show
(II1.1.8)

sup Hj41)2-»(B]') > 0 for large n for a.a. w satisfying inf H;(1) > 7.
JEN,(2j+1)2-"<n t<n

This is because the first event implies sup,., H(K(d,c)°) > 0 Vo > 0, and
Qo,m (infrey H (1) >n) T 1asn | 0. If

A = {w: H(2j+1)2—"(B;l) =0, Hijraa-»(1) 2 0},

then we claim that

(I11.1.9) Z Qo,m(Mi<j,2j+1)2-n<nA]) < 00.

n=1
Assume this for the moment. The Borel-Cantelli Lemma implies

w.p.1 for n large enough 3(2j + 1)27" < 7 such that
Hgj1)2-n(Bj}) > 0 or Hgji1)2-»(1) <,
which implies

w.p.1 either %1<1f H.(1) < n or for large n sup Hgj11)2-»(B}) > 0.
n (2j+1)2—n<n

This gives (II1.1.8) and so completes the proof.
Turning to (II1.1.9), note that

Qo,m (A} F710,2527"+]) < Qo,m (H(2j41)2- (B}) = 0|F[0,227"+])
< exp{—anV_lefn (B?)},

the last by Theorem III.1.1 with ¢t = (2j4+1)27" and s = 227 ". Let R, (y, -) be the
canonical measures associated with H, introduced in (I1.8.6). Condition the above
with respect to FH[0, (2 — 1)27"+] and use (I1.8.6)(b) and the Markov property
to see that

Qo (AF|FH0, (25 — 1)27"+])
<exp{~ [[ 1= exp(-2 B Resj - aja o (s d0) oy ()}
<exp{~ [[ 1000 <271~ exp(-2 1w (B)))
R(zj—m*”,zjrn(y,dl/)H(zj—l)z*n(dy)}
< exp{—co / / 1(v(1) <27")2" 'y 1u(BY)

R(zj—1)2—n,2j2—n (Y, dV)H(zj—1)2—n (dy)},
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where cg = co(y) > 0 satisfies 1 — e2%/7 > ¢cox for all = € [0,1]. (IL.8.6)(a) shows
that on A7_;

Qo,m (AFIFH[0, (25 — 1)27"4])

< exp{—COZ"Jrl’yl/ 1(y27 " 12 <27 ze 7dz
0
X /P(2j1)2—n,y(|B(2j2n) - B((2j —1)27" > Ch(2in>)H(2jf1)2—n(dy)}

< eXp{—602n+17—161P0(|B(1)| > Cmﬂq(zj—ng—n(l)}
< exp{—ca(7, 0)772”(1_02/2)71—1/2}7

for some ¢y > 0, at least for n > ng(c) by a Gaussian tail estimate and the fact that
Hj_1)2-»(1) <non A} ;. Therefore for n > ny(c,n),

2 9n(2—c?/2)
com” 2
@o,m (ﬂjzl,(2j+l)2*"§nf4?> < eXP{ }7

2 vn
which is summable over n since ¢ < 2. This gives (II1.1.9) and we are done. 1

Remark. It is easy to obtain versions of the above result for continuous spatial
motions other than Brownian motion (see Theorem 8.6 in Dawson-Perkins (1991)).

Notation. II, : D(E) — E is the projection map II;(y) = y(?).
Recall X denotes SBM () and H is the associated historical Brownian motion.

Corollary III.1.4. (a) S(H;) is compact in C'(R?) V¢ > 0 Qg m-a.s.
(b) S(X;) =1I,;(S(H¢)) and hence is compact in R? Vt > 0 P,,-a.s.

Proof. (a) Lemma II1.1.2 shows that for any n > 0,

Qo.m (Hs({|?JO| > R}) =0 for all s > 77) = exp{—

2m({(yo) > R}) }
o

— 1 as R — oo.

This and the previous theorem show that for Qg ,,-a.a. w there is a §(3,w) > 0 and
an R(w) < oo such that

S(H)(w) € K(5(3,w),3) n{y : lyol < R(w)} Vt=1n.

The set on the righthand side is compact by the Arzela-Ascoli theorem. Let n | 0
to complete the proof of (a).
(b) From (I1.8.4) we may assume that X, = H, oII;' forall ¢ > 0. Note that

S(H;) c 11t (Ht (S(Ht))> and therefore

X; (L (S(Hy))®) = Hy (I (T (S(Hy)))©) < He(S(Hy)®) = 0.
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This shows II,(S(H;)) supports X; and as it is compact Vt > 0 by (a), S(X;) C
I, (S(H;)) Vt > 0 and is also compact a.s. If w € S(Hy), H;({y : |y —wi| <e}) >0
for all e > 0 and so w; € S(X¢). This shows the reverse inclusion. H

A measure-valued process X. has the compact support property (CSP) iff S(Xo)
compact implies S(X;) is compact for all ¢ > 0 a.s. Corollary II1.1.4 shows that
super-Brownian motion has the (CSP) (in fact S(X() need not be compact). Ob-
viously this property fails for the heat kernel Pi.¢. The (CSP) for SBM was first
proved by Iscoe (1988). The next result provides the natural rate of propagation
for X suggested by the historical modulus of continuity.

Notation. A CR? § >0, A% ={x ¢ R?:d(A,z) =inf{|ly — x| : y € A} < 6}.

Corollary III.1.5. With probability 1 for any ¢ > 2 there is a §(c,w) > 0 such
that if 0 < t — s < 6(c,w), then S(X;) C S(X,) =),

To avoid an unexpected decline in S(X) on the right side of this inclusion we
need a lemma.

Lemma II1.1.6. For Qp ,-a.a. wif 0 <s <t and y € S(H;), then y(s) € S(X5).

Proof. If 0 < s < s’ are fixed, Theorem III.1.1 shows that conditional on F [0, s+],
H, (y(s) € ) is supported on a finite number of points zj ...z, in S(X;). The
Markov property and (II1.1.3) show that conditional on FH[0, s'+],

{Hi(ys = x;) : t > 8" }icn and {Hy(ys € {z1...2p}) 1t > 5"}

are independent Feller diffusions. The latter is therefore a.s. identically 0 and so
w.p.1 for all t > &,

{y(s) :y € S(Hy)} € S(He(ys €-)) (trivial)
C S(H(ys €))
C S(Xs).

Take the union over all 0 < s < s’ in Q to conclude
(IT1.1.8) w.p.1 forall sc Q=" andall t>s {y(s):yecS(H;)} c S(X,).

A simple consequence of our modulus of continuity and X; = Hy(y: € -) is
that if B = B(z,¢), B' = B(x,¢/2) and m(B) = 0, then Q,,,-a.s. 3n > 0 such
that X;(B’) = 0 for all 7 < t < 7. Use this and the strong Markov property
at time 7, (B) = inf{t > r : X4(B) = 0} where B = B(xz,¢) is a rational ball
(r € Q4 e € Q%) and B’ is as above to conclude:

w.p.1 for all r € Q=Y and rational ball B 3n > 0 such that

(I11.1.9) X (B") =0 for all s in [T}.(B),T,.(B) + 7).

Choose w so that (I11.1.8) and (IT1.1.9) hold. Let y € S(H;), s < t and suppose
y(s) & S(Xs) (the s =t case is handled by Corollary I11.1.4). Choose a rational ball
B so that y(s) € B" and X4,(B) =0, n’ > 0, and a rational r in (s — 7/, s]. Then
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T,.(B) < s because Xs(B) = 0 and so by (III.1.9) there is an open interval I in
(s —n',s+n") such that X,,(B") =0 for all w in I. In particular there are rationals
u, — s such that X, (B’) =0. On the other hand by (III.1.8) and the continuity
of y, y(u,) € B and y(u,) € S(X,,) for n large which implies X, (B’) > 0, a
contradiction. [}

Proof of Corollary ITI.1.5. Apply Theorem III.1.3, Corollary I11.1.4 and Lemma
II1.1.6 to see that w.p.1if 0 <t — s < d(c,w),

S(Xy) =T, (S(Hy)) € T (S(H,)) "

C S(X,)ht=) 1

Remark. Presumably ¢ = 2 is also sharp in Corollary II1.1.5 if d > 2, although
this appears to be open. It would be of particular interest to find the best result in
d = 1 as the behaviour of 05(X;) in d = 1 could shed some light on the SPDE for
super-Brownian motion in one dimension.

Definition. For I C Ry we call R(I) = |J S(X¢), the range of X on I, and
tel

R(I) =R(I) is the closed range of X on I. The range of X is R = |J R([0,0)).
>0
It is not hard to see that R — R(0,00) is at most a countable set of “local ex-

tinction points” (see Proposition 4.7 of Perkins (1990) and the discussion in Section
1.7 below). R is sometimes easier to deal with than R((0, 00)). The reason for not
considering R ([0,00)) or R([0,00)) is that it will be R? whenever S(X) = R?.

Corollary IIL.1.7. R([§,00)) is compact for all § > 0 as. R([0,00)) is a.s.
compact if S(Xj) is.

Proof. Immediate from Corollaries II1.1.4 and II1.1.5. 1

In view of the increase in the critical value of ¢ in Theorem III.1.3 from that
for a single Brownian path, it is not surprising that there are diffusions Y for which
the (CSP) fails for the associated DW-superprocess X. Example 8.16 in Dawson-
Perkins (1991) gives a time-inhomogeneous R-valued diffusion and 7" > 0 for which
S(X7) = ¢ or Ra.s. For jump processes instantaneous propagation is to be expected
as is shown in the next Section.

2. Support Propagation and Super-Lévy Processes

Let Y be a Poisson (rate A > 0) process on Zy and consider X, the (Y,~,0)-
DW superprocess with v > 0 constant. Then A¢(i) = A(d)(i +1) — d)(i)), i€ Zy,
and taking ¢(i) = 1(¢ = j) in the martingale problem for X, we see that X; =
(Xt (j ))j ez, May also be characterized as the pathwise unique solution of

t

(I11.2.1) X:(j) +)\/ (G —1)— X ( )ds+/\/7X )dBY, j € 7.

0 0

Here {B’ : j € Z,} is a collection of independent linear Brownian motions, and
Xs(—1) = O Pathwise uniqueness holds by the method of Yamada and Watanabe
(1971).
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Let Xo = adp. Note that X¢({0,...,n}) is a non-negative supermartingale and
so sticks at 0 when it first hits 0 at time (,. Evidently

(o 1 ¢C=inf{t: X4(Z,) =0} < o0 as.

Clearly m; = inf S(X;) =n if t € [(h—1,Cn) ((—1 = 0) and so is increasing in t a.s.,
and X; becomes extinct as the lower end of its support approaches infinity. On the
other hand it is clear (at least intuitively) from (II1.2.1) that the mass at m; will
immediately propagate to m; + 1 which in turn immediately propagates to m; + 2,
and so on. Therefore we have

(III?Z) S(Xt) = {mt,mt—i—l,...} a.s. Vt>0.

This result will be a special case of Theorem II1.2.4 below. Note, however, that
S(X:) = {m} at exceptional times is a possibility by a simple comparison argument
with the square of a low-dimensional Bessel process (see Exercise I11.2.1).

The above example suggests S(X;) will propagate instantaneously to any points
to which Y can jump. This holds quite generally (Corollary 5.3 of Evans-Perkins
(1991)) but for the most part we consider only d-dimensional Lévy processes here.
Our first result, however, holds for a general (Y,~, g)-DW superprocess X with law
Px,. Recall if Z; = Zy+ M, +V; is the canonical decomposition of a semimartingale
then its local time at 0 is

t

(LT) LY(Z) = 11%15*1 / 1(0 < Z, <e)d(M)s a.s.
0

and in particular

(I17.2.3) / 1(Z, = 0)d(M), = 0.

Theorem II1.2.1. If ¢ € D(A),, then with probability 1 for Lebesgue-a.a. s,
Xs(A¢) > 0 implies X (¢) > 0.

Proof. This should be intuitively clear from (M P)x, as the drift Xs(A¢)ds > 0
t

should keep X,(¢) > 0 a.s. Since X;(¢) = Xo(¢) + M(¢) + [ Xs(A9¢)ds, we have
0

with probability one,
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t
L; = LY(X(¢)) = lim /1 (0 < X,(¢) <) Xs(yp*)dse™!
0

t
< ot [ 100 < X.(6) < ) X ()= ds
0

t

< lhélltim [ 1(0< X.(6) < e)ds
0
=0 a.s.

Tanaka’s Formula implies

t t

X,(8)* = Xo(d) + / 1(X.(6) > 0) dM,(6) + / 1(X.(6) > 0) Xo(Ad)ds

0 0
+ [10(0) > 0) X.(go)ds
0
Clearlyf“l(xs(gs) =0) X,(g¢)ds = 0, and by (I11.2.3 ,f1( =0)dM,(¢) = 0.
0

0
The above therefore implies

Xe(¢) = Xo(¢)" = Xo() + Mi(9) +

o —

X, (A99)ds — / 1(X.(6) = 0)X.(Ad)ds

t

= X(0) - [106,(6) = 0%, (40)ds

0

t
We conclude that [1(X,(¢) = 0)Xs(Ap)ds = 0 V¢t > 0 a.s. and the result fol-
0

lows. 1

Assume now that Y is a Lévy process in R? with Lévy measure v. Then D(A)
contains C$°, the C*°-functions on R? with compact support. Let B be an open
ball in R? and choose ¢ € (C3)y such that {¢ > 0} = B. Then for x ¢ B,
Ap(z) = [¢(z + y)v(dy) (see, e.g., Theorem IV.4.1 of Gihman and Skorokhod
(1975) or Example 11.2.4(b) when Y is an asymmetric a-stable process). This
means that Xs(B) = 0 implies X (A¢) = X, *xv(¢), where x denotes convolution of
measures. Theorem II1.2.1 therefore implies w.p.1 Xs*v(B) > 0 implies X,(B) > 0,
for Lebesgue a.a. s. Taking a union over balls with rational radii and centers we
conclude

(I11.2.4) S(Xs*v) C S(Xs) for Lebesgue a.a. s >0 a.s.
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The “Lebesgue a.a. s” is a nuisance as we would like to verify this inclusion for a
fixed s > 0 (it is false for all s > 0 simultaneously as Exercise II1.2.1 shows). The
following result allows us to do this and also has several other applications.

Theorem III1.2.2. Let X be the (Y7, g)-DW-superprocess where v(-) =y > 0 is
constant and g € Cy(E). Let p1, o € Mp(E). The following are equivalent:
(1) Ps < poPy V0O<s<t
(i) Py, (Xs € ) <P, (Xye) VO<s<t
(iii) P, (Xsy. € 1) K Py (Xig. € 2) (on C(R4, Mp(E))) YV0O<s <t

The original proof in Evans-Perkins (1991) used exact moment measure calcu-
lations and Theorem II.7.2. A simpler argument using only the latter is given at
the end of the Section.

Example IT1.2.3. Let X be a super-a-stable process, i.e. g =0, v(-) =~v >0
constant and Y is the symmetric a-stable process in Example 11.2.4(b) (and so is
Brownian motion if a = 2). For any juy, s € Mp(R?) — {0}, (i) is trivial as p P is
equivalent to Lebesgue measure for all s > 0. Therefore P, (X, € -) and P,,, (X; € -)
are equivalent measures on Mp(R?) and P, (X € -) and P,,(X € -) are equivalent
measures on (Qx,o(X, : 7> 0)) for any 6 > 0. For 0 < o < 2 the first equivalence
allows us to consider a fixed s in (II1.2.4) and conclude S(X; x v) C S(Xs) a.s.
Vs > 0. Recall that v(dx) = c|z|~¢~*dx and conclude

(I11.2.5) S(X)=¢ or RY as. Vs>O0.

A similar application of Theorem I11.2.2 easily gives (I11.2.2) for super-Poisson pro-
cesses. More generally we have

Theorem III.2.4. Let Y be a Lévy process on R? with Lévy measure v, let
() = v > 0 be constant and let X be the (Y, ,0)-DW-superprocess starting at X
under Px,. If v** is the k-fold convolution of v with itself then

U S« X,) € S(X;) Px, —as. VE>0, Xo€ Mp(RY).
k=1

Proof. Choose Xy in Mp(R?) so that Xo(A) = 0 iff A is Lebesgue null. Then
PXo(Y, € A) = 0 iff A is Lebesgue null and so just as in the a-stable case above,
Theorem I11.2.2 and (II1.2.4) imply that if A = {u € Mp(E) : S(v*u) C S(u)}
then Py, (X; € A) =1Vt > 0. The cluster decomposition (II.7.11) implies that for
each t > 0,

(111.2.6) Ri(xp,A) =0 for Lebesgue a.a. .

Let 7, : Mp(RY) — Mp(R?) be the translation map 7,(u)(A) = [1a(z + y)du(y).
Then Ry(zo,7, ' (-)) = Re(zo + y,-), e.g., by Theorem I1.7.2(i) and the translation
invariance of X}¥. Clearly 7,7'(A) = A and so (II1.2.6) implies Ry(20,A°) = 0
for any zo € RY. Another application of the cluster decomposition (I1.7.11) (use

U S(ui) = SO i) shows S(v x X;) € S(X;) Px,-a.s. for any Xo € Mp(R9).
i=1 1
Iterate this to complete the proof. |
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Remark. Dawson’s Girsanov theorem (Theorem IV.1.6 below) immediately gives
the above for a general non-zero drift g in Cy(E).

It is interesting to compare Theorem II1.2.4 with the following result of Tribe
(1992).
Theorem II1.2.5. Assume Y is a Feller process on a locally compact metric
space E, X is the Y-DW-superprocess starting at Xo € Mp(E) under Px,, and
¢ = inf{t: X;(1) = 0}. Then there is a random point F' in F such that

Px,(F € A| X (1),s>0)(w) =P*(Ye) € A)/Xo(1) as. VAEE

and X,()
. t\’
e X0
Proof. See Exercise II1.2.2 below. 1
This says the final extinction occurs at a single “death point” F', which, in
view of the independence assumptions underlying X, is to be expected. On the
other hand Example IV.2.3 shows that for an a-stable superprocess S(X;) = R¢ for
Lebesgue a.a. t < ¢ a.s. because of the ability of the mass concentrating near F' to
propagate instantaneously. The following result of Tribe (1992) shows the support
will collapse down to F' at exceptional times at least for av < 1/2.
Theorem II1.2.6. Assume X is a a-stable-DW-superprocess with o < 1/2. Let F
be as in Theorem II1.2.5. For a.a. w there are sequences ¢,, | 0 and ¢,, T ¢ such that
S(Xi,) C B(F,en).

We close this Section with the
Proof of Theorem III.2.2. The implications (ii) = (i) and (ii) = (iii) are im-
mediate by considering PP, (X s()) and using the Markov property, respectively. As
(iii) = (ii) is trivial, only (i) = (ii) requires a proof. Dawson’s Girsanov Theorem
(Theorem IV.1.6 below) reduces this implication to the case where g = 0 which we
nOwW assume.

Assume (i) and choose 0 < s < t. Write R,(m,-) for [ Ry (zo,)dm(zo) and
set R:(m,-) = Ry(m,-)/Ry(m, Mp(E) — {0}), where R, (zq,-) are the canonical
measures of X from Theorem I1.7.2 and m € Mp(E) — {0}.

The first step is to reduce the problem to

=Jdp as.in Mp(E).

(I11.2.7) Ry(p1, ) < Ri(pa,-) on Mp(E)—{0}.

By (IL.7.11), P,, (X, € -) and P,,(X, € -) are the laws of 3.0 v} and Y02 12,
respectively, where N; and Ny are Poisson with means 21 (1)/vs and 2u2(1)/~t,
respectively, and conditional on Ny, Na, {v} : i < N1} and {v? : i < Np} are i.i.d.
with law RX(u1,-) and R} (e, ), respectively. (II1.2.7) implies the n-fold product of
R (p1,-) will be absolutely continuous to the n-fold product of Ry (us,-). Therefore
we can sum over the values of Ny and Ny to obtain P, (X, € ) < P, (X} € ) as
required.

Let =" denote a Poisson point process on Mp(FE)—{0} with intensity R, (v, -).
If 0 < 7 < t, then Exercise 11.7.2 (b) and (I1.7.11) show that
(I11.2.8)

Ri(po,-) = /]P(/VEt_T’VO(dV) € -)RT(ug,dyo) as measures on Mp(E) — {0}.
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This and the fact that R, (o, 1) = 22

= =)’ show that

Rilpiae) 2 P( [ w2700 (o) € oo BT OMR(E) ~ (0}) = 1)) Ry ()

(I11.2.9) :/exp(—j(lzo—_(lT)QRt_T(yo,.)RT(ug,dVO).

Assume now that B is a Borel subset of Mp(E) — {0} such that R;(u2, B) = 0.
Then (II1.2.9) implies that

0= / Rt_T(.’Bo,B)dU()(ZL‘()) RT(,UQ,dI/()).

Recall from Theorem I1.7.2 (c) that the mean measure associated with R, (us,-) is
o Pr. Therefore the above implies that

Ry (x9,B) =0 puoP; —a.a. xo.
Now apply (i) to see that for 0 < h < 7,
Ry +(x9,B)=0 pPr_p —a.a. xg.
Now reverse the above steps to conclude

0= / R 1 (v0, B)Ron (s, dy),

and for s >e > 0,set 7=t —s+cand h =t — s to get

/RS_E(VO,B)RE(ul,dVO) = 0.
Use this result in (II1.2.9) with our new parameter values to see that

0= / p( / VEE(dy) € B, 25 (Mp(E) — {0}) = 1) Re(u1, dwy)

(II1.2.10) > Ry(y1,B) — /]P’(ES_E’”O(MF(E) —{0)) > z)RE(ul,duo),
where in the last line we used (III.2.8) with our new parameter values and also
the fact that 0 ¢ B so that there is at least one point in the Poisson point pro-

cess 2750, The elementary inequality 1 — e ® — ze™® < 22/2 for z > 0 and
Theorem I1.7.2 (iii) show that if v = v(s — €)/2, then the last term in (II1.2.10) is

/(1 —exp(—vo(1)/v') = (vo(1) /%) GXp(—Vo(l)/'y’)>RE(u1, dvy)
= A <1 _ e—x/vl _ %e—m/w’) (%)26—2;1:/75 dr

2
< [ L) e
“Jo 292 \ne

=v'""2ye/2.
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Use this bound in (IT1.2.10) to conclude that Rs(u1, B) < 7/ 7?4¢/2 and for any ¢
as above and hence Rg(pu1, B) = 0, as required. |

Exercise I11.2.1. Let X; be the super-Poisson process which satisfies (II1.2.1)
with Xo = ady (a > 0). Prove that P(S(X;) = {0} 3t > 0) > 0 and conclude that
(I11.2.2) is not valid for all t > 0 a.s.
Hints. By a simple scaling argument we may take v = 4.

(i) Show that

t
Xt(O):a—/)\X ds+/2\/ 0)dB?
0

0
t

X! = X ({0}) :/)\X ds+/2\/7d3;,

0 0

where (B°, B') are independent linear Brownian motions.
(i) Let Ty = inf{t : X;(0) < A7}, To =inf{t : t > T1, X,(0) &€ (AA"1, 3071} =Ty

and let
4Ty

Y, =Xp, + t+/2\/ Y.dB..
Ty

Y is the square of a 3/2-dimensional Bessel process and hits 0 a.s. (see V.48
of Rogers and Williams (1987)), Y. and X. 7, (0) are conditionally independent
given Fr,. Argue that Y hits 0 before T, with positive probability and use this
to infer the result.

Exercise IT1.2.2. (Tribe (1992)). Let X be a Y-DW-superprocess (hence g = 0,
constant) on (Q, F, F;,P), where Y is a Feller process on a locally compact metric
space F and Xo € Mp(E) — {0}. This means P; is norm continuous on Cy(E) the
space of bounded continuous functions with a finite limit at co. Let Foo = EU{oo}
be the one-point compactification of E.

t
(a) Let Cy = { X;(l) ds for t < (. It is well-known and easy to show that C:_ = oo

(see Shiga (1990), Theorem 2.1). Let D; = inf{s : C; >t} for t > 0, Zi() = Xp, ()
and Zy(-) = Z(-)/Z¢(1). Show that if ¢ € D(A), then

t

7,(6) = Xo()/Xo(1) + / Z.(Ad)ds + Ni(9),

0

where N¢(¢) is a continuous (Fp,)-martingale such that

(N())e = [ Zs(¢*) — Zs(0)*ds.
/
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(b) Show that [ Z,(]A¢|)ds < oo a.s. and then use this to prove that N;(¢) con-
0

verges a.s. as t — oo for all ¢ in D(A). Conclude that Z;(-)*3 Zo(-) in Mp(Ew)
for some Z, € Mp(Ey).
(c) Prove that Z., = dp a.s. for some random point F' in F,, and hence conclude

that X;(-)/ X (1)%36p(-) as t T C.
Hint. Prove lim Zi(¢?)—Z($)? = 0 for all ¢ in D(A), by using the a.s. convergence

of Nt(¢)
(d) Use Exercise 11.5.4 to see that

Px,(F € A| X,(1),s >0)(w) = P*(Ye(u) € A)/Xo(1) as. for all A € B(Ew),

and in particular F' € F a.s.

3. Hausdorff Measure Properties of the Supports.
Definition. If h : R, — R is strictly increasing and continuous near 0 and hA(0) =0
(write h € H), the Hausdorff h-measure of A C R? is

h —m(A) = %lﬂ)llnf { Zh (diam(B;)) : A C UB“ B; balls with diam(B;) < 5}
The Hausdorff dimension of A is dim(A) = inf{a : 2% — m(A) < o0 }(< d).

The first result gives a global (in time) upper bound on S(X;) for d > 3 which
allows one to quickly understand the 2-dimensional nature of S(X;). Until otherwise
indicated (X;,t > 0) is a SBM(y) starting at Xg € Mp(R?) under Py,, P; is the
Brownian semigroup and A is its (weak) generator.

Proposition I11.3.1. Let ¢ (r) = r?(log® 1/r)~! and d > 3. Then
Y —m(S(Xy)) <ooVt>0as.

and, in particular, dimS(X;) <2Vt > 0 a.s.
Proof. By the Historical Cluster Representation (Theorem III.1.1)

S(Hyon({y - y((G —1)27") €)) = {2} . 2l )

where conditional on ]-"(J 1)2- »y M(j,n) has a Poisson distribution with mean

2"ty H(;_1y5-n(1) (j,n € N). The Historical Modulus of Continuity (Theorem
I11.1.3) implies that for a.a. w if 27" < §(w, 3) and t € [j/2",(j + 1)/2"], then

S(Xy) C S(ng—n)3h(2_n) (Corollary TII1.1.5)

3h(27"
(I11.3.1) = [jp-n (S(Hj2-n))] @ (Corollary II1.1.4(b))
- M)

C U B(m{’”,Gh(Q‘")).
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(The historical modulus is used in the last line.) A simple tail estimate for the
Poisson distribution gives

n2™

P U {M(j,n) > 272y (Hy_1ya-n(1) + 1)}

n2™

< Z E (exp {=2""2y" (H(j_12-n (1) + D)} exp {H(j_1y2-n (1)2" 77 e = 1)})

< n2"exp (—2”+27_1) )
By the Borel-Cantelli Lemma w.p.1 for large enough n (II1.3.1) holds, and for all
J27" <,

M(j,n)
> p(12n2) < sup (H,(1) + 1)2" 2y 1 (120(27™)) < csup (H,(1) +1).

=1

This implies ¢ — m(S(Xt)) < oo Vt> 0 as. because X; = 0 for t large enough.
|

Remark II1.3.2. By taking unions over j < 2" K in (II1.3.1) we see from the above
argument that for K € N and 27" < 6(w, 3)

K2" M(j,n)

U sxaclU U BE"ohzm)

te[2—n K]

and for n large enough this is a union of at most Ky22" T2y~ !sup (Ht(l) + 1) balls
t

of radius 6h(27™). As X; =0 for ¢t > K (w), this shows that f —m(R([4,0))) < o0
V6 > 0 where f(r) = r*(log1/r)72, and so dimR < 4. A refinement of this result
which in particular shows that R is Lebesgue null in the critical 4-dimensional case

is contained in Exercise II1.5.1 below. The exact results are described below in
Theorem I11.3.9.

In order to obtain more precise Hausdorff measure functions one must construct
efficient coverings by balls of variable radius (unlike those in Proposition I11.3.1).
Intuitively speaking, a covering is efficient if the balls contain a maximal amount
of X;-mass for a ball of its radius. This suggests that the limsup behaviour of
X;(B(x,r)) as r | 0 is critical. The following result of Rogers and Taylor (1961)
(see Perkins (1988) for this slight refinement) plays a central role in the proof of the
exact results described below (see Theorems I11.3.8 and II1.3.9).

Proposition II1.3.3. There is a ¢(d) > 0 such that for any h € ‘H, K > 0 and
Ve MF(Rd),
(a) v(A) < Kh —m(A) whenever A is a Borel subset of

Ei(v,h,K)={z € R?: %V(B(x, r))/h(r) < K}.



Superprocesses 209

(b) v(A) > c¢(d)Kh — m(A) whenever A is a Borel subset of

Esy(v,h,K) ={z ¢ R?: %V(B(x, r))/h(r) > K}.

We can use Proposition I11.3.3 (a) to get a lower bound on S(X;) which com-
plements the upper bound in Proposition II1.3.1.

Notation. If d > 3, let hy(r) = r2log™ 1 and define ho(r) = 2 (log™ 1)2.

Theorem II1.3.4. If d > 2 there is a c¢(d) > 0 such that for all Xq € Mp(R?),
Px,-a.s.

V& > 0 there is an ro(d,w) > 0 so that sup X;(B(z,r)) < ve(d)ha(r) Vr € (0,7).
z,t>0

This result is very useful when handling singular integrals with respect to X;
(e.g., see the derivation of the Tanaka formula in Barlow-Evans-Perkins (1991)).
Before proving this, here is the lower bound on S(X;) promised above.

Corollary IIL.3.5. If d > 2, X;(A4) < ye(d)hg — m(A N S(X;)) V Borel set A
and t > 0 Px,-a.s. VXo € Mp(R?). In addition, if ¢ = inf{t : X; = 0}, then
dim S(X;) =2 for 0 < t < ¢ Px,-a.s. VXo € Mp(R9).
Proof. By the previous result we may apply Proposition I11.3.3 (a) to the sets
AN S(X;) for all Borel A, t > 0 to get the first inequality. This with Proposition
IT1.3.1 together imply that for d > 2, dimS(X;) =2V0<t < a.s. |1

t

Notation. If f > 0 is Borel measurable, let G(f,t) = [ sup P; f(x)ds.
0 =

Lemma II1.3.6. If f is a non-negative Borel function such that G(f,t)y/2 < 1,
then

Px, (exp (Xi(/))) < exp { Xo(Pf)(1 = JG(f:) 7'} < ox.

Proof. Let k(s) = (1—%G(f,t—s))_1 and ¢(s,x) = Pi_sf(2)k(s) (t > 0,s € (0,¢]).
If £ > 0, we claim ¢ |jg ¢ xre€ D(ff)t_e. To see this note that P.f € D(A) so that
%Ptfsf = %Ptfsfs(PEf) = —P,_._,(AP.f) is continuous on R¢ and is bounded

on [0, — g] x R%. The same is true of %(s, x), and clearly
Ptfsf = Ptfsfe(Psf) € D(A)

implies ¢(s,-) € D(A) and A¢s = k(s)P;_s_(AP.f) is bounded on [0,t — ¢] x R,
By Proposition I1.5.7, for s <t

Zs = Xs(Pr—sf)ks

S

— Xo(Puf)ko + / / P f(@)ke M(dr, dz) + / X, (Poy f)rdr.

0 0
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By It6’s lemma there is a continuous local martingale Ny with Ny = 0 so that
for s < t,

S

eZ+ = exp (Xo(Pif)ko) + Ny + / eZr X, [(Pt_r Pl + %(Pt_r f)%,%] dr.
0

Our choice of k shows the quantity in square brackets is less than or equal to
0. This shows that e?s is a non-negative local supermartingale, and therefore a
supermartingale by Fatou’s Lemma. Fatou’s lemma also implies

E(e?) < limTinfE(eZS) < e?o,
sTt

which gives the result. B

Remark IT1.3.7. The above proof shows the Lemma holds for f € D(A), for any
BSMP Y satisfying (I1.2.2), or for f € bB(R%), and any BSMP Y satisfying (I1.2.2)
and P; : bB(RY), — D(A) for t > 0. (We still assume g = 0, v constant.) In
particular Lemma II1.3.6 is valid for the a-stable-DW-superprocess. Schied (1996)
contains more on exponential inequalities as well as the idea underlying the above
argument.

Proof of Theorem IIL.3.4. Recall h(r) = (rlogl/r)'/2. We first control
X (B(z,h(27™))) using balls in

B, = {B(xo, (Vd +4)h2™™)) : zp € 277227 0 [—n,n]d} .

Here ¢Z? = {en : n € Z%}. Assume 27" < §(w,3), where §(w,3) is as in the
Historical Modulus of Continuity. If € [—n,n]%, choose zo € 27/2Z¢ N [—n,n]?
such that |zg — z| < Vd2~™? < Vdh(2™™) if n > 3. Assume j € Z, and
j27" <t < (j+1)27" For Hi-a.a. y if y(t) € B(z,h(27™)), then

y(527") = ol < [y(527") =y ()] + [y(t) — = + |z — w0l
< (4+ Vd)h(2™").

If B = B(zo, (4 + Vd)h(2™™)) € B, this shows that

Xi(B(x,h(27))) = Hy(y(t) € B(z,h(27"))) < H; ({y(j27") € B})
= j2—”,B(t — j27n).
Lemma III.1.2 and the Markov property show that Mj,-» p(t) is a martingale and

s0 Mjo-—n(t) = supgep, Mjs-n p(t) is a non-negative submartingale. The above
bound implies

sup sup Xy (B(:z;,h(Q_“))) < sup Mjo-n(t)Vje€Zy
(IT1.3.2) 2 "<t<(@+102" ael-nn)? t<a-n
whenever 27" < §(w, 3).
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We now use the exponential bound in Lemma II1.3.6 to bound the right side of
the above. Let 3 = 8(d) = 14 1(d = 2) and set &, = ¢;27"n' 54 where ¢; will be
chosen (large enough) below. An easy calculation shows that

(I11.3.3)  G(B(z,7),t) = G (1p(sr),t) < ca(d)r? {1 +1(d =2) (log<\/¥/r))+}

from which it follows that

(I11.3.4) sup  G(B,t) < e3(d)2 "nfd),
BeB,,t<n

Ifo>0and A\, = 0517_12"_171_5(‘1), then the weak maximal inequality for sub-
martingales implies

(I11.3.5)

Px, ( sup sup Mjo-n(t) > 5n>

§2n<j<n2n  p<2-n

<n2"  sup e Py, (e’\"Mjrn@ )>
§52n <j<n2n

< n2"|B,| sup e Py <exp (X2 (B)2An(2 — Apy27™)7H) >,
§2n<j<n2n,BeB,

where we have used Lemma III.1.2, the Markov property and Lemma II1.3.6 with
f = An. The latter requires A\,,27"y/2 < 1 which is certainly true for n > ng. In
fact for n > ng (I11.3.5) is no more than

n2"|B,|  sup sup e " Py, (exp (2An X /90 (B)))
§2n<j<n2n  BEB,
(I11.3.6) A .
< n2"|B,le” """ sup sup exp (4)\nP °(Bj/on € B))

son<j<n2n  BEB,

by another application of Lemma III.3.6, this time with f = 2)\,15. We also use
(IT1.3.4) here to see that

A G(B, /27" < 2Xc52 "0l = 471,

so that Lemma II1.3.6 may be used and the upper bound given there simplifies to the
expression in (II1.3.6). An elementary bound shows that the right side of (I11.3.6)

is at most
enttdgnand/2g=Anen oxpy (4 (9, Xo(l))h(Q_")d)

< en! 922 oxp (—eyc5 727 n) (8, Xo (1)),

which is summable if ¢; = y2¢5(1 4+ 4) = ~v¢/(d). Borel-Cantelli and (I11.3.2) imply
that a.s. for large enough n,

sup  sup X (B(z, h(27"))) < v 2 A < v ha(h(27™)).
5§t§n ze[—n’n]d

An elementary interpolation completes the proof. W

In view of Proposition I11.3.1 and Corollary II1.3.5 it is natural to ask if there
is an exact Hausdorff measure function associated with S(X).
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Notation.

ha(r) = r?logt log™ 1/r d>3 (logfL x = (logz)V ee)
! r2(log® 1/r)(log™ log™ log™ 1/7) d=2.

Theorem III.3.8. Assume X is a SBM(vy) starting at p under P,,.
(a) [d > 2,t fixed] There is a universal constant c¢(d) > 0 such that Yu € Mp(R%),
t>0

Xi(A) = ve(d)hg —m(ANS(Xy)) VA€ B(RY) P,-as.

(b) [d > 2,t variable] There are universal constants 0 < ¢(d) < C(d) < oo such that
for any p € Mp(R9)

(i) If d > 3, ve(d)ha — m(ANS(Xy)) < Xi(A) < 4C(d)hg — m(AN S(Xy))

VA € B(R?) Vt > 0 P,-a.s.

(ii) If d = 2, vc(2)hg — m(AN S(X;)) < Xi(A) < AC(2)hy — m(A N S(Xy))
VA € B(R?) Vt > 0 P,-a.s.

(¢) [d = 1] There is a jointly continuous process {u(t,z) : t > 0,2 € R} such that
Xi(dz) =u(t,x)de VYt >0 Py-as.

Remarks. (1) (b) shows that if d > 2 then w.p.1 for any ¢t > 0 S(X}) is a singular
set of Hausdorff dimension 2 whenever it is non-empty. This fact has already been
proved for d > 3 (Corollary I11.3.5).

(2) (a) and (b) state that X, distributes its mass over S(X;) in a deterministic
manner. This extreme regularity of the local structure of S(X}) is due to the fact
that for d > 2 the local density of mass at x is due entirely to close cousins of “the
particle at ” and so will exhibit strong independence in x. The strong recurrence
for d = 1 means this will fail in R! and a non-trivial density, u, exists.

(3) We conjecture that one may take c¢(d) = C(d) in (b)(i) for d > 3. The
situation in the plane is much less clear.

(4) Curiously enough the exact Hausdorff measure functions for S(X;) are
exactly the same as those for the range of a Brownian path (see Ciesielski-Taylor
(1962), Taylor (1964)) although these random sets certainly look quite different. The
two sets behave differently with respect to packing measure: h(s) = s%(loglog1/s)~*
is an exact packing measure function for the range of a Brownian path for d > 3 while
h(s) = s?(log1/s)~1/2 is critical for S(X;) for d > 3 (see Le Gall-Perkins-Taylor
(1995)).

(5) (b) is proved in Perkins (1988, 1989). In Dawson-Perkins (1991), (a) was
then proved for d > 3 by means of a 0-1 law which showed that the Radon-Nikodym
derivative of X; with respect to hy — m( . ﬂS(Xt)) is a.s. constant. The more
delicate 2-dimensional case in (a) was established in Le Gall-Perkins (1995) using the
Brownian snake. This approach has proved to be a very powerful tool in the study
of path properties of (and other problems associated with) DW-superprocesses. The
d = 1 result was proved independently by Reimers (1989) and Konno-Shiga (1988)
and will be analyzed in detail in Section II1.4 below. The existence of a density at
a fixed time was proved by Roelly-Coppoletta (1986). The first Hausdorff measure
result, dimS(X;) < 2, was established by Dawson and Hochberg (1979).
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Here are the exact results for the range of super-Brownian motion, promised
after Proposition II1.3.1.

Theorem II1.3.9. (a) d > 4. Let

balr) = r*log™ log™ 1/r d> 4
ATt dogt 1/r) (log T log T log™ 1/7) d=4"

There is a ¢(d) > 0 such that for all Xy € Mp(R?),
t
/ X,(A)ds = ve(d)iba —m (ANR((0,4])) YA € BRY) V¢ >0 Py, — as.
0

(b) d < 3. Assume X has a bounded density if d = 2,3. Then there is a jointly
continuous density {v(t,z) : t > 0,z € R?} such that

t
/XS(A)ds = /v(t,x)dw VAeBRY) Vt>0 Py, —as.
0 A

Discussion. (a) for d > 4 is essentially proved in Dawson-Iscoe-Perkins (1989).
There upper and lower bounds with differing constants were given. Le Gall (1999)
showed that by a 0 — 1 law the above constants were equal and used his snake to
derive the critical 4-dimensional result.

(b) is proved in Sugitani (1989).

Consider now the analogue of Theorem III.3.8 when X is an a-stable-DW-
superprocess (g =0, y(-) = > 0). That is Y is the symmetric a-stable process in
R? considered in Example 11.2.4 (b). Let

hao(r) =r®logtlogt 1/r if d>«

hao(r) =r*(logt 1/r)? if d=a
re ifd>a«

¢d’a(r)_{ralog+ 1/r ifd=a"

In Perkins (1988) it is shown that for d > « there are real constants 0 < ¢; < ¢a,
depending only on (d, @) so that
— X;(B(z,r))

(I11.3.7) ver < lim

< X;-a.a. Vt >0 Py -a.s.
710 hd’a (T) > YC2 t T Xo

Let A¢(w) be the set of x for which the above inequalities hold. Then A¢(w) is a
Borel set supporting X;(w) for all t > 0 a.s. and Proposition II1.3.3 shows that (for
d> a)

ve(d)erhg,o —m(ANA) < Xi(A) <yeahgo —m(ANAy)

(I11.3.8) .
VA € B(R%), t >0 Px,-a.s.

For t fixed a 0 — 1 law then shows the lim in (II1.3.7) is yc3 for X;-a.a. z, say for
x €A}, as. and Xi(-) = cavha,o — m(-NA}) a.s. for some c3,cq4 > 0 (see Theorem
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5.5 of Dawson-Perkins (1991)). Analogous results are also shown for d = o (=1 or
2) with 4o —m in the lower bound and hg o —m in the upper bound. Such results
are clearly false for o < 2 if A; is replaced by S(X;)(= ¢ or R? a.s. by Example
111.2.3).

(I11.3.7) suggests we define the Campbell measure, Q; € Mp(Mp(R?) x R?),
associated with X; by

Qi(A x B) = / LA(X)) X, (B)dPy, .

If (X,Z) € Mp(R?) x R? are coordinate variables on Mp(R?%) x R? then under
Q)+, Z is chosen at random according to X. The regular conditional probabilities
Q+(X € - | Z = z) are the Palm measures of X; and describe X; from the perspective
of a typical point = in the support of X; (see Dawson-Perkins (1991), Chapter 4,
and Dawson (1992), Chapter 6, for more on Palm measures of superprocesses).
The first step in deriving (II1.3.7) is to find the asymptotic mean size of
X;(B(z,r)) when z is chosen according to X;. (a) of the following Exercise is
highly recommended.
Exercise IT1.3.1. Let X be the a-stable-DW-superprocess and Q;(dX,dZ) be the
Campbell measure defined above. If Y is the a-symmetric stable process in R,
Y; has a smooth symmetric density p:(y) = p:(|z|) such that p;(-) is decreasing on
[0,00) and py(r) < ¢(1 + )~ (d+e),
(a) If d > «, show there is a constant kq o > 0 such that
imE(th(B(x,r))dXt(x)) :hme(B(Z, r)Q:(dX,dZ)
(II1.3.9) r10 Vd,a(r) ~rlo Vd,a(r)
= kd’a’yXo(l) vt > 0.

Also show there is a ¢ = ¢(d, a, 7, Xo(1)) such that for any § > 0 there is an r¢(6) > 0
satisfying

(I11.3.10) FE (/ Xt(B(w,r))dXt(x)) < caa(r) VEEG,87Y, T <ro(d).

(b) Show the above results remain valid for d < « if ¥4 () =, kg, may depend
on (t,v, Xp), and ¢ may also depend on §.
(¢) [Palm measure version] If XoP;(z) = [ pi(y — 2)Xo(dy), show that

Qe (X (B(Z,7)) | Z = x)
yEXo (ftPYS (IYi—s — 20| < 7)pr—s(z0 — Ys)dS)
= PXo (Y, € B(zo,7)) + L

Xo P (o)

*(d) Show there is a constant k4 o (which may also depend on (7, t, z¢, Xo) if d < )
such that for any ¢t > 0, zy € R¢,

. Q(X(B(Z.7)) | Z = x0)
(IT1.3.11) 17%1 )

= 'de,op
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Recall that 9q,4(r) =rif d < a.

The above Exercise shows that if d > «, the mean of X, (B(x,r)) when z is
chosen according to X; behaves like kg %4, (r) as r | 0. This explains the r* part of
h,o in (IIL3.7). The loglog1/r then comes from the exponential tail of X, (B(z,))
and the fact that it suffices to consider r | 0 through a geometric sequence (each
exponentiation produces a log). It is an easy Borel-Cantelli Exercise to use the
above mean results to obtain weaker versions of the upper bounds in (II1.3.7) and
(IT1.3.8).

Exercise II1.3.2. (a) Use (I11.3.10) to show that if d > «, then for any ¢ > 0,¢ > 0

. X, (B(a:, 7“))
rl0 wdﬂ(r)(log,”L 1/r)t+e

(b) If ¢ ,(r) = Va.o(r)(log™ 1/7)1+¢ show that Vt > 0,

=0 Xiaa z Px,-as.

950 —m(A) =0 implies X (4)=0 VAeBR?Y), e>0 Py, -as.

4. One-dimensional Super-Brownian motion and Stochastic PDE’s

In this section we study super-Brownian motion in one dimension with constant
branching rate v > 0. In particular, we will prove Theorem II1.3.8(c) and establish
a one-to-one correspondence between the density of super-Brownian motion in one
dimension and the solution of a parabolic stochastic pde driven by a white noise on
R+ x R.

Let F; be a right continuous filtration on (€2, F, P) and let P = P(F.) denote
the o-field of Fi-predictable sets in Ry x €. Let |A| denote the Lebesgue measure
of a Borel set in R? and let Br(RY) = {A € B(R?) : |A| < oo}.

Definition. An (F;)-white noise, W, on R, x R is a random process {W;(A) : t >
0,A € Brp(R%)} such that
(i) Wi (AU B) = Wy(A) + Wi(B) a.s. for all disjoint A, B € Bx(R?%) and t > 0.
(i1) VA € Bp(R?Y), t — W;(A) is an (F;)-Brownian motion starting at 0 with
diffusion parameter |A].

See Chapters 1 and 2 of Walsh (1986) for more information on white noises.
Note that if W is above and A and B are disjoint sets in Bg, then

QW (AW, (B) = Wi (AU B)? — Wy(A)? — W(B)?

is an (F;)-martingale. It follows that W is an orthogonal martingale measure in
the sense of Chapter 2 of Walsh (1986) and Proposition 2.10 of Walsh (1986)
shows that the above definition is equivalent to that given in Walsh (1986). As
in Section II.5 (see Chapter 2 of Walsh (1986)) one can define a stochastic integral

Wi(y) = f(f [ (s, w,z)dW (s, z) for
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(NS EfOC(W) ={¢: Ry x QxR - R: 9 is P x B(R?) — measurable,
t
/ /Q/J(S,w,x)zda: ds < ooVt >0 as. }.
0

The map ¢ — W(®) is a linear map from ﬁfoc to the space of continuous F;-local
martingales and Wy (1) has predictable square function

t
(W) = /0 /’(/)(S,w,l‘)2d$ ds for allt >0 a.s.

Notation. If f, g are measurable functions on R?, let (f, g) = [ f(z)g(x) dz if the
integral exists.

Definition. Let W be an (F;)-white noise on R, x R? defined on Q = (2, F, F;, P),
let m € Mp(RY) and let f: R, — R. We say that an adapted continuous process
u: (0,00) x Q — Cg(R?), is a solution of

ou Au

(SPDE)/, % 2 VIUW + f(u),  ugy(z)dz =m

on Q iff for every ¢ € CZ(R?),
t A t
(u.0) = (@) + [ {u GV s+ [ o)y uls i (s

//f s,x))p(x)drds for all t > 0 a.s.

Remark III.4.1. Use the fact that CZ(R?) contains a countable convergence de-
termining class (such as {sin(u - x),cos(u - ) : u € Q?}) to see that (SPDE)/
implies that lim; o4 u(z)dz = m a.s. in Mp(R?). We have been able to choose a
rather restrictive state space for u; because the Compact Support Property for SBM
(Corollary I11.1.4) will produce solutions with compact support. This property will
persist for stochastic pde’s in which the square root in the white noise integrand
is replaced by any positive power less than 1, but fails if this power equals 1 (see
Mueller and Perkins (1992) and Krylov (1997)).

We write (SPDE),,, for (SPDE)? . The one-dimensional Brownian density and
semigroup are denoted by p; and P;, respectively. We set py(z) =01if ¢t <0.

Theorem II1.4.2. (a) Let X be an (F])-SBM(+y) in one spatial dimension, starting
at Xo € Mp(R) and defined on Q' = (', ', F/, P"). There is an adapted continuous
Ck (R)-valued process {u; : t > 0} such that X;(dz) = us(z)dzx for all t > 0 P’-a.s.
Moreover for all ¢ > 0 and z € R,

(IT1.4.1) w(z) = P Xo(x / /pt s(y —x)dM(s,y) P’ —as., and

E' sgyg//pts —de(sy)]><oo.
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b) Let X and u be as above. There is a filtered space Q" = (Q", F" F' P") so
( ) p 9 9 t
that

Q — (Q,f7 ft,P) = (Q/ X Q//,f/ X f//, (fl % f//)t_f_,Pl X P//)

carries an Fy-white noise, W, on Ry x R and w o II satisfies (SPDE) x, on Q, where
IT: Q — Q' is the projection map. B
(c) Assume u satisfies (SPDE),,, (d-dimensional) on some Q = (2, F, F;, P). Then

X, (dz) = {u(t,x)dm ift >0

m(dz) ift=0

defines an (F;)-SBM(v) on Q) starting at m.
A proof is given below. Clearly Theorem II1.3.8(c) is immediate from (a).

Corollary II1.4.3. (a) If d = 1, then for any m € Mp(R) there is a solution to
(SPDE),,, and the law of u on C((0,00), Ck(R)) is unique.

(b) If d > 2 and m # 0, there is no solution to (SPDE),,,.

Proof. (a) The existence is included in Theorem I11.4.2(b). The Borel subsets
of Ck(R) are generated by the coordinate maps. To prove uniqueness in law it
therefore suffices to show that if u satisfies (SPDE),,, then

(I111.4.2) P((ut,(x;))i<n € -) is unique on B(R"™) for any 0 < t;, z; € R, n € N.

If X is the SBM(y) in Theorem II1.4.2(c), then uy,(x;) = lime_o X¢, (pe(- — 1)),
and the uniqueness in law of the super-Brownian motion X clearly implies (II1.4.2).

(b) If w is a solution to (SPDE),, for d > 2, then by Theorem III.4.2(c),
Xi¢(dx) = u(t,z)dx for t > 0 and Xy = m defines a super-Brownian motion starting
at m which is absolutely continuous for ¢ > 0. This contradicts the a.s. singularity
of super-Brownian motion in dimensions greater than 1 (Theorem III.3.8(a), but
note that Proposition I11.3.1 suffices if d > 3).

The uniqueness in law for the above stochastic pde does not follow from the
standard theory since the square root function is not Lipschitz continuous. For
Lipschitz continuous functions of the solution (as opposed to ,/yu) solutions to
(SPDE) are unique in law when the initial condition has a nice density (see Chapter
3 of Walsh (1986)). This needs naturally to
Open Problem. Does pathwise uniqueness hold in (SPDE),,? That is, if u,v are
solutions of (SPDE),,, with the same white noise W, is it true that u = v a.s.?

Note that the finite-dimensional version of this problem is true by Yamada-Watanabe
(1971).

Recently Mytnik (1998) proved uniqueness in law for solutions of (SPDE),,
when the square root in front of the white noise is replaced by a power between 1/2
and 1. His argument may be viewed as an extension of the exponential duality used
to prove uniqueness for superprocesses but the dual process is now random. It does
apply for slightly more general functions than powers but, as is often the case with
duality arguments, the restriction on the functions is severe and artificial. This is
one reason for the interest in the above problem as a pathwise uniqueness argument
would likely be quite robust.
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To prove Theorem I11.4.2 we use the following version of Kolmogorov’s conti-
nuity criterion for two-parameter processes.

Proposition IT1.4.4. Let I : (tp,00) x R — R be a process on (2, F, P) such that
for some p > 1, a,b > 2, for any T' > t¢, there is a ¢ = ¢(T") so that

E(|I(t/>x/) - I(ta x)|p) < C(T)Ht/ o tla + ‘ZIZ‘/ - x|b] Vtvt/ € (t07T]7 QL‘,ZC/ € [_Ta T]

Then I has a continuous version.
Proof. See Corollary 1.2 of Walsh (1986) where a modulus of continuity of the
continuous version is also given.

Lemma II1.4.5. (a) If 0 <6 < p, then
Ipt1e(2) —pe(2)]P < (5t_3/2)5[pt+5(z)p_5 +pt(z)p_5] VzeR, t >0, e >0.

(b) If 0 < § < 1/2, there is a ¢(d) > 0 so that for any 0 <¢ <t <T and z,z" € R,

t/
| [ oo =) = bty = )P dyds < Ja” = a4+ (0T~ ol
0

Proof. (a) By the mean value theorem there is a u € [t,t 4 €| such that

22
1
u

Perel2) = ou 2u

<eud?< 515—3/27

pe)l =< | Bt 0] = 25

where a calculus argument has been used to see that

22 1/2 1
——1'§(27T)_ /2| sup ze Vv = | < 1.
u x>1/2 2

Vupy(z) /2

Therefore for 0 < § < p,

Pege(2) — pe(2)[P < (et732)°Iprse(z) — pu(2)P7°
< (et™2) [pege(2)P7° + pel2)7°] .

(b) Note that if 0 < ¢ <t < T, then

/ /pt/_s C ) = pely — 2))2 dy ds
/ /pt/_s — ') dyd8+/ /pt’—s — ') —pis(y _I)) dy ds

(I11.4.3)= I + L.

By Chapman-Kolmogorov,

t/
(I11.4.4) I = / Par—s)(0)ds = w2 (' — )12,
t
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If we expand the integrand in I, let A = 2’ — z, and use Chapman-Kolmogorov,
we get

t
I, = / p2(t’—s)(0) +p2(t—s)(0) - 2pt’fs+tfs(A) ds
0

t t

= / pQ(t'—s)(O) —pt'—s+t—s(A) ds + / p2(t—s)(0> _pt’—s+t—s(A) ds
0 0

= ]3 —|— I4.

Consider I3 and use (a) with p =1 and 0 < 6 < 1/2 to see that
¢
B = [ Ga(0) = pae— () + (pae—) (8) = prmvi-o(8) ds
0

1 2t’
S 5/ ps(o) _ps(A) ds
0

t
+ (t/ . t)é/ (t/ o S)—63/2 [p2(t’—s)(A)1_5 +pt’+t725(A)1_5} ds
0
2¢’
< 932,12 / s~12[1 — exp(—A2/(25))] ds
0
t
+ (t/ - t)é/ (t _ 8)—63/2—(1—5)/2(47T)—(1—5)/22 ds
0

00 t

< (4m)7YA| w321 — e ™) du+ 1.1(¢ —t)5/ sT1/279 ds
AZ /2t 0

< (4m)7H A / w32(1 A ) du+1.1(1/2 — §) 420t — t)°
0

<7 YA+ (T2t —t)°.

Use this, the analogous bound for I, and (II1.4.4) in (II1.4.3) to conclude that the
left-hand side of (II1.4.3) is bounded by

7T71/2|t/ —t|1/2 + |$/ _x| +C//(5)T1/275(t/ _t)é < |x/ _x| +C(5)T1/276(t/ —t)é. |

We let pZ(y) = pe(y — x). To use Proposition I11.4.4 we will need the following
bound on the moments of X;.

Lemma II1.4.6. If X is as in Theorem II1.4.2 (a), then
E'(Xy(p®)P) < pyPtP/? exp(Xo(1)/4t) Vt,e >0, z € R, and p € N.

Proof. We apply Lemma II1.3.6 with f = 6p?, where § = v~ 't7'/2 and £,t > 0
and z € R are fixed. Then

t 9 t
26021 [ swrs@)is =2 [ poo©ds <172
2 2 Jo 2 Jo
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and so Lemma III.3.6 implies that

E'(exp(0X¢(p?))) < exp(20Xo(p,.)) < exp(Xo(1)/71).

This shows that for any p € N,

E'(Xi(p)P) < pl0~7 exp(Xo(1)/71),
as is required. I

Proof of Theorem III.4.2. (a) We adapt the argument of Konno and Shiga
(1988). From (GFR) (see Exercise I1.5.2) we see that for each fixed ¢,t > 0 and
r € R,

(111.4.5) Xi(p2) = Xo(piye) / /pt+€ s z)dM(s,y) a.

Lemma II1.4.5 (a) with 6 = p = 1 implies that

(111.4.6) lim sup |Xo(pi ) — Xo(py)| < 2en 32 Xo(1) ¥y > 0.
el0 zeR, t>n

To take L? limits in the stochastic integral in (I11.4.5) apply Lemma I11.4.5(a) with
p=2and 0 <J < 1/2 to see that

E (/t /(pt+s—s(y — 1) = pr_s(y — 2))2 X, (dy) ds)
/ U / Pere—s(y — ) = pi—s(y — 2))?ps(y — 2) dy ds} m(dz)
/ / / 32 ey — )P0 4 ps(y — )27

X ps(y — z)dy ds|m(dz)

t
66/ [/o / [t =872t + e = 5) 7 P25y (v — @)

+(t— s)(5_1)/2p(t_8)/(2_5)(y —x)|ps(y — 2) dy ds} m(dz)

< 255/ [/Ot(t —5)7120 <p(t+s_s)/(2—5)+s(ﬂ? — 2)
+ P(t—s)/(2—8)+s(T — Z)) ds} m(dz)

< 4(27) "V 2m(1)e° [/t(t —5)TH/20gmL/2 ds}

= m(1)e(0)t°°. 0

This implies that
(I11.4.7)

2
lim sup E' (/ /pt—i-a s(W—2a) —pi—s(y —x)dM(s,y)) =0Vn>0,
el0 zeR,t>n
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and also shows that
(I11.4.8)

/ /pt_s(y —x)dM(s,y), u <t isa continuous L?-bounded martingale.
0

By (II1.4.6) and (I11.4.7) we may take L? limits in (I[1.4.5) as € | 0 and also choose
€n | 0 so that for any £ > 0 and = € R,

t
lim Xy (pl )= Xo(p}) —|—/ /pt_s(y — 2)dM (s,7) a.s. and in L.
0

n—oo

Therefore if we define u(t, z) = liminf, .o X;(pf ) for allt >0, r € R, then

g

¢
(I11.4.9) u(t,z) = Xo(pf)—k/ /pts(y—a:)dM(s, y) a.s. for all t > 0 and z € R.
0

Also standard differentiation theory shows that for each t > 0 with probability 1,
Xi(dz) = u(t,z)dzr + X (dx), where X/ is a random measure such that X; L dx.
Now (I11.4.8) and (II1.4.9) imply that

E (/ u(t, z) daz) - /Xo(p;f) dz = Xo(1) = E'(X,(1)).

This shows that E'(X}(1)) = 0 and so
(111.4.10) Xi(dz) = u(t,z)dz a.s. for all t > 0

Now fix tg > 0. Apply (II1.4.5) with ¢ replaced by ¢y and € replaced by t—ty > 0
to obtain

to
Xio(Pi_ty) = Xo(PF) +/ /pt_s(y —x)dM(s,y) a.s. YVt > to, z € R.
0
This and (II1.4.9) show that
t
u(t,z) = X (DF_4,) +/ /pt_s(y —x)dM(s,y) a.s. Vt > tg, z € R
to

(I11.4.11) = X4 (pf_y,) + I(t, ).

Proposition I11.4.4 is now used to obtain a continuous version of I as follows.
Let 0 <ty <t <t'<T,z,2 €R, and p > 1. Then Burkholder’s inequality and
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(IT1.4.10) show that (recall that p;(x) =0 if ¢ <0)
E'([I(t, ") = I(t,z)*")

<¢E ((/ /pt/—s —a') = pr—s(y — x)) U(S,y)dyds>p)
< ( / [ty = pisly = ) ay d)

x / 0 / (prr—s(y — ') — pe_sly — 2)2E (uls, y)?) dy ds,

by Jensen’s inequality. Lemma II1.4.6 and Fatou’s Lemma show that
(I11.4.12) E'(u(t,y)?) < plyPtP? exp(Xo(1)/4t) VYt >0, z € R, peN.

This, together with Lemma II1.4.5(b) and the previous inequality, show that for any
0<d<1/2,

E'([I(t',a") = I(t,2)*) < epyPlle —a'| + (T2t =)’ ]

x pITP/2 exp(Xo(1)/vto)[J& — '| + e(6)T'/*7° (' — 1)°]
(I11.4.13) < c(p,7, Xo(1), to, T)[|lz — ='|P + |t — t|].

Proposition I11.4.4 shows there is a continuous version of I on (tg, c0) xR. Dominated
Convergence shows that (¢, ) — Xy, (pf_;, ) is also continuous on (fg,00) x R a.s.,
and so (II1.4.11) shows there is continuous version of u(t,z) on (tg,00) x R for all
to > 0 and hence on (0,00) x R. We also denote this continuous version by wu.
Clearly u(t,x) > 0 for all (t,z) € (0,00) X R a.s. Define a measure-valued process
by X;(dz) = u(t,)dz. Then (I11.4.10) shows that

(I11.4.14) X, = X, a.s. for each ¢t > 0.

If ¢ € Cx(R), then t — X,(¢) is continuous on (0,00) a.s. by Dominated Conver-
gence and the continuity of u. Therefore the weak continuity of X and (III.4.14)
imply

Xt(¢) = Xt(¢) vt >0 a.S.,

and hence R
Xi(dx) = Xi¢(dx) = u(t, z)dx ¥Vt > 0 a.s.,

where v is jointly continuous. Since U;>,S(X¢) is compact for all n > 0 a.s. by
Corollary II1.1.7, and wu is uniformly continuous on compact sets, it follows easily
that ¢ — wu(t,-) is a continuous function from (0,00) to Ck(R). (II1.4.1) holds by
(IT1.4.8) and (I11.4.9), and so the proof of (a) is complete.
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(b) Let (", F", F}', P") carry an (F;)-white noise W” on Ry x R, and define W
on € by

/ / ne ) > 0)(yuls, 2))~12dM(s, )

N /O / La(2)L(u(s, z) = 0)dW" (s, 2),

for t > 0 and A € Brp(R). The first stochastic integral is a continuous square inte-
grable (F})-martingale with square function fot [ 1a(z)1(u(s,x) > 0) dx ds because
the integrand is in the space £? from Remark I1.5.5(b). It is now easy to check that
W (A) is a continuous (F;)-martingale on Q with square function |A[t and so is an
(Ft)-Brownian motion with diffusion parameter |A|. Clearly if A, B are disjoint in
Br(R), then Wy (AU B) = Wi (A) + Wy(B) a.s. and so W is an (F;)-white noise
on Ry x R. We may extend the stochastic integrals with respect to M and W"”
to P(F.) x B(R)-measurable integrands because M and W' are both orthogonal
martingale measures with respect to F; (we suppress the projection maps in our
notation). It follows easily from the definition of W that if ¢ € EfOC(W), then

:/0 /@D(s,w,x)l(u(s,x) > 0)(yu(s, ) /2dM (s, x)

+/0t/w(s,w,~’v)dW"(va)-

Therefore if ¢ € CZ(R), then fo [ ¢(x)(yu(s,z))/2dW (s, x) = My(¢). The martin-
gale problem for Xt(dx) (= u(t,z)dz if t > 0) now shows that u satisfies (SPDE),,

(c) The fact that t — wu(t,-) is a continuous Cg (R?)-valued process shows that
X; is a continuous Mp(R%)-valued process for t+ > 0. As was noted in Remark
I11.4.1, (SPDE),,, implies that limt_>0+ X; =m a.s. and so X. is a.s. continuous on
[0,00). If ¢ € CZ(RY) and M(¢ fo [ d(z)(yu(s, z))/2dW (s, ), then M;(¢) is

an Fi-local martingale Satisfymg

M) = [ [rowruts.adnis = [ X6 i

Therefore (SPDE),,, and Remark II.5.11 imply that X, satisfies (LMP)s, and so X
is an (F;)-SBM(~) starting at m. 1

5. Polar Sets
Throughout this section X is a SBM () under Px,, Xo # 0. Recall the range
of X is R = | R([d, x0)).
6>0
Definition. If A C R? we say X (w) charges A iff X;(w)(A) > 0 for some t > 0,
and X (w) hits A iff ANR(w) # ¢.

Theorem IIL.5.1. (a) If ¢ € bB(R?), X;(¢) is a.s. continuous on (0, 00).
(b) Px, (X charges A) > 0 < A has positive Lebesgue measure.
Proof. (a) See Reimers (1989b) or Perkins (1991), and the Remark below.
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(b) Since X;(A) is a.s. continuous by (a), X charges A iff X;(A) > 0 for some
rational ¢t > 0. The probability of the latter event is positive iff

Py, (X¢(A) >03tc Q™ & P (B, € A) > 03t € Q™°

& A has positive Lebesgue measure. 1

Remark. In Theorem 4 of Perkins (1991) (a) is proved for a large class of Y — DW —
superdiffusions whose semigroup satisfies a strong continuity condition. The simple
idea of the proof is to first use the Garsia-Rodemich-Rumsey Lemma to obtain an
explicit modulus of continuity for X;(¢) — Xo(P;¢) for ¢ € Cp(FE) and then to show

. . b .. o
this modulus is preserved under - of ¢. The strong continuity condition on P,
implies

1
/ | Prartd — Pio||rt dr < oo Vt >0, ¢ € bE,
0

which is already stronger than the continuity of ¢ — P.¢(x) for each ¢ € b€, x € E.
The latter is clearly a necessary condition for a.s. continuity of X;(¢) on (0, 0c0)
(take means). Whether or not this, or even norm continuity of P.¢p V¢ € b€, is also
sufficient for continuity of X;(¢), ¢t > 0 remains open.

The notion of hitting a set will be probabilistically more subtle and more im-
portant analytically.

Definition. A Borel set is polar for X iff Px, (X hits A) = 0 for all X, € Mp(R?)
or equivalently iff Px, (X hits A) = 0 for some non-zero Xy in My (R?).
The above equivalence is a consequence of the equivalence of Px, and ]P’Xé on

the field |J o(X,, r > 0) for any non-zero finite measures Xy and X, (see Example
>0
I11.2.3). We would like to find an analytic criterion for polarity. For ordinary

Brownian motion Kakutani (1944) did this using Newtonian capacity.

Definition. Let g be a decreasing non-negative continuous function on (0, co) with
g9(04+) > 0. If pp € Mp(R?), (u)g = [ [ 9(|lz — yl)u(dz)u(dy) is the g-energy of u. If

A € B(RY), let
I(g)(A) = inf{(u), : p a probability, u(A) =1}

and let the g-capacity at A be C(g)(A) = I(g)(A)~* € [0, c0).
Note that the g-capacity of A is positive iff A is large enough to support a
probability of finite g-energy.

Notation.
r—h 6>0
g3(r) =4 1+ (logl/r)™ B=0
1 6<0

If ¢ € 'H there is a close connection between sets of zero Hausdorff ¢-measure
and sets of zero ¢~ !-capacity:
(IL.5.1) ¢ — m(A) < 0o = C(¢p~1)(A) = 0.
(IIL.5.2) C(gg)(A) = 0= 2P(log1/x)"17¢ —m(A) = 0Ve > 0,3 > 0.
(IT1.5.3) C(go)(A) = 0 = (log® 1/2) *(logt log™ 1/x)~17¢ — m(A) = 0 Ve > 0.
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Moreover these implications are essentially best possible. See Taylor (1961) for a
discussion. In particular the capacitory dimension (defined in the obvious way) and
Hausdorff dimension coincide.
For d > 2 the range of a Brownian motion {B; : t > 0} is two-dimensional and
so should hit sets of dimension greater than d —2. Kakutani (1944) showed for d > 2
and A € B(RY),
P(Bie A3t >0)>0< C(ga—2)(A) > 0.

Recall from Theorem II1.3.9 (see also Remark I11.3.2) that R is a 4-dimensional
set if d > 4 and hence should hit sets of dimension greater than d — 4.
Theorem II1.5.2. Let A € B(RY). A is polar for X iff C(g4_4)(A) = 0. In
particular, points are polar for X iff d > 4.

Remark IT1.5.3. The inner regularity of the Choquet capacities
A—Ps (ANR([6,00)) #0) (6§ >0) and A — C(gq_4)(A)

(see II1.29 of Dellacherie and Meyer (1978)) allows one to consider only A = K
compact. The necessity of the zero capacity condition for polarity was proved in
Perkins (1990) by a probabilistic inclusion-exclusion argument. The elegant proof
given below is due to Le Gall (1999) (Section VI.2). The more delicate sufficiency
was proved by Dynkin (1991). His argument proceeded in two steps:

1. V(z) = —logPs, (RN K = ¢) is the maximal non-negative solution of

AV =~V? on K°.
2. The only non-negative solution of AV = V2 on K¢is V = 0iff C(gq_4)(K) = 0.

Step 1 uses a probabilistic representation of solutions to the non-linear boundary
value problem
AV =4V?in D, V|sp = g,

where D is a regular domain in R¢ for the classical Dirichlet problem, and g is a
bounded, continuous, non-negative function on dD. The representation is in terms
of the exit measure Xp of X on D. Xp may be constructed as the weak limit of the
of the sequence of measures obtained by stopping the branching particles in Section
I1.4 when they exit D and assigning mass 1/N to each exit location.

Step 2 is the analytical characterization of the sets of removable singularities
for AV = 4V?2 due to Baras and Pierre (1984). A self-contained description of both
steps may be found in Chapter VI of Le Gall (1999). A proof of a slightly weaker
result is given below (Corollary I11.5.10).

The proof of the necessity of the zero capacity condition in Theorem II1.5.2 will
in fact show
Theorem II1.5.4. For any M > 0 and Xy € Mp(R?)—{0}, there is a ¢(M, Xg) > 0
such that

Px, (X hits A) > ¢(M, Xo)C(gi—4)(A) for any Borel subset A of B(0, M).

In particular points are not polar if d < 3.

Proof. We may assume A = K is a compact subset of B(0, M) of positive gq_4-
capacity by the inner regularity of C'(gq—4). Choose a probability v supported by
K so that € = [ [ ga—a(z — y)dv(z)dv(y) < oo. Let f : R — R be a continu-
ous, non-negative, radially symmetric function such that {f > 0} = B(0,1) and
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[ fy)dy = 1. Define f.(y) = e~ f (e y) and ¢=(y) = fexv(y) = [ f-(y—2)v(dz).
Note that

(I11.5.4) {pe >0} C K- ={z:d(z,K) <¢e}.
We will use the following elementary consequence of the Cauchy-Schwarz inequality.

Lemma III.5.5. Assume Z > 0 has mean p and variance o2 < oo. Then
P(Z>0) > p?/(® + 7).

Proof. E(Z) = E(Z1(Z > 0)) < E(Z*)Y/?P(Z > 0)'/2. Rearrange to get a lower
bound on P(Z > 0). 1

Apply the above lemma to Z = fl s(dc)ds. If g1 fl ps(x) ds, where p
is the Brownian transition density, then

o/ X(6.)d5) - / PXo(6.(B.)) ds
— [ [ [ o2 Xowfeto = 2 o] vtz

—>/912*X0 v(dz) ase | 0

The above shows that for ¢ < &g,
(III55) / X ¢€ dS > - ll’lf ng*XO( ) Cl(Xo,M).

By our second moment formula (see Exercise 11.5.2(b))

Var / X, (e) ds / / Cov (X,(¢o), Xi(¢e)) dsdt

— 2y / i / s / drXoPy (o1 6. Pr—r )
1/2
<2y / dr / ds / A X0P,(Pyy e Py )
/ d’l“/ dS/ thO P,_ r¢spt 7’¢a)
1/2

(II1.5.6) = %[ + ).
Inl,s—r>1/2, t—r >1/2 and so

PrydV Pyrre < c / / foly — =) dydu(z) =

This implies (the value of ¢ may change)

(I11.5.7) I < eXo(1).
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If Gade(y) = [y Pede(y) dt, then

2

(I11.5.8) I < XoP(Gagp?) dr < ch(l)/G2¢€(y)2dy.
1/2

Lemma II1.5.6. (a) Ga2¢:(y) <C [ ga—2(y — 2) dv(z).
(b) [ ga—2(21 —y)ga—2(z2 —y) dy < Cga—a(z1 — 22).
Proof. (a) Since f02 pe(z)dt < cgq_2(x), we have

Gaoelw) < [ [ gaaly = 2)1.lo — 2) dodv(a)

The superharmonicity of g;—o implies that the spherical averages of
ga—2(y — x) fe(x — 2) over {x : |z — 2z)| = r} are at most gg—2(y — 2) fo(r). This and
the fact that [ f.(y)dy = 1 allow us to conclude from the above that

Gaoe(y) < C/gd—z(y — 2)dv(z).

(b) Exercise. One approach is to use gq_2(z) < ¢ fol pt(z) dt and Chapman-
Kolmogorov. §

Use (a) and (b) in (II1.5.8) to see that

I, < cXO(l)//gd_4(21 — 29)dv(z1) dv(z) = cXp(1)€.
Now use the above with (II1.5.5)—(II1.5.8) in Lemma II1.5.5 to see that

2 C1(Xo, M)? c(Xo, M)
PXO(/l Xo(9:)ds > 0) > Cr (Xo, M)? +OCX0(1)(1+5) > ==

where we use € > ¢pr > 0 if K C B(0, M) in the last line. Now minimize £ to see
that

2
Px, (/ X,(62)ds > o) > ¢(Xo, M)C(ga—s)(K).
1
This implies

Px, (R(L2) N K #6) = limPx, (R(L2) N K* £ )

2
.
_lslfl(f)lPX()(/l X,(6:)ds > 0),

the last because S(¢.) C K¢. The above two inequalities complete the proof. [}

Upper bounds on hitting probabilities appear to require a greater analytic com-
ponent. We now obtain precise asymptotics for hitting small balls using the Laplace
functional equation (LE) from Section II.5. Recall from Theorem I1.5.11 that if A/2
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denotes the generator of Brownian motion, f € Cy(R?),, and V; is the unique solu-
tion of

(SE)o,r %—Zzé‘é —‘/;52+f; Vo =0,
then
(LE) MAMM—AXJﬁ%D=wMa%m»

Recall also that f(e) ~ g(e) as € | 0 means lim. | f(¢)/g(e) =
Theorem II1.5.7.(a) If d < 3, then

Px, (X hits {z})=1— eXp

— 2|2 dXo(y) }.
(b) There is a ¢(d) > 0 such that if z ¢ S(XO), then ase | 0

2 [y —2[2dXo(y)(log1/e)™" if d =4

Px, (X hits B(z,¢)) ~ < . _ _ .
! " {é?IW—de¢m@kd4 itd> 4

(c) There is a K4 > 0 so that if d(z, S(Xg)) > 2¢¢, then

: Kq o—d | (logl/e)™! Ve e (0,egned) ifd=4
< = ) 0
Px, (X hits B(x,¢)) 5 Xo(1)eg {5d—4 Ve € (0, 20) >4

Remark. The constant c¢(d) is the one arising in Lemma II1.5.9 below.

Proof. By translation invariance we may assume z = 0. Choose f € Cb( 4y,
radially symmetric so that {f > 0} = B(0,1). Let f.(z) = f(z/¢), and let u™* (¢,
be the unique solution of

)

ou  Au  yu?
(SE)E 5—7—74‘)\]65, Uo—o.

By scaling, u™¢(t, ) = e~ 2ur 1 (te=2, ze!) = e~ 20> (te=2, ze!). We have

(I11.5. 9)
exp / Xs(fe)d —exp{—/5‘2u’\54(t6_2,x5_1)dXo(x)}.

The left side is decreasing in ¢ and A and so by taking Xg = d, we see that
uMt,z) Tu(r) = u(|z]) (< 00) as t, A T co. Take limits in (II1.5.9) to get

Py, (X,(B(0,£)) = 0 Vs > 0) = Py, (/Oo X, (f.)ds = o)
0
= lim ]P’XO exp /X (fe) ds

A,t—00

(111.5.10) = exp{— / b dXo(x)}-
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The left-hand side increases as € | 0 and so (take X = 6,,),

(I11.5.11) e — e 2u(x/e) decreases as € | 0, and in particular the
radial function u(x) is decreasing in |z|.

By taking e = 1 and Xy = J, in (II1.5.10), we see that

(111.5.12) u(z) = —logPs, (Xs(B(0,1)) =0Vs > 0).

Suppose |z| > 1 and Ps_ (Xs(B(0,1)) =0 Vs > 0) = 0. Then by the multiplicative
property

(II1.5.13) P1s (Xs(B(0,1)) =0 Vs >0)=0 ¥neN.

The extinction probability formula (II1.5.12) and Historical Modulus of Continuity
(Theorem III.1.3) imply (6(3,w) is as in the latter result) for some C, p > 0,

B c11 1 .,
Qo,15, (X1 =0, 6(3)>1/n) >e 2/7—;55 > 3¢ 2/7 if n > ny.

The above event implies R C B(x,3h(1/n)) and so Xs(B(0,1)) = 0Vs > 0 providing
3h(1/n) < |z| — 1. This contradicts (I11.5.13) and so we have proved u(x) < oo for
all |x| > 1, and so is bounded on {|z| > 1+¢} Ve > 0 by (IIL.5.11). Letting \,t — oo
in (SE)1, leads one to believe that u solves

(I11.5.14) Au = yu? on {|z| > 1}, |1i|1(ln1 u(z) =00, lim wu(x)=0.

|z —o00

Lemma III.5.8. As A\t T oo, u*(t,x) T u(x), where for |z| > 1, u is the unique
non-negative solution of (I11.5.14). Moreover u is C? on {|z| > 1}.

Proof. The mild form of (SE) (recall (ME)g ¢ from Section I1.5) gives (B; is a
Brownian motion under P7)

(I11.5.15) uMz) = —Ew(/ot %ut{S(BS)?ds) + AEm(/Otf(Bs)ds>.

Let C be an open ball with C C {|z| > 1} and let Tc = inf{t: B; ¢ C}. If z € C,
the strong Markov property shows that

tATo v
ud(z) =B /0 L (B ds)
(t—Tc)*t ~
+EI (EB(TC)(/O' _Eui\t_TC)+_s(Bs)2 dS)

 AEB(TO) ( /O(t_TC)+ £(By) ds)),

and so by (IIL.5.15), with ((t — T¢)™, B(T¢)) in place of (t,x),

tATc
X ’}/ X
we)+ ([ Jud (B ds) = B (e (Bro))
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Now let t,\ — oo and use Monotone Convergence to see
To
(111.5.16) u(z) + Ex</ E’LL(BS)Z ds) = E*(u(Br,)) Vx € C.
0

The righthand side is harmonic and therefore C? on C. The second term on the left
is 3 [ 9o(x,y)u(y)® dy, where gc is the Green function for C. This is C* on C by
Theorem 6.6 of Port-Stone (1978). It6’s Lemma and (II1.5.16) gives

EI(/OTC %u(Bst)/EI(TC) - %EI(/OTC w(B.)? ds) | E*(Te).

Now let C = B(z,27") | {z} to see Au = yu? on {|z| > 1}.

Let u(t,z) and o2(t,z) be the mean and variance of X;(B(0,1)) under Ps, .
Then p(|z| — 1,2) = > 0as |z | 1 and o?(|z| — 1,2) < ~v(jz| = 1) = 0 as |z| | 1,
by our moment formulae (Exercise I1.5.2). Therefore Lemma II1.5.5 and (II1.5.12)
show that for |x| > 1

e ) = Ps (X,(B(0,1) =0Vs > 0)
<1-Ps, (Xjz-1(B(0,1)) > 0)
< o*(|z| = 1,2)/(u(|z] = 1,2)* + o*(|2] - 1,2))
—0as |z| | 1.

Therefore lim, ; u(z) = co. (II1.5.11) shows that for |z| > 2,

(II1.517)  u(z) 4<2)—z<m: 2)< 1 2) = 0 as o] — oo

= —(— — /=) < +—=u
]2\ |/ ]/ ]

It remains only to show uniqueness in (I11.5.14). This is an easy applica-
tion of the classical maximum principle. Let u,v be solutions and ¢ > 1. Then

w(x) = cu(cx) solves Aw = yw? on {|z| > ¢~ 1}. Therefore
|h|rfl1 w(z) —v(z) = —o0, ‘ llim (w—v)(x)=0

and the usual elementary argument shows that w — v cannot have a positive local
maximum. Therefore w < v and so (let ¢ | 1) u < v. By symmetry u =v. 1

In view of (II1.5.10) to obtain the required estimates for Theorem II1.5.7 we
need to know the asymptotic behavior of u(z) = u(|z|) as || — oco. By the radial
symmetry (II11.5.14) is an ordinary differential equation in the radial variable and
so precise results are known.

Lemma II1.5.9. Asr — o0

2A—dyr? d<3
u(r) ~ %r_Q/logr d=4 .
C(j) r2=d c(d) >0 d>4

Proof. Iscoe (1988) gives just enough hints to reduce this to a calculus exercise
(albeit a lengthy one if d = 4) before referring the reader to the differential equations
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literature. We will carry out this exercise later in this Section to give a self-contained
proof. 1

We are ready to complete the
Proof of Theorem III.5.7. Consider first the proof of (b) and (¢) when d =4 (a
similar argument works if d > 4). From (II1.5.10), we have

(II1.5.18) Py, (X hits B(0,¢)) = Py, (Xs(B(0,)) > 0 3s > 0)
=1 —exp{—e? /u(:z:/s) dXo(z)}.

Let 259 = d(0,5(Xp)) > 0. If z € S(X) and 0 < & < g9 A&, then the monotonicity
of u and Lemma II1.5.9 show that

(I11.5.19) (log1/e)e?u(z/e) < (log1/e)e u(2e0/¢)
< C(log1/)e™(e0/e) ~*(log(en/e)) ™"
< 02552.

This proves the left side is uniformly bounded on S(Xy) and so (II1.5.18), Lemma
I11.5.9 and Dominated Convergence imply

lgiff)l(bg 1/e)Px, (X hits B(0,¢)) = lsifgl/(log 1/e)eu(x/e) dXo(z)
_ / lim(log 1/2)=~*u(a/<) dXo(x)
= %/|m|2dX0(x).

This proves (b). To prove (c) use (II1.5.18) and then (II1.5.19) to see that for
€ <éeg 5(2)

Px, (X hits B(0,¢)) < 8_2/u(x/£) dXo(x)

< 20e;?Xo(1)(log1/e) .

For (a) we consider 3 cases.
Case 1. 0 ¢ S(Xj).
Let 29 = d(0,S5(Xp)). By (IIL.5.11), and as in the proof of (b), if z € S(Xj)
and 0 < € < gg,
e 2u(x/e) < e 2u(2e0/c) < e5%u(?2).

This allows us to use Dominated Convergence and Lemma I11.5.9 to let ¢ | 0 in
(IT1.5.10) and conclude

(I11.5.20) Px, ( Ueso {X4(B(0,6)) = 0 Vs > 0})
2 -2
—exp{ - / “a—a)l dXo(x) ).
The event on the left hand side clearly implies 0 € R. Conversely suppose 0 € R.

The historical modulus of continuity and 0 ¢ S(Xo) imply 0 ¢ R([0,6]) for some
d > 0 w.p. 1. Therefore 0 ¢ R([0,00)) and so d(0,R([0,00))) > 0 which implies
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for some ¢ > 0 X4(B(0,¢)) = 0 for all s > 0. Therefore (I11.5.20) is the required
equation.
Case 2. 0 € S(Xy), Xo({0}) =0.

For n > 0, let Xo = X"+ X2", where dX,"(z) = 1(|z| > n) dXo(z). If § > 0,

Px, (0 & R([0,00))) = Py1.1(0 & R([6,00)))P 2.1 (0 & R([d,00)))

0

> Py10(0 ¢ ﬁ)IP’Xg,n(Xg =0)
_ exp {@/1(@\ > | ~2dXo(z) } exp {%2;(1)}

where we have applied Case 1 to XS " and used the extinction probability formula
(I1.5.12) in the last line. Let n | 0 and then 6 | 0 to get the required lower bound.
For the upper bound just use Px,(0 ¢ R) < IP’Xé,n(O ¢ R), apply case 1 to X",
and let n | 0.
Case 3. X(({0}) > 0.

Note that Px,(Xs5({0})) = P*°(Bs; = 0) = 0 and so we may use the Markov
property and apply the previous cases a.s to X5 to conclude

Px, (X misses {0}) < Px, (Px,(Xmisses {0}))
2(4 —d)
_]P’X0<exp /] |72dXs(x )—>Oas§l0

because the weak continuity and Fatou’s lemma shows
1iminf/ |z|72dX5(x) = 0o a.s.
510

Therefore X hits {0} Px,-a.s. and the result holds in this final case. §
Corollary II1.5.10. Let
P if3>0
Jo(r) = { (logl/r)~t if =0’

and d > 4. If A € B(R?) and f;_4 —m(A) = 0, then A is polar for X. In particular,
points are polar for X.

Proof. Assume without loss of generality that A is bounded. Let A C U2, B(a}, ")
where lim, oo Y ooy fa—a(2r?) = 0. Choose zy ¢ A and n large so that
d(xo, U B(zl',r)) = €9 > 0. Then Theorem II1.5.7(c) implies that for n large,

Ps,,(RNA# ¢) <ZP5 (RN B(},r}) # )

=1
K“de%

—>0asn—>oo. |

Remark. (II1.5.1) shows that this result is also a consequence of Theorem II1.5.2 as
the hypothesis on A is stronger than that in Theorem I11.5.2. However, in practice it
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is often easier to verify the Hausdorff measure condition than the capacity condition,
and (I11.5.2)—(I11.5.3) show the conditions are close.
Exercise II1.5.1. Let

Ty Jrtlogtl/r ifd=4
Yalr) {r4 ifd>4

Use Theorem IIL5.7(c) to show that ¢y — m(R([5,0))) < oo V& > 0 Px, — a.s.
Conclude that R is Px, a.s. Lebesgue null if d > 4.
Hint. You may assume without loss of generality that Xy = dg. Why?

Proof of Lemma II1.5.9. By considering v = yu, we may assume without loss of
generality that v = 1. Radial symmetry shows that (II1.5.14) is equivalent to the
ordinary differential equation

d—1

r

(I11.5.21) u’(r) + u'(r) = u(r)? for r > 1

with the associated boundary conditions, or equivalently

(I11.5.22)  (r¥ ') = r?tu(r)? for r > 1, lim u(r) =0, lim wu(r) = occ.

—00 r—1+4+

This shows that 7414/ is non-decreasing and, as it is non-positive by (II1.5.11), we
conclude that

(111.5.23) —co(d) = lim %71/ (r) < 0.

T—00

If u(rg) = 0 for some ro > 1, then (II1.5.12) implies that X;(B(0,1)) =0 Ps, -
a.s. This contradicts the fact that Ps,(X1(B(0,1)) = P™(B1 € B(0,1)) > 0 and
we have proved that

(I11.5.24) u(r) > 0 for all > 1.

Integrate (II1.5.22) twice, and use (II1.5.23) and u(co) = 0 to obtain the integral
equation

(111.5.25) u(r) = co(d) /OO tt=dat + /OO tl_d</oo sd_lu(s)zds>dt.

This shows that c¢o(d) = 0 if d < 2 (or else the first term would be infinite), and for
d > 3 the above gives

(I11.5.26) u(r) = co(d) 2-a + /TOO (w>sd_lu(s)2ds.

We claim that

(I11.5.27) co(d) > 0iff d > 5.
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Assume first that d = 3 or 4. (II1.5.26) implies u(r) > (Z)g)r%d, and therefore for
some ¢’ > 0,

o0 d 2 e’e)
u(r) > c’/ r2_dsd_1—(§0£ ;)2 st 2dgds > c'co(d)QrQ_d/ s37%ds.
2r 2r

As the last integral is infinite, this shows ¢o(d) must be 0. Assume now that d > 5
and co(d) = 0. Then (II1.5.26) implies

1 oo
(111.5.28) u(r) < mr2_d/ s u(s)?ds < 7% as r — oo,

because (II1.5.26) implies the above integral is finite. Use this in (II1.5.26) to see
there is an ro > 1 such that » > ry implies
1

_2r3_d/ s u(s)?ds
rgd/ su(s)ds
S/ su(s)ds,

where the above integral is finite by (I11.5.28). Now iterate the above inequality as
in Gronwall’s lemma to see that ru(r) = 0 for r > rg, contradicting (II1.5.24). This
completes the proof of (II1.5.27).

Assume d > 5. Then (II1.5.26) implies

ru(r) <

U

IN

d 1 o
’I‘d_QU(T) o CO( ) + / Td_2[7’2_d N SQ—d]Sd—lu(S)ZdS

T d—2 d-2
_ co(d)
=5t h(r).

Clearly h(r) < ¢ [T s%lu(s)?ds — 0 asr — oo because (II1.5.26) implies the

above integrals are finite. This proves the required result with ¢(d) = C;g).

Assume d < 4 so that (II1.5.25) and (II1.5.27) give

(111.5.29) u(r) = /OO t1—d /OO 5375 (s%u(s))?dsdt.

Recall from (II1.5.11) that r?u(r) | L > 0 as r — oco. Assume d < 3 and L = 0.
If ¢ € (0,1), there is an ro(e) > 1 so that r?u(r) < e whenever r > ro. Now use
(IT1.5.29) to see that for r > ry,

o =3 g? €
2 < g2p2 dt = —— < —.
r“”—fr(l 4 d” T @2 =2

Iterate the above to see that u(r) = 0 for all » > rg, which contradicts (II1.5.24)
and hence proves L > 0. The fact that r?u(r) | L and (I11.5.29) together imply

7“2/ tl_d/ s175dsdt (r?u(r))? > r2u(r) 2L2r2/ tl_d/ 537 dsdt,
T t T t
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and therefore
L) 2 () =
reu(r reu(r .
= = 2(4—d)
Let r — oo to see that L = Z(f—jd). This implies that L = 2(4 — d) (because L > 0)
and so the result follows for d < 3.
It remains to consider the 4-dimensional case which appears to be the most
delicate. In this case

(111.5.30) w(r) =r?u(r) | L=0

because if L were positive the inner integral in (II1.5.29) would be infinite. (II1.5.26)
shows that (recall ¢o(4) = 0)

1 [e.9]
(111.5.31) =3 [/ s w(s)?ds — g(r)].
The monotonicity of w shows that
(111.5.32) g(r) < w(T)Q/ s %dsr? = w(r)*/2 ] 0 as r — oc.
Let
1 ° 2 1
v(r) = (logr)w(r) = 2 logr/ w(j) ds — §(log r)g(r) by (II1.5.31)
1
(111.5.33) = §h(r) — —(logr)g(r)
Note that by (II1.5.32),
s(logr)g(r) _1g(r) _1
111.5.34 2 == < Z
(I11.5.34) o(r) 2w(r)_411)(7‘)—>0as7“—>oo,
and so
1h(0)
. 2 .
(I11.5.35) Jm e T
Now

oy = L [, logriotey
= %[Qw(r) + g(r) — (log T)ZU(T)Z] (by (I11.5.31))
= 2024 200 Zh) + 5 ogr)g(r)]
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(I11.5.34) and (II1.5.35) imply %(logr)g(r) = e(r)h(r), where lim, ., (r) = 0, and
(II1.5.32) shows that d(r) = 2L — 0 as r — co. We can therefore rewrite the

w(r)
above as
(I11.5.36) W) = o)) - h]
where lim, o a(r) = 1, and lim, o b(r) = 4.

We claim that lim,_, h(r) exists in [0,00). If A(r) > 4 for large enough r this
is clear since h is eventually decreasing (by (I11.5.36)) and bounded below. In a
similar way the claim holds if h(r) < 4 for large enough r. Assume therefore that
h(r) < 4 for some arbitrarily large r and h(r) > 4 for some arbitrarily large values of
r. We claim that lim,_,o, h(r) = 4. Let € > 0 and suppose limsup,._, , h(r) > 4+e¢.
We may choose r,, T oo and s,, € (7, 7p+1) so that h(r,) > 4+4¢ and h(s,) < 4 and
then choose u,, € [s,_1, s,] so that h has a local maximum at w,, and h(u,) > 4+e¢.
This implies h'(u,,) = 0 which contradicts (I11.5.36) for n sufficiently large. We have
proved that lim sup,._, . h(r) < 4. A similar argument shows that liminf, . h(r) >
4. In this way the claim is established. This together with (II1.5.33) and (III.5.34)
shows that

(111.5.37) L = lim v(r) exists in Ry.
An argument similar to that for d < 3, and using (II1.5.29), shows that L > 0.
We can write (II1.5.33) as

1 > w(s)?
I11.5. =—1 ———ds —
(I11.5.38) v(r) 5 ogr/r (log 5175 s —e(r),
where lim,_. ., e(r) = 0 (¢(r) > 0) by (II1.5.34) and (II1.5.37). If L > ¢ > 0, there
is an rg > 1 such that for » > rg,

1 o 1 o
5(1ogr)<L—g)2/ (log s) 25~ ds—z < v(r) < §<1ogr)<L+g)2/ (log s)~2s1ds.
Let r — oo and then € | 0 to see that L = %LZ and so L = 2. The result for d = 4

follows. 1

We next consider the fixed time analogue of Theorem II1.5.7. Let % continue
to denote the generator of Brownian motion. Recall from Theorem II.5.9 and Ex-
ample 11.2.4(a) that if ¢ € CZ2(RY); and V;¢ > 0 is the unique solution of
ov. AV, v

___‘/;527 ‘/0:(257

(5E)g.0 ot 2 2

then

(LE) Px,(exp(X¢(¢))) = exp(—Xo(Vi9)).
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Theorem III.5.11. Let d > 3. There is a constant Cy; such that for all
Xo € Mp(R%), all t > £2 >0, and all z € R?,

C _
P, (Xi(B(ze) > 0) < 2 / peray — ) Xo(dy)e™?
S ﬁtfd/QXO(Rd)€d72.
Y

Proof. Since % is a SBM(1) starting at X/ (check the martingale problem as
in Exercise 11.5.5) we clearly may assume v = 1. By translation invariance we

may assume z = 0. Let ¢ € CZ(R?) be a radially symmetric function such that
{¢ >0} = B(0,1), let ¢.(z) = ¢(x/e) and let v(¢,2) > 0 be the unique solution
of (SE)x4. 0 from Theorem I1.5.11. By scaling we have

V(L x) = 5_20>‘€2’1(t€_2,xs_1) = 5_21)>‘52(t€_2, re™t).

By (LE),

(I11.5.39) 1—Px,(exp(—AX:(¢:))) = 1—exp (—/5_211’\52 (ts‘g,xe_l)Xo(dx)) :

The left-hand side is increasing in A, and so by taking X, = J, we see that
v (t,x) T v (t,z) < co. Let A — oo in (II1.5.39) to conclude that

(111.5.4Mx,(X:(B(0,e)) >0)=1—exp (—/e_2v°°(t€_2,x5_1)Xo(dx))
(I11.5.41) < e_z/voo(ta_Z,xe_l)Xo(dx).
We therefore require a good upper bound on v*°. A comparison of (II1.5.40), with

Xo =6z, € =1, and the extinction probability (I1.5.12) shows that

2
(I11.5.42) v>X(t,x) <

To get a better bound for small ¢ and || > 1 we let » > 1 and suppose

(111.5.43) there exist ,, | 0 such that sup v™°(t,,x) — oco.

|z|>r
Then (II1.5.40) implies that lim, . Ps, (X, (B(0,1)) > 0) = 1 for some |z,| > 7.
Therefore by translation invariance,

lim inf Ps, (X3, (B(0,7 —1)¢) > 0) =liminf Ps, (X;, (B(zn,r — 1)) > 0)

n—oo n—oo

> liminf Ps, (X, (B(0,1)) > 0) = 1.

On the other hand our historical modulus of continuity (recall Corollary III.1.5)
shows the left-hand side of the above is 0. Therefore (I11.5.43) must be false. This
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with (II1.5.42) proves that

(111.5.44) M(r)= sup v>*(t,z)<oo Vr>1.
|z|>7r,t>0

Proposition 11.5.12 gives the Feynman-Kac representation

(I11.5.45) Mt ) = E* (Aqb(Bt) exp(_?l /Ot Mt — s, By) ds)).

Use the strong Markov property at T, = inf{t : |By| = r} to see that (II1.5.45)
implies that if || > r > 1, then

v (t,2) =E* <1(TT <t) exp(%l /OTT vt — s, B) ds)

2
<E"(I(T, < t)v*(t — Ty, Br,)).

R (CCRREC A S))

Let A — oco and use Monotone Convergence in the above to see that
(111.5.46) v (t,z) < E*(1(T, < t)v>*(t —T,,Br,)), |z|>r>1.

If we replace T, by the deterministic time ¢t — s (0 < s < t) in the above argument
we get

(111.5.47) vt z) < P s(v™°(s,))(x).
Combine (II1.5.46) with (II1.5.44) to see that for |z| > 7 > r =2,

v>(l,z) < M(2)P*(Ty < 1)
< 2M(2)P°(|B;| > |x| — 2) (by a d-dimensional reflection principle)
< c1 exp(—|z[*/4),

where we used our bound |z| > 7 in the last line. Together with (II1.5.42), this gives
v>®(1,2) < cop(2,z) for all 2 € RY,
and so (II1.5.47) with s = 1 implies
v>®(t,z) < cop(t +1,x) forall t > 1 and z € RY.

Use this in (II1.5.41) to conclude that for ¢t > 2,
Px, (X (B(0,¢)) > 0) < cpe? /p(t6_2 +1,2e7 ") Xo(dz)
= ped™? /p(t + &2, 2) Xo(dz).

This gives the first inequality and the second inequality is then immediate. N

A corresponding lower bound is now left as an exercise.
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Exercise I11.5.2. Use Lemma III.5.5 and our first and second moment formulae
(Exercise 11.5.2) to prove:
(a) If d > 3, for any K € N, § > 0 J¢(¢(0, K) > 0 and a universal constant ¢4 > 0 so

that whenever XOT(I) <K,
Px,(X¢(B(x,¢€)) > 0) > %d/pt(y —2)Xo(dy)e®™? V0 < e < e(6,K), t>6.

(b) If d = 2, show the conclusion of (a) holds with (log1/¢)~! in place of ¢2=2 and
the additional restriction ¢ < §— 1.
Hints: (1) Draw a picture or two to convince yourself that

PY(B; € B(z,¢€)) > ciepi(y — ) Yt > &2
(2) It B = B(0,2), then Py((P—s15)?) < ¢ (=S5 A 1>PtlB.

Remark II1.5.12. (a) If d > 3, then Theorem III.5.11 and the above Exercise
give sharp bounds on Py, (X:(B(z,e)) > 0 as € | 0 except for the value of the
constants Cy and ¢4. Theorem 3.1 of Dawson-Iscoe-Perkins (1989) shows that there
is a universal constant ¢(d) > 0 such that

(111.5.48) lim 2Py, (X, (B(z,€)) > 0) = ¢(d) /pt(y — ) Xo(dy).

€l0
If d = 2, a companion upper bound to Example I11.5.2(b)
Px, (X:(B(z,€)) > 0) < Cot ' Xo(1)|loge|™! Vt € le,e!] Vee (0,1/2)

is implied by Corollary 3 of Le Gall (1994). A version of (II1.5.48) has not been
obtained in this more delicate case.

(b) The analogue of Theorem II1.5.2 for fixed times is
(I11.5.49)
ANS(Xy) =0 Px, —as. iff C(gq_2)(A) =0, YAcBR?Y, t>0,d>1, Xq#0.

The reader may easily prove the necessity of the capacity condition for fixed time
polarity by means of a straightforward adaptation of the proof of Theorem III1.5.4.
This result was first proved in Perkins (1990) (see Theorem 6.1). As in Corollary
I11.5.10, Theorem II1.5.11, and Le Gall’s companion upper bound if d = 2, readily
show that for d > 2, and all t > 0 and A € B(R?),

(111.5.50) fi—2 —m(A)=0=ANS(X;) =0Px, —as. .

This is of course weaker than the sufficiency of the capacity condition in (III.5.49)
which is again due to Dynkin (1992).
Parts (a) and (b) of the following Exercise will be used in the next Section.

Exercise II1.5.3. Let X', X2 be independent SBM’s with branching rate v which
start at X}, XZ € Mp(RY) — {0}.
(a) If d > 5 use Theorem I11.5.11 to show that S(X}) N S(X?) =0 a.s.

(b) Prove that the conclusion of (a) remains valid if d = 4.



240 Superprocesses

Hint. One way to handle this critical case is to first apply Theorem II1.3.8 (which
has not been proved in these notes) to X!.

(c) If d < 3 show that P(S(X})NS(X2)#0) > 0.

Hint. Use the necessity of the capacity condition in (I11.5.49) together with (II1.5.2)
(the connection between capacity and Hausdorff measure) and Corollary I11.3.5 (the
latter results are only needed if d > 1).

6. Disconnectedness of the Support

Our goal in this Section is to study the disconnectedness properties of the sup-
port of super-Brownian motion. The results seem to be scattered in the literature,
often with proofs that are only sketched, and we will try to collect them in this
section and give a careful proof of the main result (Theorem 6.3). This also gives
us the opportunity to advertise an intriguing open problem. The historical clusters
of Theorem III.1.1 will be used to disconnect the support and we start by refining
that result.

Assume we are in the setting of Section I1.8: H is the (Y, 0)-historical process
on the canonical space of paths Q [T, c0) with law Q ,,,, and +y is a positive constant.
Recall the canonical measures {R;.(y, ) : t > 7,y € D"} associated with H from
(I1.8.6) and set

" Rr1(y, A) V(t—7)
e T 72 e () B R
From Exercise I1.7.2 we may interpret P, as the law of H; starting from an in-

finitesimal point mass on y at time 7 and conditioned on non-extinction at time
t.

If v is a probability on ML (D) we abuse our notation slightly and write Q, ,, for
J Qr mr(dm) and also adopt a similar convention for the laws P, (¢ a probability
on Mp(FE)) of the corresponding superprocess. If 7 < s < ¢, define

rs(Hi) € Mp(D® x D) by rs:(Hi)(A) = Hi({y - (v°,y) € A}).

Theorem III.6.1. Let m € ML(D) — {0}, t > 7 and let £ be a Poisson point
process on D7 x Qg[t,00) with intensity

2

(A x B) = /1A(y)@t,P:,t<y,->(B)m

m(dy).

Then (under Q; )
(@) 7ro(H)Z [ 8, % E(dy, dv),
0) (Ho)uz=( [ vy av)

Proof. (a) Let A;,..., A, be a Borel partition of D, let ¢; : D — R, be bounded
Borel maps i = 1,...,n, and define H}(-) = Hy(-N{y™ € A;})and f : D" x D — R,
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by f(y,w) =>"" 1 14,(y)¢:i(w). Then (II1.1.3) and (IL.8.6)(b) imply

Qv (exp(— / ) Hy(dy))

o (exp( )

m(exp(—H{(¢4)))

(II1.6.1) =exp ( Z//l — e (# ) )P*J(y,dy)lAi (y)dm(y)) :
On the other hand

B (e (- [ [ rnwmiasian.an))

— e (- [0 - el | f(y,wwt(dw»)uuy,dv))

—exp< //1—exp ZlA Y (94)) ( ) (Y, dve)m (dy))
(I11.6.2) —exp< Z / / —u<¢>%T)P:,t<y,du>1m<y>dm<y>>.

As (IT1.6.1) and (II1.6.2) are equal, the two random measures in (a) are equal in law
by Lemma II.5.9.

(b) Let {y;, H") : i < N} be the points of =. Then N is Poisson with mean
given N, {y; : i < N} are i.i.d with law m/m(D), and

I
M ’:]:

2m(D)
y(t—=7)’

(I11.6.3) given o(N, (y;)i<n), {H":i < N} are independent random

processes with H* having law Q¢ p= (y, .-

Therefore conditional on o (N, (y;)i<n, (H})i<n), H. = Zfil H'is a sum of N in-
dependent historical processes. Such a sum will clearly satisfy (HMP), g, and
therefore be a historical process itself (this is the multiplicative property of super-
processes). Therefore the conditional law of (H,,)yu>: given o(N, (yi)i<n, (H})i<N)
is Q; i7,- Part (a) implies that H; has law Q; ,,(H; € -). The Markov property of
H under Q,,, now shows that (H),>; has law Q,,,((H,)u>¢ € -) which is what we
have to prove. §

We now reinterpret the above result directly in terms of the historical process H
on its canonical space (Qp[7,00), Qr ). We in fact assume that H is the historical
process of a super-Brownian motion with constant branching rate ~, although the
result and its proof remain valid for any historical process such that H; has no
atoms Q; ,,-a.s. for any s > 7.

Ifr<s<tandye D% let HY(:) = Hi({w € - : w® = y}), i.e., H"Y is the
contribution to H; from descendants of y at time s.
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Corollary II1.6.2. Let m € M/(D) and 7 < s < t. Assume either 7 < s or m is
non-atomic. Then under Q; ,:

(a) Conditional on FH |7, s4], S(r,(H;)) is the range of a Poisson point process with
intensity ?féi(:’)) .

(b) H, = zyGS(rs(Ht)) H:Y for all u >t a.s.

(c) Conditional on FH[r,s+]V o(S(rs(Hy))), {(HSY)u>t : y € S(rs(Hy))} are in-
dependent processes and for each y € S(rs(Hy)), (HY)u>: has (conditional) law
Qt.p:,w.)-

Proof. (a) is included in Theorem III.1.1.

(b) Lemma II1.1.2 and the Markov property show that H, (S(rs(H¢))¢)u>¢ is a con-
tinuous martingale starting at 0 and so is identically 0 a.s. (b) now follows from the
definition of HY.

(c¢) Theorem I11.3.4 and Exercise I1.8.3 show that H is non-atomic a.s (use Theorem
I11.3.8(c) if d = 1). Therefore by the Markov property we may assume without loss
of generality that s = 7 and m is non-atomic. We must show that conditional on

S(r-(Hy)),

{(Hy")uzt 2y € S(r-(H))}

are independent, and, for each y € S(r (H:)), (HY)u>: has (conditional) law
Qt,px,(y,)- As this will depend only on the law of (Hy)u>t, by Theorem II1.6.1(b)
we may assume that = is as in that result and

(I11.6.4) H, = /VUE(dy,dV) for all u > t.

Let {(y;, H') : i < N} be the points of = (as in the proof of Theorem II1.6.1(b)) so
that (II11.6.4) may be restated as

N
(I11.6.5) H, =Y Hj forallu>t.

1=1

Theorem II1.6.1(a) implies that {y; : i < N} = S(r,(H;)) and the fact that m is
non-atomic means that all the y;’s are distinct a.s. By (11.8.6)(a), v(y™ # y;) = 0
P?,(yi,-)-a.a. v and so H{({y : y" # y;}) = 0 a.s. As in the proof of (b) we may

T,t
conclude that HY ({y : y™ # y;}) = 0 for all u > ¢ a.s. This shows that
Hi()=H.(-,y" =y;) forall u>tas.
=H,(-,y" =vy,;) forall u>tas. (by (II.6.5) and y; # y; if i # j a.s.)
= H]Yi(:) for all u >t a.s.

The required result now follows from (II11.6.3). 1§

We are ready for the main result of this section (a sketch of this proof was given
in Perkins (1995b)). In the rest of this Section we assume (X, (P,)uermp(m)) is a

super-Brownian motion with constant branching rate v and (H ,(Qrm) (rim)e E) is
the corresponding historical process.

Theorem II1.6.3. If d > 4, S(X;) is totally disconnected Px, -a.s. for each ¢ > 0.
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Proof. By Exercise I1.5.1 (or 11.5.3) we may work with X; = II(H); under Qg x,-
Ift > 0is fixed, 0 < s < t and y € S(rs(Hy)), let X;Y(A) = HY(yr € A) =
Hf’yof[t_l(A), where I1, is the obvious projection map. Let &,, | 0, where 0 < &,, < ¢.
Corollary I11.6.2(b) implies

(I11.6.6) S(X¢) = Uyes(r,_.. () S(Xy7"%) Vn aus.

By Corollary I11.6.2(c) and (I1.8.7), conditional on FH ([0,t—&,))Va(S(ri—e, (Hy))),
{X;7*"Y .y € S(ry_., (Hy))} are independent and X} °"¥ has (conditional) law

Rsn (yt—Env )

P .
Rsn (yt—sn 3 1)

t—an,t(yayoﬁ;1 S ) =

A Poisson superposition of independent copies of Xf ““»¥ has law Py, . (Xe, €°)
by (I1.7.11) and so Exercise I11.5.3 shows that

II1.6.7 S(X[eYY iy e S,_.. (Hy)} are disjoint for all n a.s.
t n

Let §(3,w) > 0 Qo, x,-a.s. be as in the Historical Modulus of Continuity (The-
orem II1.1.3). Then that result and Corollary I11.6.2(b) show that

S(HI Yy ¢ S(H,) c K(5(3,w),3)
and so by the definition of X} ™Y,
(I11.6.8) S(X]7"Y) C B(ys—c,,3h(cn)) if e, < 6(3,w).

Fix w outside a null set so that (II1.6.6), (II1.6.7), and (II1.6.8) hold, and 6(3,w) > 0.
Then S(X;) can be written as the disjoint union of a finite number of closed sets of
arbitrarily small diameter and hence is totally disconnected.

If X! and X2 are independent super-Brownian motions starting from X} and
X2, respectively, then (see Theorem IV.3.2(b) below)

(IT1.6.9) ifd>6, S(X))NS(X2)=0 forallu>0as.

Using this in place of Exercise I11.5.3 in the above proof we get a version of the
above result which holds for all times simultaneously.

Theorem II1.6.4. If d > 6, then S(X;) is totally disconnected for all t > 0 Px, —
a.s.
Proof. Our setting and notation is that of the previous argument. Corollary II11.6.2
implies that
(I11.6.10) .

S(Xu) = Uyes(rg o (Hyen )S(XTTVY) Vu € [(jen, (j+ 1)ea] Vin €N as.

Corollary I11.6.2(c), Exercise I1.8.3 and (I1.8.7) show that, conditional on

FH0,(5 = Denl) Vo (S(r(j-1)e, (Hje, ),
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{(Xéj_l)sn’y)uzjsn 1y € S(rj—1)e, (Hje, )} are independent and (Xuyje, Ju>o0 has
law P, (y,_1..) Where pn(z,") = Re (z,')/R.,(2,1). It therefore follows from
(IIL.6.9) that

(I11.6.11) {S(XUVenyy .y e S(r(j—1)e, (Hje,))} are disjoint
for all u € (jen, (j + 1)en] Vj,n € N as.

Finally use the Historical Modulus of Continuity and Corollary I11.6.2(b), as in the
proof of Theorem II1.6.3 to see that

(IT1.6.12) S(XU—Veny) ¢ B(y(j—1)e,,6h(en)) forall u € [jen, (j + 1)en]
Vj € N and n such that 2¢, < (3,w).

As before (I11.6.10)-(I11.6.12) show that with probability one, for all u > 0, S(X,)
may be written as a finite disjoint union of closed sets of arbitrarily small diameter
and so is a.s. totally disconnected. 1

In one spatial dimension the existence of a jointly continuous density for X
(see Section II1.3.4) shows that the closed support cannot be totally disconnected
for any positive time with probability one. This leaves the

Open Problem. In two or three dimensions, is the support of super-Brownian
motion a.s. totally disconnected at a fixed time?

Nothing seems to be known in two dimensions and the only result in this di-
rection for three dimensions is

Theorem 6.5. (Tribe (1991)) Let Comp(x) denote the connected component of
S(X¢) containing z. If d > 3, then Comp(z) = {x} for X;-a.a. x Px,-a.s. for each
t>0.

Tribe’s result leaves open the possibility that there is a non-trivial connected
component in S(X;) having mass 0. The proof considers the history of a particle
x chosen according to X; and decomposes the support at time t into the cousins
which break off from this trajectory in [t — &, ¢] and the rest of the population. He
then shows that with positive probability these sets can be separated by an annulus
centered at x. By taking a sequence ¢,, | 0 and using a zero-one law he is then able
to disconnect x from the rest of the support a.s. The status of Theorem 6.5 in two
dimensions remains unresolved.

The critical dimension for Theorem II1.6.4, i.e., above which the support is
totally disconnected for all positive times, is also not known.

7. The Support Process
In this section we give a brief survey of some of the properties of the set-valued
process S(X;). Let K be the set of compact subsets of RY. For non-empty K,
K2 S IC, let
p1(K1, K2) = sup d(z, K2) A1,
re K
p(K1, Ko) = p1(K1, K2) + p1(K2, K1),

and set p(K,¢) = 1if K # ¢. p is the Hausdorff metric on K and (K, p) is a Polish
space (see Dugundji (1966), p. 205,253).
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Assume X is SBM(y) under Px, and let S; = S(X;), t > 0. By Corollary
II1.1.4, {S; : t > 0} takes values in K a.s. Although the support map S(-) is not
continuous on My (R%), an elementary consequence of the weak continuity of X is
that

(I11.7.1) }im p1(Ss,5:) =0 Vs>0 as.

On the other hand the Historical Modulus of Continuity (see Corollary I11.1.5) shows
that if 0 <t — s < §(w, 3)

p1(St, Ss) = sup d(z, Ss) A1 < 3h(t — s)
r€ES}

and so

(I11.7.2) ltilrnpl(St,Ss) =0 Vs>0 as.

(IT1.7.1) and (II1.7.2) show that {S; : ¢ > 0} is a.s. right-continuous in IC. The a.s.
existence of left limits is immediate from Corollary III.1.5 and the following simple
deterministic result (see Lemma 4.1 of Perkins (1990)):

If f:(0,00) — K is such that Ve > 0 30 > 0 so that
0 <t—wu<0dimplies f(u) C f(t)° = {z:d(z, f(t)) <e},
then f possesses left and right limits at all £ > 0.
(IT1.7.1) shows that Sy C Ss_ for all s > 0 a.s. When an “isolated colony”
becomes extinct at time s at location F' one expect F' € S;_ — S;. These extinction

points are the only kind of discontinuities which arise. Theorem 4.6 of Perkins
(1990) shows that

card(S;— — S;) =0 or 1 forall t>0 as.

The nonstandard proof given there may easily be translated into one use the histor-
ical process. For d > 3 the countable space-time locations of these extinction points
are dense in the closed graph of X,

Go(X)={(t,x) :x € S, t >0} ={(t,z) : x € S;_,t >0} U{0} x Sy

(see Theorem 4.8 of Perkins (1990)).

Of course if Sy € K, the above arguments show that {S; : ¢ > 0} is cadlag
in  a.s. Assume now S(Xg) € K. Theorem III.3.8 suggests that in 2 or more
dimensions the study of the measure-valued process X reduces to the study of the
K-valued process S; = S(X¢), as X; is uniformly distributed over S; according to a
deterministic Hausdorff measure at least for Lebesgue a.a. t a.s. If

F={SeK:hg—m(S) < oo},

then, as one can use finite unions of “rational balls” in the definition of hy — m on
compact sets, it is clear that F is a Borel subset of K and ¥ : F' — Mp(R9), given
by U(S)(A) = hg — m(S N A), is Borel. The support mapping S(-) is also a Borel
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function from ME (R?), the set of measures with compact support, to K. Theorem
I11.3.8 implies that for s, t > 0 and A € B(F)

PXO (SH—S cA | ftX) = ]P)Xt(Ss S A)
= qu(st)(SS € A)

and so {S; : t > 0} is a cadlag F-valued Markov process. This approach however,
does not yield the strong Markov property. For this we would need a means of
recovering X; from S(X;) that is valid for all ¢ > 0 a.s. and although Theorem
I11.3.8 (b) comes close in d > 3, its validity for all £ > 0 remains unresolved.
Another approach to this question was initiated by Tribe (1994).

Notation. d >3 X;(A) = |S(X;)* N Ale2~4, A € B(R?). Here |- | is Lebesgue
measure.
The a.s. compactness of S(X;) shows X{ € Mp(R?) Vt > 0 a.s.

Theorem III.7.1. (Perkins (1994)) Assume d > 3. There is a universal constant
c(d) > 0 such that lifngf = ¢(d)X; Vt > 0 Px,-a.s. In fact if ¢ is a bounded
g

Lebesgue-integrable function and r < ﬁ then Px, -a.s. there is an go(w) > 0 so
that sup | X7 (¢) — c(d)Xi(¢p)] <" for 0 < e < gg.

t251/4
Remark. ¢(d) is the constant given in (II1.5.21) below which determines the asymp-
totic behaviour of Px, (X¢(B(z,¢)) > 0) ase | 0.

It is now easy to repeat the above reasoning with the above characterization
of X; in place of the Hausdorff measure approach to see that ¢ — S(X;) is a Borel
strong Markov process with cadlag paths.

Notation. ®. : K — Mp(RY) is given by ®.(S)(A) = |AN S¢[e2~.
Define ® : K — Mp(R?) by &(S) = {nh—{%o Q/,(S) ifit exists
0 otherwise

E={5¢eKk:S(®9)) =5% Qp = D([0,00), E) with its Borel o-field F*,
canonical filtration FF, and coordinate maps S;.

It is easy to check that ®. is Borel and hence so are ® and E. If d > 3,
Theorem II1.7.1 implies S(X;) € E Vt > 0 Px,-a.s. and so for S” € E we may define
a probability Qg on Qg by

Qs/(A) =Pgs (S(X.) € A).

Corollary II1.7.2. Assume d > 3. (Qp, FP, FF S;,Qg) is a Borel strong Markov
process with right-continuous F-valued paths.
Proof. See Theorem 1.4 of Perkins (1994). 1

Note. At a jump time of S(X;) the left limit of the support process will not be in
FE because

S(®(S(X)i-)) = S(Xy) # S(X)i—

Open Problem. Is S(X;) strong Markov for d = 27
The potential difficulty here is that S(X;) could fold back onto itself on a set
of positive X; measure at an exceptional time t(w).
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IV. Interactive Drifts
1. Dawson’s Girsanov Theorem

Our objective is to study measure-valued diffusions which locally behave like
DW-superprocesses, much in the same way as solutions to It6’s stochastic differ-
ential equations behave locally like Brownian motions. This means that we want
to consider processes in which the branching rate, v, the spatial generator, A, and
the drift, g, all depend on the current state of the system, X;, or more generally
on the past behaviour of the system, Xy ;. One suspects that these dependencies
are listed roughly in decreasing order of difficulty. In this Chapter we present a
general result of Dawson which, for a large class of interactive drifts, will give an
explicit formula for the Radon-Nikodym derivative of law of the interactive model
with respect to that of a driftless DW-superprocess.

We will illustrate these techniques with a stochastic model for two competing
populations and hence work in a bivariate setting for most of the time. The models
will also illustrate the limitations of the method as the interactions become singular.
These singular interactions will be studied in the next Section.

Let E;, Y;, A;, and ;, i = 1,2 each be as in Theorem I1.5.1 and set & = B(E;).
Let Qi = C(Ry, Mp(E;)) with its Borel o-field ¥ and canonical filtration F;*"*
and introduce the canonical space for our interacting populations,

(02, 72, F) = (2 x 0%, FX1 < FX2 (X x FX2) ),

The coordinate maps on Q2 will be denoted by X = (X!, X?) and P will be the
o-field of (F?)-predictable sets in Ry x Q2. For i = 1,2, let m; € Mp(E;), and
g; denote a P x &-measurable map from Ry x Q2 x E; to R. A probability P on
(Q2, F2) will satisfy (MP) iff

t .
Vs € D(A;) X)) = ma(di) + /0 Xi(Aid — gils, X, )pu)ds + MP% ()

defines continuous (F?2) — martingales M, (¢) (i = 1,2) under P such that
t
M (6 = 0 and (M0 (90), M99 (6,)) = by | Xi(uo)ds.
0

Implicit in (M P) is the fact that fot X(lgi(s,X,-)])ds < oo for all t > 0 P-a.s.
We have inserted a negative sign in front of g; only because our main example will
involve a negative drift.

Example IV.1.1. (Competing Species) Take E; = R4, A; = A/2, v = 1. If py
denotes the Brownian density, € > 0 and A\; > 0, let

G () = A / pe(z — y)u(dy).

Consider two branching particle systems, X~ = (X" X2N) as in Section I1.3
with independent spatial (Brownian) motions and independent critical binary branch-
ing mechanisms but with one change. At ¢ = i/N a potential parent of a 1-particle
located at z1 dies before it can reproduce with probability ¢¢(zq1, X2~ )/N. Sim-
ilarly a potential parent in the 2-population located at xo dies with probability
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gg(xg,thLN) /N before reaching child-bearing age. This means that the effective
branching distribution for the ¢ population is

) 1 - 1 ; ) .
v (2, XN) = 505(1 + g5 (2, XPN) /N + 525(1 — g5 (2, XDV /N (5 #1)

and so depends on the current state of the population X as well as the location
of the parent. Note that [ kv®N (z;, XN )(dk) =1 — 95 (24, X2™N)/N (j # i) and so
g (x5, X)) plays the role of gy in (I1.3.1).

The two populations are competing for resources and so a high density of 1’s
near a 2-particle decreases the likelihood of the successful reproduction of the 2
and a high density of 2’s has similar detrimental effect on a 1-particle. A; is the
susceptibility of the i*" population and 4/ is the range of the interaction. The
method of Section I1.4 will show that if X} = m; is the initial measure of the i'"
population, then {X™} is tight in D(R,, Mp(R%)?) and all limit points are in Q2
and satisfy

Vi € D(A/2) Xi(6i) = ma(s) + /O Xi(Adi/2)ds

(C8) - / / 0 (1, X3)gs(w) X (di)ds + ME(6:) (1= 1,2, j #1),

where M} (¢;) are continuous (F7) — martingales such that
¢
My =0 and (M6 M (o)) =y | Xi(62)ds.
0

The only technical point concerns the uniform (in N) bound required on E(X"Y (¢))
in the analogue of Lemma I1.3.3. However, it is easy to couple X~ with branching
particle systems with \; = 0, Z%" i = 1,2, (ignore the interactive killing) so that
X5N < Z4N and so the required bound is immediate from the \; = 0 case. Clearly
(CS)5) is a special case of (MP) with

91(87X7x> = gf(vag)7 j 7é i.

First consider (MP)}* in what should be a trivial case: g;(s, X, z) = g{(x) for

.0

some g¢ € Cyp(E;). We let (M P)76 denote this martingale problem. Let P be the

law of the (A;,7;, g7)-DW-superprocess starting at m;. If g¥ = 6; is constant, write
. . . 0 0

P&0% for this law and write PY, for P40 . Clearly Pyt x Prd2 satisfies (M P)7% but it

remains to show that it is the only solution. It is easy to extend the Laplace function

equation approach in Section I1.5 (see Exercise IV.1.1 below) but another approach
is to use the following result which has a number of other interesting applications.

Theorem IV.1.2. (Predictable Representation Property). Let P, be the law
of the (Y,~, g)-DW-superprocess starting at m on the canonical space of Mp(E)-



Superprocesses 249

valued paths (Qx, Fx, FX). If V € L?(Fx,P,,), there is an f in

L2P={f:R xQx x E—R: fis P(F) x & — measurable and

//stx ()X (dm)ds)<oth>O}

+/Om/f(s,x,x)dM(s,x)-

Proof. Let N; be a square integrable (F;% )-martingale under P,,. As the martingale
problem (M P),, for the superprocess X is well-posed, we see from Theorem 2 and
Proposition 2 of Jacod (1977) that for each n € N there is a finite set of functions,

Lo N ¢ D(A), and a finite set of (F;¥)-predictable processes, hl, ..., Rl (™)
such that fn(s, X,2) =, hi(s, X)¢h () € L? and

such that

n—oo

Ny =P (No) +hm//fnsX:1;dM(sa:)

in L?(Qx, Fx,P,,) for each t > 0. Hence for each such ¢,

lm B, /0 t / s, X.2) = For (5, X, 2)(2) X, (do)ds)

n,n’—oo

e / /f” 5 X, z)dM(s,2) / /fn 5. X, 2)dM(s,2)] )

=0.

The completeness of £2 shows that there is an f in £2 so that

nlggo/ot/fn(s,x,x)dM(s,x) :/Ot/f(s,X,x)dM(s,:)s)

in L?(Qx, Fx,Py). This shows that any square integrable (F;X)-martingale under
IP,, is a constant plus the stochastic integral of a process in £? with respect to the
martingale measure M. This is of course equivalent to the stated result. 1

0
Corollary IV.1.3. P; ’91 x P22 is the unique solution of (MP)7,
Proof. Let P be any solution of (M P)Z%. By the uniqueness of the martingale
problem for the DW-superprocess (Theorem I1.5.1) we know that P(X® € ) =

) .
Py (+). If ¢; is a bounded measurable function on Q% then by the above predictable
representation property

J(XH = L ; h (s, Xi, 2)dM(s,z) P—a.s., i =1,2.
¢i(X") = P () + /0 /f(S x) (s,x) a.s., i

(Note that the martingale measure arising in the martingale problem for X; alone
agrees with the martingale measure in (M P) by the usual bootstrapping argument
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starting with simple functions.) The orthogonality of M! and M? implies that
P(61(X1)02(X2)) = Pht (01)PH (62).

Exercise IV.1.1. Let V/'¢; be the unique solution of

oV} ; (V)? i i
Vv - % _OVE Vi—di, 6 € D(A).

Let v be a probability on Mp(E1) x Mp(E2) and define (LM P)y, in the obvious

manner (v is the law of Xy and the martingale terms are now local martingales in
general). Show that any solution P of (LM P)y, satisfies

P(exp( X} (61) ~ X2(0a}) = [ exp{-X3(V161) ~ X3(V200)}au(Xo).
Conclude that
P(X, €)= /P;;‘i?(xg € ) x P59 (X2 € Ydv(m),

and then convince yourself that the appropriate version of Theorem II.5.6 shows
that (LM P)7, is well-posed.

Consider now a more general martingale problem than (M P)j" on a general
filtered space Q' = (', F', F/,P'). If m; € Mp(E;), i = 1,2, a pair of stochastic
processes (X', X?) € O satisfies (M P)¢ p, iff

Voi € D(Ai)  X{(di) = mi(ei) + /Xz(Aicbi)dS — Cy(¢1) + Di(¢i) + M{ (),
where M} (¢;) is a continuous (F;) — martingale such that
t
(M*(¢;), M7 (¢;))¢ = (5ij/ X (v;02)ds, M(¢;) = 0, and C*, D* are continuous,
0

non-decreasing, adapted Mp(E;) — valued processes, starting at 0.

If € is as above, introduce
Q// — Q/ % 927 f” — f/ % f2, fél — (f/ % ‘FQ)H—, Q// — (Q//,f”,fgl),

let w” = (w, X', X?) denote points in Q" and let II : Q” — Q' be the projection
map.

Proposition IV.1.4. (Domination Principle) Assume X satisfies (M P)¢ , on &/
and for some 60; € Cy(E;)+,

t
(DOM) (Di— D%)(-) < / X%(6;1(-))dr (as measures on E;) Vs < t, i =1,2.

There is a probability P on (2", F") and processes (Z!, Z?) € Q2 such that
(a) If W € bF', then P(W o II|F]") = P/(W|F}) oIl P— a.s.
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(b) X oI satisfies (M P)g, . por; on Q.
(c) Z%, Z? are independent, Z'is an (F}") — (Y, ~;,0;)-DW superprocess starting
at m;, and Z; > X; oIl on Q" Vt >0, i =1, 2.

Remark IV.1.5. Clearly (a) implies that W = (X, D,C, M) on €' and W o II on
Q) have the same law. More significantly they have the same adapted distribution
in the sense of Hoover and Keisler (1984). This means that all random variables ob-
tained from W, respectively W olIl, by the operations of compositions with bounded
continuous functions and taking conditional expectation with respect to F/’, respec-
tively F/, have the same laws. Therefore in studying (X, C, D, M) on Q' we may just
as well study (X, C, D, M) oIl on Q" and hence may effectively assume (X!, X?) is
dominated by a pair of independent DW-superprocesses as above. We will do this
in what follows without further ado.

Sketch of Proof. The proof of Theorem 5.1 in Barlow, Evans and Perkins (1991)
goes through with only minor changes. We sketch the main ideas.
Step 1. DW-superprocesses with immigration.

Assume

pi € Mt w = {p:pis a measure on Ry x E;, u([0,T] x E;) < oo VT > 0,
u({t} x E;) =0Vt >0},

%

Ty, 47 for a

and 7 > 0. Consider the following martingale problem, denoted (M P)
DW-superprocess with immigration p on some (2, F, F, P):

Vo € D(A)  Xi(@) = mi(@) + / / o(x)du(r, z) + / X, (A% §)ds + My (9),

t > 7, where M;(¢), t > 7 is a continuous (F;)-martingale such that
¢
M, (6) =0, and (M(8)): = [ X.(nd?)ds

Then (M P)! is well-posed and the law P of any solution on 2x satisfies

T, b T, My, b

P. ., (exp(—Xi(0)) = eXp{ —my(V{' . ¢) — /Tt/‘éi_s¢(x)du(87x)},

where V/i¢ is as in Exercise IV.1.1. Moreover (Qx, Fx, Fi*, X, P? ., ,.) is an inho-

mogeneous Borel strong Markov process and (7, m;, ) — Pi7mi7 .. s Borel measur-
able. The existence of a solution may be seen by approximating p by a sequence
of measures each supported by {tg,...,t,} X E; for some finite set of points, and
taking the weak limit through an appropriate sequence of the corresponding DW-
superprocesses. For any solution to (M P)?, the formula for the Laplace functional
and other properties stated above may then be derived just as in Section II.5. Note
that the required measurability is clear from the Laplace functional equation, the
Markov property and a monotone class argument. (Alternatively, the existence of a
unique Markov process satisfying this Laplace functional equation is a special case
of Theorem 1.1 of Dynkin and the corresponding martingale problem may then be
derived as in Fitzsimmons (1988,1989).)
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Step 2. Definition of P.
Set Q!, = Pf, , and define

¢
= | xi'1)ds = Di) + Cic).
Then F'(w') € M}, P'-a.s. and we can define P on Q" by
P(Ax By x By) = / La(w")Qp1 (o) (B1) Q2 (1) (B2)dP(w').

This means that under P, conditional on «’, X! and X2 are independent, and Xiisa
(Y3, i, 6;)-DW-superprocess with 1mm1grat10n F;. Define ZH(w', X) = X} (o) + X},
For example if 0; and D; are both 0, then we can think of X as keeping track of
the “ghost particles” (and their descendants) killed off by C* in the X* population.
When it is added to X? one should get an ordinary DW-superprocess. (a) is a
simple consequence of this definition and (b) is then immediate. To prove (c) we
show Z satisfies the martingale problem on Q" corresponding to (M P)J* and then
use Corollary IV.1.3. This is a straightforward calculation (see Theorem 5.1 in
Barlow-Evan-Perkins(1991)). The fact that Z* dominates X* is obvious. |

We now state and prove a bivariate version of Dawson’s Girsanov Theorem

for interactive drifts (Dawson (1978). The version given here is taken from Evans-
Perkins (1994).

Theorem IV.1.6. Assume 7;(z) > 0 for all z in F;, i = 1,2 and P,,, X Py,,,-a.s.,

i X ;
(IV.1.1) Z/ /g 5 X, z) X;(dw)ds < 00, Vt >0,

so that we can define a continuous local martingale under P,,, x P,,, by

i X ; X .
Rg—exp Z/ 95 dezosx __//g %X 2) X;(dx)ds}.

(a) If P satisfies (M P)* and (IV.1.1) holds P-a.s., then

dP
dPl, xP2 |r

miy

(IV.1.2) = RY,

2

and in particular there is at most one law P satisfying (M P);" such that (IV.1.1)
holds P-a.s.

(b) If |gi|?/vi(z) and |g;| are uniformly bounded for i = 1,2 then R} is an (F7?)-
martingale under P,,, x P,,, and (IV.1.2) defines the unique law P which satisfies
(MP)}

(¢) If X. < X! (pointwise inequality of measures) implies
(IV.1.3) —0/vi(x) < gi(t, X, z) < g;(t, X', x), i =1,2 for all (¢,z),

for some constant # > 0, then the conclusion of (b) holds.
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Proof. (a) Let

= inf{¢ : Z/ / M 1>X;(d8)+1}d82n} (<n).

Assume P satisfies (MP);”, (IV.1.1) holds P-a.s., and define

tAT),
- i X .
Ry, = exp | /‘ (/gs 95 X02) pios (g, )

tAT),
i X ;
__/ /9 s, X, ) X;(da;)ds}.

Then R:q/\Tn is a uniformly integrable (F?)-martingale under P (e.g., by Theorem
I11.5.3 of Ikeda-Watanabe (1981)) and so dQ,, = RgpndIP defines a probability on

(Q2,F2). If £ denotes equality up to local martingales and ¢; € CZ(E;), then
integration by parts shows that under P,

. 5 tAT, '
M Rt = [, 60 = [ [ a5, Xoa)o(@) X2 do)is]

1+/t/\T /Rg s, X x Mi’gi(ds7dx)]
2_/MT /Rggl 5 X, 2) s () X' (dz)ds

AT, ‘ '
[ Raate 0,00 g ).
0
=0.
Therefore under Q,,, t’AT is an (F?)-local martingale. As Q,, < IP and quadratic
variation is a path property, we also have
tAT,

(M50 (¢3), M20 (0))e = 035 0 Xi(yi¢d)ds Vt>0 Q, —

which is uniformly bounded and hence shows M, /\T (¢;) is a Q,,-martingale. Let Q,
denote the unique law on (2, 72) such that Q. ’ 2 = Qn} 7> and the conditional
Th Th

law of X7p, 4. given F7 is P4, X P%, . Then Q, satisfies (MP)7* and so, by
i Thn Thn
Corollary IV.1.3, Q, = PL, x P2, . Therefore (IV.1.1) implies

Qn(T, <t)=P,, xP? (T, <t)—0asn— occ.

m

Since (IV.1.1) holds P-a.s., RY is an (F?)-local martingale under P and

P(R{) > B(RY\p, LTy > 1))
(IV.1.4) = P(R, g ) — P(RY, AT, < 1))
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=1-Q,(T, <t) —1asn— oc.
Therefore Rf is a a P-martingale and we may define a unique law, Q, on (02, F?%)
by d@! F2 = RY dIP" 72 for all ¢ > 0. Now repeat the above argument, but without

the T,,’s, to see that Q = P, x P2 . Note here that it suffices to show M"°(¢;)
are local martingales as the proof of Corollary IV.1.3 shows the corresponding local
martingale problem is well-posed. Therefore

dP| ., = (RY) d(PL, x P2)|,. = RId(PL,, x P2,)| . Vt>0.

(b) Uniqueness is immediate from (a). Let T}, be as in (a), let
gn(S,X, CC) = ]-(8 < Tn)(gl(saXa ZL‘),QQ(S,X,I)),

and define a probability on (22, F?) by dQ,, = R%nd(IP’}m x P2, ). Now argue just
as in the proof of (a) to see that Q,, solves (M P)y.. This martingale problem shows
that

Qi) = i) + @ [ Koo, X))

< mi(1) + c@n(/otm X;(l)ds>.

The righthand side is finite by the definition of T}, and hence so is the lefthand side.
A Gronwall argument now shows that Q,, (X} (1)) < m;(1)e and therefore

Qn Z// gZSX“j ]X;(dx)ﬂds)

(2 +1)(m (1) +m2(1))eCtt+2t = K(t).

This shows that Q,(7, < t) < K(t)/n — 0 as n — oo. Argue exactly as in
(IV.1.4) to see that P}, x P (R{) = 1 and therefore R} is a martingale under
this product measure. A simple stochastic calculus argument as in the proof of (a)
shows that (IV.1.2) does define a solution of (M P);*. Note that, as for Q,, one

sees that P(X?(1)) < m;(1)et and so M9 (¢) is a martingale (and not just a local
martingale) because its square function is integrable.

(c) Define T),, g" and Qy as in the proof of (b). As before, Q,, satisfies (M P)jx
The upper bound on —g; allows us to apply Proposition IV.1.4 and define processes
Z' > X' i=1,2 on the same probability space such that (X!, X?) has law Q,, and

(Z1,Z 2) has law P, V7" x P22Y7?. The conditions on g; show that

/ / gz s, X z)° X’ dx) ds</ / 92 (s, X)”:) +1]X;’(dx)ds

(IV.1.5) < / / 92 + % + 1} 71 (da)ds

Z .
92+1// (5,2, 7) +1]Zg(dg;)ds.
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This implies that

(IV.1.6) Qu(T, < 1) < PRV X PRoY (T, j9241) < 1).

Now (IV.1.1) and the fact that Pr V" x P2V7? « PL x P2, on F2 (from (b))

mi ma

show that (IV.1.1) holds IP’},;?‘/’TI X Pzﬁzﬁ—a.s. and therefore the expression on the
righthand side of (IV.1.6) approaches 0 as n — oo. Therefore the same is true for
the lefthand side of (IV.1.6) and we can argue as in (IV.1.4) to see that R{ is an
(F7)-martingale under P;,, xP2 . A simple stochastic calculus argument, as in (a),
shows that (IV.1.2) defines a law P which satisfies (M P);'. Note that initially one
gets that the martingale terms in (M P)* are local martingales. As in (b) they are
martingales because a simple Gronwall argument using the upper bound on —g° (use
the above stopping times T}, and Fatou’s Lemma) shows that P(X} (1)) < m;(1)e“t.

For uniqueness assume P satisfies (M P)7'. As above we may use Proposi-
tion IV.1.4 to define processes X and Z on a common probability space such that
Xt < Z1i=1,2, X has law P, and Z has law Py, V7" x P22V7 . Recall that we
saw that (IV.1.1) holds a.s. with respect to this latter law and so the calculation in
(IV.1.5) shows that it holds P-a.s. as well. The uniqueness is therefore consequence

of (a). 1

Remark IV.1.7. (a) Simply take go = 0 in the above to get the usual univariate
form of Dawson’s Girsanov theorem.

(b) In Theorem 2.3 (b) of Evans-Perkins (1994) this result is stated without the
monotonicity part of (IV.1.3). This is false as one can easily see by taking g; =
1/X1(1) and noting that the total mass of the solution of (MP)7" (if it existed)
could now become negative because of the constant negative drift. Fortunately all
the applications given there are valid because (IV.1.3) holds in each of them.

(c) If —g; < ci= 1,2 for some constant c, then (M P)y* is equivalent to (LM P),
i.e., (MP);" but now M9 (¢;) need only be a continuous local martingale. To see
this, assume P satisfies (LM P)/" and let T;) = inf{t : X/(1) > n} (n > m;(1)). Then
MZ’Ag:;,g(l) is a square integrable martingale because (M*9 (1));a7i < [|7illoont. We
have

XI(1) <m(1) + c/ot Xi(1)ds + MP9(1).

Take mean values in the above inequality at time ¢ A T to see that

P(Xiyry (1) < mi(1) ¢ [ DXLy (1) s

and so E(X! .. (1) < m(1)e By Fatou’s Lemma this implies

E(X}(1)) <m;(1)et. Therefore for each ¢; € D(5), M} %(¢;) is an L?-martingale
since its square function is integrable.

As a first application of Theorem IV.1.6 we return to
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Example IV.1.1. Recall that (CS)$;* was a special case of (MP)y* with 4, =1
and

Gi(s, X)) = A / pe (s — 1) X3 (dy) (F # 9).

Clearly the monotonicity condition (IV.1.3) holds with § = 0 and (IV.1.1) is clear
because g;(s, X, x;) < \ie~%/2X7(1). Part (c) of the above theorem therefore shows
that the unique solution of (C'S)5* is P, where, if P, is the law of SBM (y = 1),
then

dP: 2

d(P >?<n]P> )]:Q—exp Z ///p€ i — x34) X (dwg_i)dM (s, ;)
mi ma t

(IV.1.7) ——)\2/0 /[/pg(asZ r3_) X3 Z(d%g_i)]2X§(dCL‘i)dS:|}.

(IV.1.7) defines a collection of laws {P% : m € Mp(R%)} on (Q2,F?). If v
is a probability on Mp(R%)? and P satisfies (C'S)5?, that is the analogue of (CS)
but with £(Xg) = v and M} (¢;) now a local martingale, then one easily sees that
the regular conditional probability of X given X satisfies (CS)Exg‘ for v-a.a. Xj.
Therefore this conditional law is PS ~v-a.s. and one can argue as in Theorem
I1.5.6 to see that (Q2, F2, F2, Xy, P¢)) is a Borel strong Markov process. The Borel
measurability is in fact clear from (IV.1.7).

Exercise IV.1.2 Assume Y is a Feller process on a locally compact separable metric
space E with strongly continuous semigroup and fix v > 0. Let Vs(w) = ws be the
coordinate maps on Qy = C’(R+,M1 (E)). For each Vy € M(E) there is a unique

law IP’VO on 2y such that under IP’VO
t
Vo € D(A) Vi(d) = Vo(o) + / V,(A@) ds + My(¢), where M(@) is a continuous
0

(f,}/)—martingale such that My(¢) =0 and (M(¢)); = ’y/t Vi(¢?) — Vi(9)? ds.
0

I@’VO is the law of the Fleming-Viot process with mutation operator A (see Section
10.4 of Ethier-Kurtz (1986)).

For ¢ > 0 and m € M;(F) consider the following martingale problem for a law
P on Qx:

t

V6 € D(A) Xe(0) =m(0) + [ X(40) + (1~ X.(1)X,(8)ds -+ MF(6), where
0

M*€(¢) is an F;¥-martingale such that M§(¢) = 0 and ( )t = / X

(a) Show there is a unique law P¢ satisfying this martingale problem and find % | Fx
(b) Show that for any T',& > 0, lim. o P¢(sup;<p [X¢(1) — 1| > ) = 0.
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Hint. This is an exercise in one-dimensional diffusion theory—here is one approach.
By a time change it suffices to show the required convergence for

t
Wt =1+ ﬁBt —|—/ C(]_ - Ws)ds.
0

Ito’s Lemma implies that for any integer p > 2,

t 1 t
(Wt—l)p+cp/ (W,—1)Pds —p\/_/ —1)P~ 1d38+¥/ (W,—1)P~2ds.
0 0

Use induction and the above to conclude that for each even p > 2,
lim._, oo & fo — 1)Pds) = 0. Now note that the left side of the above display
is a nonnegative submartmgale. Take p = 4 and use a maximal inequality.

(c) Define S = inf{t : X, (1) < 1/2} and Zi(-) = $2555 € Mi(E). If ¢ € D(A),

prove that Z;(¢) = ) + ft/\s Zs(A¢)ds + Nf(¢), where N¢(¢) is an (F7¥)-
martingale under P¢ startmg at 0 and satisfying

tAS
(N°(6))e = 7 /0 (Zo(6?) — Zo(6))X.(1) " ds,

Show this implies lim,_, ]P’C(Zt(qﬁ)) m(P;).
(d) Show that P¢(Z € ):>]P’ on Qy as ¢ — oo and conclude from (b) that P¢2P,,
on x (we may consider P, as a law on x because Qy € Fx).
Hint. Use Theorem I1.4.1 to show that {P"(Z € -)} is tight for any ¢, T co. One
approach to the compact containment is as follows:

Let d be a bounded metric on F U {occ}, the one-point compactification of E,
let hy(r) = e P4@) and g, (z fo Pshy(x)ds. Then Ag,(x) = Pihy(x) — hy(x)
and (c) gives

T
sup Z4(g,) < m(g,) + sup [N g,)] + / Z.(Pyhy)ds,
0

Now use the first moment result in (¢) and a square function inequality to conclude
that
lim lim sup P (sup Zt(gp)> =0.

P—X0 nooco t<T

2. A Singular Competing Species Model-Dimension One

Consider (CS)% as the interaction range /¢ | 0. In this limiting regime it
is only the local density of the “2-population” at x that has an adverse effect on
the “l-population” at x and conversely. It would seem simplest to first study this
limiting model in the one-dimensional case where according to the results of Section
II1.4 we can expect these densities to exist. Throughout this Section P, is the law
of SBM (y = 1) and we continue to use the notation from the last Section with
B, =R, 1= 1, 2.

Define a Borel map U : Mp(R) x R — [0, 00] by

U, ) = Timsup Sp((w — o+ 1),

n—oo
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and introduce the P x B(R)-measurable canonical densities on 2,
ui(t, X, x) = U(X}, x).

Then )
Qe ={X € : X <dx V¥Vt >0, i =1,2}

={Xec®: X/(1) = /ui(t,x)da: vt >0, i=1,2}

is a universally measurable subset of Q2 (e.g. by Theorem I11.4.4 (a) of Dellacherie
and Meyer (1978)).

Letting £ | 0 in (CS))\:® suggests the following definition: A probability P on
(02, F2) satisfies (CS)), iff

Aqﬁl)

Fori=1,2V¢; € D(A/2) X{(¢i) = mi(¢) +/ Xl( 2

t

Y / [ 6t (s, )ua(s. ) dods -+ 24 ),
where M/ (¢;) are continuous (F7) — martingales under P such that M¢(¢;) = 0,
and (M (61), M7 (6;)) = by / Xi(o

Recall that M%Y (i = 1,2) are the orthogonal martingale measures on Q2 under
P,,, x P,,,—see the notation introduced at the beginning of this Chapter.

Theorem IV.2.1. Assume d = 1 and let

F = {(ml,mg) € Mp(R)? : //log (ml;)erml(xl)dmg(xg) < oo}.

(a) For each m € F, (CS)), has a unique solution P!, given by
2
_ ; Mz ,0
- expzzz1 //U3 8, ) (s,x)
- —’/ /ug_i(s,x)2ui(s,x)dxds]}.
2 Jo

dPd,
d(Pp,, X Pp,)

In particular P2 (Q,.) = 1.

(b)(Q2, F2, F2, Xy, (PY,)mer) is a continuous Borel strong Markov process taking
values in F. That is, for each m € F, P? (X, € F Vt > 0) =1, m — PY is Borel
measurable, and the (F2)-strong Markov property holds.

(c) For each m € F, P2 2PV ase | 0.
Proof. (a) Note first that (CS);, is a special case of (M P)7" with

gi(s, X, x) = \us—;(s, X, x).
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To see this, note that if P satisfies (CS)}),, then by Proposition IV.1.4 (with D’ =
6; = 0) we can define a process X with law P and a pair of independent super-
Brownian motions (y = 1), (Z1, Z?%) on the same space so that Z* > X', As Z' < dx
by Theorem II1.3.8(c), the same is true of X, and so in (CS)) , u;(s, z)dxr = Xi(dx),
and P satisfies (M P)7* as claimed. The converse implication is proved in the same
way. The fact that g; can now take on the value co will not alter any of the results
(or proofs) in the previous section.

Now check the hypotheses of Theorem IV.1.6(c) for the above choice of g;.
Condition (IV.1.3) is obvious (with # = 0). For (IV.1.1), by symmetry it suffices to
show that

t
(IV.2.1) Py X P, (/ /ul(s,x)2u2(s,x) dx ds) < ooVt >0.
0

Recall from (II1.4.1) that if mP;(z) = [ pi(y — 2)dm(y) then under P,,, X Py,,,

ui(t,x) = m; Py(x //pt o(y —2)dM™°(s,y) a.s. for each t,,

where the stochastic integral is square integrable. This shows that

and

t
P (ts(t,20)?) = miPu(ei + [ [ oy = i Pu(y) dy ds
0

<miP @)+ [ @n(t— o) dsmiPi(w)

< miPy(2;)? + VEmPy(x;)
(IV.2.3) < miPy(w)? +my(1).

Now use these estimates to bound the lefthand side of (IV.2.1) by

/Ot/mlPs(w)2m2P5(x) dxd5+/0t/m1(1)m2PS(gc) dr ds.

The second term is mj(1)msy(1)t and so is clearly finite for all ¢ > 0 for any pair
of finite measures m. Bound m; Ps(x)? by mq(1)s~*/2m; P;(x) and use Chapman-
Kolmogorov to see that the first term is at most

// “p2s(y1 — y2)ma (dyr)ma(dys) ds

+
< ml(l)/ (1 + log (!yli—tsz) > dma (y1)dmz(y2)

< oo ifmelkl.

(b) Let Z be the pair of independent dominating SBM’s constructed in (a). Since Z;
has a continuous density on compact support for all £ > 0 a.s. (Theorem I11.4.2(a)
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and Corollary I11.1.4), clearly Z; € F for all t > 0 a.s. and hence the same is true for
X PY a.s. The Borel measurability in m is clear from the Radon-Nikodym derivative
provided in (a) and the strong Markov property is then a standard consequence of
uniqueness (see, e.g. the corresponding discussion for P5, at the end of the last
section).

(c) Write P, for P,,, x P,,,. Let R} be the Radon-Nikodym derivative in (IV.1.7)
and RY be that in (a) above. It suffices to show R — RY in PP,,-probability be-
cause as these non-negative random variables all have mean 1, this would imply L'
convergence. To show this convergence, by symmetry it clearly suffices to prove

t
/ /[XSQPE(.’B) — uy(s, x)]?uy (s, z) dr ds — 0 in P,,-probability as € | 0.
0

If § > 0 is fixed, the fact that (X2, s > §) has a jointly continuous uniformly
bounded density shows that

t
/ /[Xng(m) — us (s, x)]?uy (s, z) dr ds — 0 in P,,-probability as ¢ | 0.
5
Therefore it suffices to show

5
lim sup Pm(/ /[XSZPE(x)2 + uz (s, z)?Jus (s, ) dxds) = 0.
910 p<e<1 0

The argument in (a) easily handles the us (s, z)? term, so we focus on the X2P.(x)?
term. Use (IV.2.2) and (IV.2.3) to see that

Pm</06/X§P€(x)2u1(s,x) dmds)

< / ’ / / pe(y — 2)maPy(y)? dymi Pu(x) da ds + ma(1)my (1)8

0

S/ mg(l)s1/2/m2PS+5(:U)m1PS(a:) dx ds + mq(1)mo(1)d
0

—0asd |0,

by the same argument as that at the end of the proof of (a). §

Remark IV.2.2. In (CS)), we may restrict the test functions ¢; to C{°(R). To
see this, first recall from Examples I1.2.4 that this class is a core for D(A/2). Now
suppose the conclusion of (C'S);, has been verified for C{°(R) and for a sequence
of functions {(¢7,¢%)} in D(A/2)? such that (¢7, %Qﬁ?)b_z))(@, £¢;) as n — oo for
i = 1,2. It follows from (CS)) for ¢; = 1 that EF(X’(1)) < m;(1). Therefore by
Dominated Convergence

E(sup(M{(¢}') — M{(:))*) < cE (/0 X (67 = ¢1)*) ds) — 0 as n — oo,

t<T

By Dominated Convergence it is now easy to take limits in (CS)), to see that this
conclusion persists for the limiting functions (¢1, ¢2). This establishes the claim.
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We also showed in the proof of (a) above that (CS)?, is equivalent to (M Py

with g; = \juz_; > 0. Hence by Remark IV.1.7(c), (C'S)}, remains unchanged if we
only assumed that M?(¢;) are continuous (F?)-local martingales.

One can easily reformulate (C'S)), as a stochastic pde. Assume Wy, Wy are
independent white noises on = (Q, F, F;,P). Recall that Cx(R) is the space of
continuous functions on R with compact support equipped with the sup norm.

A pair of non-negative processes {uy(t,z),us(t,x) : t > 0,z € R}, is a solution

of

i A, :
(SPDE), 85; - 2“ — Niwyus + VWi, wi(0+, z)dz = m;.
iff for i = 1,2,

(1) {u;(t,-) : t > 0} is continuous and (F;) — adapted with values in Ck (R).

() us(0,0) = [ ws(t.adotrts = mi(o) + [ (i) &

2

+/ /qzﬁ(a:)\/ui(s,x)dwi(s,m), vt >0 a.s. Vo € CF(R).
0

) — Ai{u1(s)ua(s), @) ds

As in Remark II1.4.1 this implies

(IV.2.4) Xi(dx) = ui(t,x)da:a'—s'>mi ast | 0.

Proposition 1V.2.3. Assume m € F.
(a) If (uy,us) satisfies (SPDE)) , and X is given by (IV.2.4), then £(X) =PY . In

particular, the law of u on C((0, 00), Cx (R)?) is unique.
(b) There is an ' = (', F', F{,P’) such that if

Q= (P xQ, F2xF,(F?x f’)H,P?n x )
and IT : Q2 x ' — € is the projection map, then there is a pair of independent

white noises, Wi, Wy on Q such that (uy,us) o II solves (SPDE)?}, on Q.

Proof. (a) The weak continuity of X follows from (IV.2.4) as in the proof of
Theorem I11.4.2(c). It now follows from Remark IV.2.2 that X satisfies (C'S)), and
hence has law P!, by Theorem IV.2.1. The second assertion now follows as in the
univariate case (Corollary I11.4.3(c)).

(b) Let up;(t, X,2) = 2X{((x — £,z + 1]). We know PY, < P,,, X P,,, and under
the latter measure wu;(t,x) is the jointly continuous density of X} on (0,00) x R
(Theorem I11.4.2(a)), and {(t,x) : u;(t,x) > 0,t > 6} is bounded for every § > 0
(Corollary II1.1.7). It follows that P,,, X P,,,-a.s. and therefore P0 -a.s. for every
0>0,and ¢ =1, 2,

sup  sup |upni(t, ) — up i(t, )|

z€R te[d,6 1]

=sup sup  |upi(t,x) — uy i(t, )| — 0 as n,n’ — oo,
z€Q+cQn[6,6-1]
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and 3R such that sup,c(5s-1 X}(B(0,R)¢) = 0. It follows that (i) holds P9 -a.s.
It remains to show that (ii) holds on this larger space. Choose ' carrying two
independent white noises, W{, W} on Ry x R. Define W; on 2 by

Wi (w / /1A 1w ;f?;o)dMi(X)(s,x)

/ /1A L(ui(s, X, z) = 0)dW/(w')(s, ).
As in Theorem II1.4.2(b), (Wi, W,) are independent white noises on Q and
(ul,u?) o II satisfies (SPDE)? on Q. Note the independence follows from the or-
thogonality of the martingales Wi (t)(A) and Ws(t)(B) for each A and B because
these are Gaussian processes in (¢, 4). 1

Here is a univariate version of the above result which may be proved in the
same manner. If 02,v > 0, A > 0, and # € R, consider

0 A .
(SPDE) 8_7: =7 5 g VYUW + 0u — Mi?, gy (x)ds = m(dz),
where m € Mp(R), and the above equation is interpreted as before.

In the next result we also use u;(z) = fi—f(x), to denote the canonical density

of the absolutely continuous part of X; on the canonical space of paths Qx (defined
as before).

Proposition IV.2.4. Assume

//<1°g ﬁ)%@ndmm) < oo

(a) There is a filtered space (2, F, F;,P) carrying a solution of (SPDE).
(b) If w is any solution of (SPDE) and P is the law of ¢ — u:(z)dz on Qx, then

. =exp //9 Au(s, x)) dMsx——//H Au(s, x)) (d:c)d:z:}

Here P, is the law of super-Brownian motion starting at m with spatial variance
o2, 0 drift and branching rate v, and dM (s, z) is the associated martingale measure.
In particular the law of u on C((0,00), Cx(R)?) is unique.

dP
dP,,

The above result was pointed out by Don Dawson in response to a query of Rick
Durrett. Durrett’s question was prompted by his conjecture that the above SPDE
arises in the scaling limit of a contact process in one dimension. The conjecture was
confirmed by Mueller and Tribe (1994).

3. Collision Local Time

To study (CS)2, in higher dimensions we require an analogue of
u1(s, x)uz(s, x)dsdxr which will exist in higher dimensions when the measures in
question will not have densities. This is the collision local time of a pair of measure-
valued processes which we now define.
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Definition. Let X = (X!, X?) be a pair of continuous Mp(R?)-valued processes
on a common probability space and let p; denote the standard Brownian transi-
tion density. The collision local time (COLT) of X is a continuous non-decreasing
Mp(R%)-valued process Li(X) such that for any ¢ € Cy(R?) and t > 0,

0@ = [ 6 (D5 ) pelor - o)X o) X2 dra)as 2L (X)(6)

as ¢ — 0.

Definition. The graph of an Mp(R%)-valued process (X;,t > 0) is

G(X) = Ussocl{(t,z) : t > 6, z € S(X;)} = Us=0Gs(X) C Ry x RY,

Remarks IV.3.1. (a) Clearly the process L(X) is uniquely defined up to null sets.
It is easy to check that L(X)(ds, dz) is supported by G(X')NG(X?). This random
measure gauges the intensity of the space-time collisions between the populations
X' and X? and so can be used as a means of introducing local interactions between
these populations. See the next section and Dawson et al (2000a) for examples.
(b) If Xi(dz) = u;(s,x)dz, where u; is a.s. bounded on [0,¢] x R%, then an easy
application of Dominated Convergence, shows that

t
Ly(X)(dx) = </ uﬂs,x)w(s,x)ds)dm.
0
However L;(X) may exist even for singular measures as we will see in Theorem
IV.3.2 below.

(¢) The definition of collision local time remains unchanged if L$(X)(¢;) is replaced
with L7"(X)(¢;) = f(f [ pe(z1 — 2) X7 (dxj)pi(2;) X (dw;)ds (i # j). This is easy

to see by the uniform continuity of ¢ on compact sets.
Throughout this Section we will assume

(Hy) Z'is an (F;) — (SBM)(v;) starting at m; € Mp(R%), i = 1,2,
defined on (Q, F, F;,P), and (Z', Z?) are independent.

r—8 if >0
Let Z; = Z} x Z2. Recall from Section IIL.5 that gs(r) = < 1+ log™ 1 ifp=0.
1 if <0
Theorem IV.3.2. (a) If d <5, m; # 0, and
(1C) /gd_2(|zl — z9])my(dz1)ma(dzs) < oo ifd <4

/gd_1(|zl — 2z9|)mq(dz1)mao(dzs) < oo if d =5,

then L;(Z) exists, is not identically 0 and satisfies
lim || sup | L5 (2)(¢) — Le(Z)(9)| ]2 =0 VT >0, ¢ € bB(R?).

el0 " 4<T
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In particular, P(G(Z') N G(Z?%) # 0) > 0.
(b) If d > 6, then G(ZY) N G(Z?) =0 as.

We will prove this below except for the critical 6-dimensional case whose proof
will only be sketched.

Lemma IV.3.3. If d > 2, there is a constant C' = C(d,~1,72), and for each 6 > 0,
a random r1(d,w) > 0 a.s. such that for all 0 <r < ry(4),

1)2—|—2/d

r

sup // 1(|z1 — 22| < 1) Z}H(dz1)Z2(dzo) < C(sup Z;} (1) + 1)pt=4/4 <log
t

t>5

Proof. We defer this to the end of this Section. It is a nice exercise using the results
of Chapter IIT but the methods are not central to this Section. Clearly if d = 1 the
above supremuim is a random multiple of » by Theorem I11.4.2.

Corollary IV.3.4. If d > 2 and 0 < 3 < 4 — 4/d, then with probability 1,

liilolsup/gﬁﬂzl — 2)1(J21 — 22| < €)Z}(d21)Z2(dze) =0 V5 >0
el0 ¢>5

and

t— // gs(|21 — 22|)Z} (dz1) Z} (d22) is continuous on (0, oc).

In particular, this is the case for 3 =d — 2 and d < 5.
Proof. Define a random measure on [0, 00) by

Di(A) = Zy({(z1,22) : |21 — 22| € A}).
If0<pf<4—4/dand € < r(d,w), then an integration by parts and Lemma IV.3.3
give

ﬂg/ygdkl—@Dukl—@|S@ZﬂdhﬂfW@)
t>

= sup g9 (VDi((0,r]) 5, + 5 [+ Du(0. 1) ]

t>6 0

< C(sup Ztl(l) +1) [5—ﬁ+4—4/d(10g+ §)2+2/d + ﬁ/ r3—,8—4/d(10g+ %)2+2/d dr]
t 0

—0ase |0,

by our choice of 3. It follows that for all 0 < 8 <4 —4/d,

lim sup //(gg(|zl — 29]) — g5(|21 — 22|) A M) dZ}dZ} =0 as.

M—oo ¢>5

(if B = 0 we simply compare with a 5 > 0). The weak continuity of Z; shows that
t— [gp(|z1 — 22|]) A M dZ, is a.s. continuous and the second result follows. 1
Throughout the rest of this Section we assume
(H2) X = (X', X?) satisfies (M P)¢, for some C with E; = R? and A; = A/2
on Q = (Q,F,Ft,P>.
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Apply Proposition IV.1.4 with D* = 0 to see that by enlarging the space we may
assume there is a pair of independent SBM’s (Z1, Z?) as in (H;) defined on  such
that X} < Z! for all t > 0 and i = 1,2. Set X; = X! x X2. We first derive a
martingale problem for X and then construct L;(X) by means of a Tanaka formula.

>

Notation. 5 is the generator of the standard 2d-dimensional Brownian motion
and P, is its semigroup.

Lemma IV.3.5. For any ¢ € D(A/2),
X =X t T1,X XS1 dz1)M?(ds, dz X52 dzo) M (ds, dz
@) =%Xo(0)+ [ [ [ oor.a0) (X2 (dan) M (s, daz) + X2 (daa) M (0. da )

(IV.3.1) —/0 //¢(CL‘1,$2)[Xsl(d£lf1)02(d8,dl'2)+X82(d1}2)01(d$,d£131)]
+/0 Xs(%)ds.

Proof. Step 1. ¢($1,l’2) = <b1(x1)¢2(:v2), ¢; € D(A/Q)

Then X;(¢) = X/ (¢1) X7 (¢2) and the result follows from (M P)@ by an integration
by parts.

Step 2. ¢(z) = Pap(z), where ¢ € D(A/2).

Then there is a sequence of finite Riemann sums of the form

On(zr,m) = > pe(Uh”™ — 2)p(uy" — )V " yy") A,

Yy
bp
such that ¢,,—¢ and
& & ,mn ,mn nwn o i,m
E(b”(xl’xQ) - Z E(ps(yl’ = Ipe(ya" =) (@ 22) (" ye ) A
b A =
L= Pop(xy, x2).

2
By Step 1, (IV.3.1) holds for each ¢,,. Now let n — oo and use Dominated Conver-

gence to obtain this result for ¢.
Step 3. ¢ € D(A/2).

Let £, | 0 and note that ﬁgn¢@>¢ and %ﬁgnqﬁ = ﬁgn <%¢)@>%¢ as n — o0o. Now
use (IV.3.1) for P. ¢ (from Step 2) and let n — oo to derive it for ¢. 1

Let ¢ € Cx(R?) and apply the above result to ¢. € D(&/ 2), which is chosen
so that

(IV.3.2) /Ot Xs(%@)ds = —L; ().
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This will be the case if

(1v33) el m2) = —pelr — w2)o( P

) = (1, 22).

Let U \ denote the 2d—dimensional Browniajl resolvent for A > 0 and assume d > 2.
By Exercise 11.2.2, ¢ (z) = Uptbe(z) € D(A/2) satisfies (IV.3.3). If By = (B}, B?)
B'+B? d B'-B?
V2 V2
dimensional Brownian motions and so a simple calculation yields

b (1, 2) = E*27"2 </Ooo pe(BL — Bf)gb(%) ds)

(IV.3.4) _gl-d /OOO p€/4+u<a:1 ; xz)Pu¢(x1 —;—m) du
= Geo(z1,22).
We may use (IV.3.2) in Lemma IV.3.5 and conclude that
Xi(Ge) = Xo(Ge0)
/ // Ged(xy, 22)[ X (dw1)M?(ds, dxs) + X2(dwy) M (ds, dzy)]

is a 2d-dimensional Brownian motion, then are independent d-

(T). / // Ged(xy, 22)[ X (dx1)C?(ds, dao) + X2 (dxo) O (ds, dx1)]
—L6 Vit >0, ford> 2.

(IV.3.4) shows that G.¢ is defined for any ¢ € bB(R?) and that qﬁnb—p>¢> implies

G€¢n@>G5¢. Now use Dominated Convergence to extend (T). to all ¢ € bB(R9). A
similar argument with

- —a [T o T —T T+
Greo(r1,22) = Uripe (w1, 22) = 21 d/ e p€/4+U( 1 2 2>P“¢< 1 2 Q)d“
0

in place of G.¢ = Gg ¢ shows that for any ¢ € bB(RY),
Xt(GA,6¢) XO G)\ 8¢
/ / Gred(x1,22)[ XL (dr)M?(ds, dxo) + X2(dze) M (ds, dxy)]
(T)r. - / / G e (@, 22)[X 1 (day ) O (ds, dvs) + X2(dw2)C (ds, dy)]
0
t
+)\/ Xs(Gre@)ds — L; (9) Vt >0, ford>1.
0

As we want to let € | 0 in the above formulae, introduce

—a [T _one (T1— A
Grodlan,va) =270 [ ey, (PO P (T ) i Goo = Good,
0
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when this integral is well-defined, as is the case if ¢ > 0. A simple integration shows
that for any € > 0,

(IV.3.5)  Gelo|(z1,72) < ||9]|ccGol(1,72) = [|9]lcckaga—2(|x1 — 22|) if d > 2,

where kg = T'(d/2 — 1)271~4/2x=4/2_ Therefore Go¢(x1,x2) is finite when ¢ is
bounded, x1 # x2, and d > 2.

Lemma IV.3.6. Let ¢ € bB(RY) and d > 2. Then
|Gep(@1,22) — God(w1,22)| < [|dlloccamin(|zr — 2> elzr — 2| 7%).

If ¢ >0, lim. o Gepp(z) = Gopp(z) (< 00) for all z and Go¢ is lower semicontinuous.
Proof.

|Gs¢($1,$2) - Go¢($1,932)|
< chlloo/ Pe/aru((@1 — 22)/2) — pu((z1 — 22)/2)| du
0

<ot [ [ L a2

N O S AR LR

dv du

e/4
[ pllen = )21 - ) (50) 7 + /2]
0
(x1—12)?/2¢
< Ielcie ] | ey g+ d) dyly — o]

+f ey 22y + (d/2))dyles — o)
(

ZE1*LE2)2/2€

where we substituted y = (z; — 22)?(8v) ™! in the last line . The integrand in the
first term of the last line is both bounded and integrable and so the first term is at
most

chelllloclar — o] ~min((z1 — 22)?(26) 71, 1),

The integrand in the second term is at most c¢(y~2 A 1) and so the second term is
bounded by
cfmin(|z; — 2227 elay — 20| 7Y).

This gives the first inequality and so for the second result we need only consider
x = (x1,z1). This is now a simple consequence of Monotone Convergence. The
lower semicontinuity of Gg¢ follows from the fact that it is the increasing pointwise
limit of the sequence of continuous functions

/OO pu((@1 — 22)/2) Pug((z1 + ) /2) du. B
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Lemma IV.3.7. If 3 < d <5, then for each t > 0 there is a c4(t) so that

¢ 2
]E(/ /[/gd2(|21 _22’)251(6121)} Zf(d@)ds)
0
< cult) [[lgsia-sy 22 22 + 1) s (e1)dmac2).
Proof. We may assume ¢ > 1. Recall that moPs(z) = [ ps(y — x)ma(dy). Use

the first and second moment calculations in Exerc1se II 5.2 to see that the above
expectation is

[ 1 st = o gis s
/ / / / s—u(ga—2(] - —22])) (21)*m1 Py (21)dz1du | ma Ps(22) dzads

(IV.3.6) =1 + Is.
Use

(1V.3.7) / " (@) du = k(d)ga_s(|a])

and Chapman-Kolmogorov to see that

t o'} e’}
I = Cd/ /[/ / mlPeru(zQ)mlPHu/(ZQ)du’du] ma Ps(22)dzods
0 0 u

< cq4 /Ot /000 /Oo(s +u')” d/Qdu //p23+u 21 — z2)dmy(z1)dmse(z2)duds
< Cdml(l)// / /23 ) 2py (21— 22)dvd5} dm (z1)dma(z2)

< cgmi(1) // / P42 (0 A t)py (21 — Z2)dv] dm (z1)dma(22)

LJo
- rt [e%e]

< cgma(1) // / v2_d/2pv(z1 —ZQ)dv—l—t/ vl_ddv} dmq (z1)dma(z2).
LJo t

A routine calculation now shows that (recall t > 1 to handle the second term)

J(lz1 = 2572 + 1) dmy (21)dma(z2)  if d >3
[(log™ ( 2 ) +1)dmq(z1)dmao(z2) if d = 3.

[21—22]

(IV38) Il S Cdm1(1> {

For I, note first that (IV.3.7) implies

oo

Po(gaa(] - —2]))(z1) = k(d) / P21 — 22) do,

—U
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d)2/Otds/()sdu/:oudv/voodv'[//pv(zl — 29)pur (21 — 22)

mlPu(zl)mgPS (Zg)dzleQ]

t s [e%e]
< Cd/ dS/ du/ dv v ~/2 [//pu+v+s(zl — 22)m1(d21)m2(d2’2)]-
0 0 sS—u

Use the fact that puio+s(z) < 2%2py(,40(z) for s < u+ v and integrate out
s € [u, (u+v) At] in the above to get

Ir < ¢q / / / t / T 2 in £ — WPa(usn) (21 — 22) dvdu]ml(dzl)mg(dzz)
< cq // / /w/\t V=2 ((w A t) — w) dupaw (21 — 22) dw} m1(dzy)me(dzs)
(1V.3.9) <cd//(/ (w A £)> W%hwgl—zgduqmnﬂzgdmggg

and so

A change of variables now gives (recall t > 1)

/ (wA L) py, (A) dw < cq [AS_Qd/ ¥ Se dy + t3_d/2/ w_d/2dw]
0 A

2 /4¢ t
A2 41 ifd="5
< ¢q 1og( )+1 ifd =4
¢ ifd =3

Use this in (IV.3.9) to see that

Tz — 2|72 + 1) ma(dzr)ma(dze)  ifd=5
Iy < calt) ﬂOOg <|z > 1)mq(dz1)me(dze) ifd=4
m1(1)ma(1) if d = 3.

Combine this with (IV.3.8) and (IV.3.6) to complete the proof. §
Theorem IV.3.8. Assume X satisfies (Hz) where d < 5 and mq, mg satisfy (IC).
(a) Li(X) exists and for any ¢ € bB(R?),

(IV.3.10) sup | L5 (X)(6) — Le(X)(¢)| S0 as e | 0 for all T > 0.
t<T

(b)If \=0and d >3, or A >0 and d > 1, then for any ¢ € bB(RY),
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Xi(Gro) = Xo(Grod) + /0 / / o1, )| X (day ) M2 (ds, dars)
+ Xf(da:g)Ml(ds, dxy)]

(T) —/O //G)\70§Z5($1,$2)[X8(d1'1)0 (dS,d.’L‘Q)
+ X2(dw2)C' (ds, dz1 )]

t
+A / X, (Crod)ds — Li(X)(d) V>0 as.
0

Each of the above processes are a.s. continuous in ¢ > 0. The second term on
the right-hand side is an L? (F;)-martingale and each of the other processes on the
right-hand side has square integrable total variation on bounded time intervals.
Proof. We give the proof for A = 0 and d > 3. The extra term involved when
A > 0 is very easy to handle and for d < 3 the entire proof simplifies considerably
by means of a systematic use of Theorem II1.3.4 (the reader may want to consider
only this case, especially as the interactive models discussed in the next Section will
only exist in these dimensions).

Let ¢ € bB(RY), and note that it suffices to prove the Theorem for such a
non-negative ¢. Consider the limit of each of the terms in (7). as € | 0. (IC) and
(IV.3.5) allow us to use Dominated Convergence and conclude from Lemma IV.3.6
that

€l0

Let
t
NE (6) = / // Gopl1, ) (X1 (dary) MP(ds, dan)+ X2(dro) M (ds, d1)], .t > 0.

Note that Lemma IV.3.7, (IV.3.5) and the domination X* < Z* show that N{(¢)
is a well-defined continuous square-integrable martingale even for € = 0. Similarly,
Lemmas IV.3.6 and IV.3.7, this domination, and Dominated Convergence show that
for any T > 0,

E(sup(Nf (¢) — N7(4))?)

t<T

(IV3.12) < cE(/OT o (/ G — Goqﬁ\(.rl,:cQ)ZSl(dxl)>2Z82(dx2)ds

v f o [ 166~ Goolwr. ) 22(dz)) 23 )ds)
—0ase |0,
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If C(ds,dzy,dzs) = X1(dw1)C?(ds,dxs) + X2(dwy)Cl(ds, dxq) then (T). im-
plies for any t > 0,

t
/ /Ggl(acl,acg)C(ds,dxl,dxg) < my X ma(Gel) + N7 (1)
0

2
Lomy x ma(Gol) + NO(1),

the last by (IV.3.11) and (IV.3.12). Fatou’s lemma and the equality in (IV.3.5) now
show that

(1V.3.13) E((/Ot //gd2(|x1 — ac2|)C’(ds,da71,dx2)>2) < oo Vt>D0.

This allows us to apply Lemma IV.3.6 and Dominated Convergence to conclude

€l0

t
(IV.3.14) limE(/ / |G.p — G0¢(:c1,scg)\C’(ds,da:l,dxg)Q) = 0.
0

(T')e shows that X;(G.¢) < Xo(Ge¢) + Nf(¢) for all t > 0 as. Let € | 0,
use Lemma IV.3.6 and Fatou’s Lemma on the left-hand side, and (IV.3.11) and
(IV.3.12) on the right-hand side to see that

(IV.3.15) X:(Go9) < Xo(Goo) + NP (¢) < oo Vt >0 as.

Take ¢ = 1 in the above inequality, recall that N (1) is an L?-martingale, and use
the equality in (IV.3.5) to get

(1V.3.16) E((sup // ga—2(lx1 — x2|)Xt1(d$1)Xt2(dw2)>2> <oo VT >0.

t<T
The bound in Lemma IV.3.6 shows that for any T, §, n > 0, if
Ss = {(z1,22) € R2? . |z1 — xa] < 0},
then
sup Xi(|Gegp — Godl)

< sup X;(|G:¢ — Gog|1se)

t<T

(IV.3.17) +cal|dlloo sgg/gd_g(]xl — x9|)lg, (1, x2) X¢(dxy, dxs)
t<

< cql|®|| [56‘61 sup X¢(1) + sup /gd_g(\xl — z2|)1g, (21, x2) X (dz1, d2)
t<T n<t<T

+ sup / ga_a(r — z2|)1s, (21, 29) Xo(da1, dzs)]
t<n

Write X;(ga—2) for [ ga—o2(Jz1 — x2|)Xi(dx1,dzs). The lower semicontinuity of
(x1,22) — ga—2(|z1 — x2|) (take ¢ = 1 in Lemma IV.3.6 and use the equality in
(IV.3.5)) and the weak continuity of X show that liminf; o X¢(g4—2) > Xo(ga—2)-
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On the other hand (IV.3.15) with ¢ = 1 implies limsup, g X¢(g4—2) < Xo(ga—2)
a.s., and so

(1V.3.18) ltilrg Xi(ga—2) = Xo(ga—2) a.s.

Choose d,, | 0 so that Xo({(z1,22) : |r1 — 22| = 0,}) = 0. Weak continuity then
implies lim; Xt(gd,glgg ) = Xo(gd,glgg ) and so (IV.3.18) gives

(1V.3.19) ltiln([)l Xt(ga—21s; ) = Xo(ga—21s;, ) a.s.

Let €9 > 0 and first choose an natural number Ny so that the right-hand side is at
most g for n > Ny. Next use (IV.3.19) to choose n = 1(sp) so that

(1V.3.20) Vn > Ny sup X¢(ga—21s, ) < sup Xi(ga—21s, ) < 2e0.
t<n " t<n No

By Corollary 1V.3.4 we may omit a P-null set and then choose Ny(n) > Ny so that

(1V.3.21) sup X¢(ga—21s,. ) < €o.
t>n N

Now take § = dn, and n = n(egp) in (IV.3.17). By (IV.3.20) and (IV.3.21) we see
that outside a null set for € < £(gg), the right-hand side of (IV.3.17) will be at most
|P|loocaden. We have proved

(IV.3.22) limsup X;(|Gep — God|) =0 VT >0 a.s. and in L?,

el0¢<T

where Dominated Convergence, Lemma IV.3.6, and (IV.3.16) are used for the L2-
convergence.

(IV.3.11), (IV.3.12), (IV.3.14) and (IV.3.22) show that each term in (7)., except
perhaps for L:(¢), converges uniformly in compact time intervals in L?. Therefore
there is an a.s. continuous process {L;(¢) : t > 0}, so that

(1V.3.23) lim || sup |L§ (¢) — Ly()l =0 VT > 0.
el0 " ¢<T
Take L? limits uniformly in ¢ < T in (7). to see that
(1V.3.24)
t

Xi(Gog) =m ><m2(¢)+Nt0(¢)—/ Gog(1,22)C(ds, dvy, dwg)—Li(¢) VE =0 as.,

0
where each term is a.s. continuous in ¢, N2(¢) is an L? martingale and the last two
terms have square integrable total variation on compact time intervals.

To complete the proof we need to show there is a continuous increasing Mg (R?)-
valued process L;(X) such that

(IV.3.25) Li(X)(¢) = Ly(¢) VYt >0 as. for all ¢ € bB(R?),.

Note that (IV.3.23) then identifies L(X) as the collision local time of X as the
notation suggests. Let Dy be a countable dense set in

Co(R?) = {¢ € C,(R?) : ¢ has a limit at oo}
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containing 1. Choose ¢,, | 0 and w outside a null set so that

(IV.3.26) lim sup |L5" (@) — Ly(¢)| =0 for all ¢ € Dy,

n—00 t<pn
and (recall Corollary II1.1.7)

(1V.3.27) Rs = cl(Up>sS(Z}) U S(Z7)) is compact for all § > 0.

Let n > 0. The definition of L® shows that K; = {% cx; € Rg} is a compact

support for L2 (X) — L5(X). Our choice of w implies L.(1) is continuous and allows
us to choose ¢ > 0 so that L5"(1) < n for all n. Therefore

L (X)(K§) = L5 (K§) <n  for all n.

Therefore {L;"(X) : n € N, t > 0} are tight and (IV.3.26) shows that for each
t > 0, all limit points of {L;"} in the weak topology on Mg (R?) coincide. Therefore
there is an Mp(R?)-valued process L;(X) such that lim, .. L (X) = L;(X) for
all t > 0 a.s., L;(X) is non-decreasing in ¢ and satisfies

(1V.3.28) Li(X)(¢) = Li(¢) for all t > 0 and ¢ € Dy a.s.

In particular L;(X)(¢) is continuous in ¢ > 0 for all ¢ € Dy a.s. and hence L;(X)

. . . b . . .
is a.s. continuous in ¢ as well. If ¢,,~3, then using Dominated Convergence in
(IV.3.24) one can easily show there is a subsequence such that

Jim Li(tn,) = Li(¥) Yt > 0 a.s.

by showing this is the case for each of the other terms in (IV.3.24). (A subsequence
is needed as one initially obtains L? convergence for the martingale terms.) It then
follows from (IV.3.28) that (IV.3.25) holds and the proof is complete. 1

Proof of Theorem IV.3.2. (a) As we may take X = Z in Theorem IV.3.8,
it remains only to show that L;(Z) is not identically 0. The L? convergence in
Theorem IV.3.8 and a simple second moment calculation show that

E(Ly(2)(1)) = im E(LS(Z)(1)) = %///O pe(z1 — 29)ds i (dzr )ma(dze) £ 0.

el0

(b) We first give a careful argument if d > 6. Recall the definition of G5(X) given at
the beginning of this Section and recall that h(u) = (ulog™ (1/u))*/2. If §;(3,w) is
as in Corollary II1.1.5, then that result and the fixed time hitting estimate, Theorem
II1.5.11, show that for z € R? and ¢ > 0,

P(Z:(B(z,¢)) > 0 for some s € [t,t +*(logt(1/€))71],
and §;(3,w) > e2(log™(1/¢))™1)
< P(Z{(B(x,e + 3h(*(log" (1/£))71))) > 0)

< Cor 2 mi(1) (= + 3h(e2(log* (1 /@)*))“

(1V.3.29) < Clhy7 Y2 my (1) 72,
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Let S, = {B(z},27™) : 1 < i < ¢qn?2"¥} be an open cover of [-n,n]¢. If § > 0, R;s
is as in (IV.3.27), and 1, = 272" (log2") ™, then

P(Gs(Z')NGs(Z%) #0,Rs C [-n,n]*, Z) = Z2 = 0,61(3) A 62(3) > 10, )
< > >, P(Zi(B(«},27)Z(B(},27") > 0
0<j<nay,  1Si<eqnd2nd
for some s € [§ + 1,0 + (5 + 1)nnl, 01(3) A d2(3) > n,)
< (nn; Y 4 1)egn®27(C)2 (71y2) 16 ma (1)me(1)27 7242 by (IV.3.29)
< ¢(d, 6)my (1)ma(1)n?+427d=6) _ 0 as n — co.
As n — oo the left-hand side of the above approaches P(Gs(Z1) N G5(Z?%) # 0) by
Corollary III.1.5 and (IV.3.27), and so the result follows by letting § | 0.

Finally we sketch the argument in the critical 6-dimensional case. First (IV.3.29)
can be strengthened to

t+e
(IV.3.30) ]P’(/ Z{(B(z,€))ds > 0) < cgt™Pmy (1?2 vt > 42 d > 3.
t

This may shown using an appropriate nonlinear pde as in Section II1.5. A short proof
is given in Proposition 3.3 of Barlow, Evans and Perkins (1991). Now introduce a
restricted Hausdorff measure ¢/ (A4) for A € Ry x R and f : [0,e) — R, a non-
decreasing function for which f(0+) = 0. It is given by

qf(A):liminf{an CACUR [t ti + 12 2l 2l 41, ri<5}.

610

||::]&

If d > 4 and 94(r) = r*loglog(1/r) (as in Theorem III.3.9) then there are
0 < c1(d) < ea(d) < oo so that

c1qg¥1 (AN G(ZY) / /1A s,x)Z (dx) ds < caq¥ (AN G(ZY))

(IV.3.31) VA € BR, xR?) a

This is Theorem 3.1 of Barlow, Evans, and Perkins (1991) and may be shown using
the ideas presented in Section II1.3. (It should be possible to prove ¢; = ¢ here.)

If ¢¢ = qrd, then a simple consequence of (IV.3.30) (cf. Corollary II11.5.10) is
(I1V.3.32) ¢ 2(A) =0 implies ANG(Z') =0 a.s. forall AC Ry x R% d > 3.

(IV.3.31) shows that ¢?=2(G(Z?%)) = 0 if d > 6 and so (IV.3.32) with A = G(Z?)
implies that G(Z)NG(Z?) =0 as. |1

Proof of Lemma IV.3.3. If d = 2 this is a simple consequence of Theorem
II1.3.4, so assume d > 2. We may assume that our space carries independent
historical processes (H!, H?) associated with (Z!, Z?). Let h and §;(3, H*) be as in
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the Historical Modulus of Continuity (Theorem II1.1.3) and let hg and 70(5, H') be
as in Theorem III.3.4. Those results show that on

{w:63,H)>2™", i=1,2, and ro(6, H') > h(27™)},

we have

sup / [ 10020 - 22l < hz ) 20 d) 22 d)

t>6,te[j2—",(j+1)2—"

= t>o8,t€ j2sgp(J+1)2 n // (ly1(727") =92 (27" < Th(27"),
ly1 () — y2(8)] < h(27™))H[ (dy1)H} (dy2)
< s [tz ™)

te[j2=,(G+1)27"]

(IV.3.33) x 1<y2(j2_") e S(Z;Q_n)“(?’”))ﬂf(dyz).

A weak form of Lemma III.1.6 (with s fixed) has also been used in the last line.
If HY* = sup, H}(1), then (II1.3.1) and the ensuing calculation show that for
n>N(H'),

S(Zjy-n)"
(IV.3.34) C a union of 47 *(H"* 4 1)2""2 balls of radius 10h(27") Vj € N.

Let Wa(j) = Z2,..(S(Z},- )Ty Condition on H' and assume that

n > N(H'). Then (IV.3.34) implies
(IV.3.35) P(By € S(Zjy-n)™" ") < cqyy N(HYT +1)27R(27) T2,
Therefore

/ sup P*(B;s € S(Z}Q_n)m(r”)) ds
0 T

< (cqyy '+ D)(HY +1) /000 min(2"h(27")%s 42 1) ds
< e(d,y)(HY +1)271=2/d) Jgg on
=95 At
If fo(x) = \1(z € S(Z}Z,n)m(z_n)) and G(fn,t) is as in Lemma II1.3.6, then

Y2G(fn,727™) < 1 and so Lemma II1.3.6 implies that on {n > N(H')} and for
j27" > 1/n,

P(W,,(j) > 1TnA | HY) < e 1RV 0)| HY)
e 1 exp (m2(1)2/\n sup P*(Bja-n € S(Z}Z,n)m(rn)))

A

(IV.3.36) < e ' exp(ma (1) (6,71,72))  (by (IV.3.35)).
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The Markov property and (III.1.3) show that conditional on
o(H')Vo(HZ, s < j27"), t = Hy o ({y : y(727") € S(Z),-.)™"* }) is equal
in law to Py, (j)s,(Z2(1) € -). Therefore if 7, > 0 and K,, = 17nA,;!, then

P s H{y g2 € 5(ZL )TN >, Walh) < Kol HY)
tefj2=n,(j+1)27"]

< E(Pw, (150 ( sup exp(2795 1 22(1)) > exp(2"nuy3 ")) LWa(j) < Ko H' )
t<2—n

< exp(—2"nnYy )E<EKn50 (exp(2”72_1Z22,n(1)))|H1> (weak L' inequality)

< exp(—2"n vy DE(exp(K 2" /o) | HY) (Lemma II1.3.6).

Set 7, = 35n/ A, = "(d,y1,v2)(HY* +1)277(1=2/d)p2 and use (IV.3.36) in the
above to conclude that on {n > N(H')} and for j2=" > 1/n,

P s H{yy(27") € 5(Z-)™ ) > nal )
tefj2=,(G+1)27"]

on (34)2"n
< e ' exp(ma(1)c(6,71,72)) + exp Iy )
2

Y2 An

Y2 A

2m
< e 1 exp(ma(1)e/(8,71,72) + exp(~—-)
(—e(d,71)22/(log 2)n?).

< e ' exp(ma(1)c(6,71,72)) + exp

A conditional application of Borel-Cantelli now shows there is an N(H) < oo a.s.
so that for n > N(H),

sup sup H({y:y(j27") € 8(Z},-)™ )
j2=n>1/n te[j2—",(j+1)2—"]

< C”((S, 71,72)(}[1,* + 1)2—n(1—2/d)n2.

Use this in (IV.3.33) to see that for a.a. w if n is sufficiently large, then

Sup// (121 — 22| < h(2=™))Z(d21) 22 (d2s)

t>46
< me(d)e (dy v, o) (HY + 1)hg(h(277))27"0-2/dp2,

An elementary calculation now completes the proof. 1

4. A Singular Competing Species Model-Higher Dimensions.

In this Section we describe how to use collision local time to formulate and
solve the competing species model introduced in Section IV.1 in higher dimensions.
The actual proof of the main results (due to Evans and Perkins (1994,1998) and
Mytnik (1999)) are too long to reproduce here and so this Section will be a survey
of known results together with some intuitive explanations.

We use the notation of Section IV.1 with E; = R? and 4; = A/2. In particular,
02 = C(Ry, Mp(R9))? with its Borel o-field F2? and canonical right-continuous
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filtration F72. In view of Remark IV.3.1(b), here is the natural extension of (C'S)?,
to higher dimensions.

Definition. Let A = (A, X2) € RZ and m = (mq, m2) € Mp(R?)2. A probability
P on (2, F2) satifies (GCS)?), iff

XZ(@) = m;(¢;) +/0t X;<%

where M/ (¢;) is a continuous F; — martingale under P such that
t
(GOS)), Mi0r) = 0 and(M () M (8,))e = by [ Xi(6)ds
0
for ¢; € D(A/2) and i = 1,2.

>ds + My () — ML (X)(¢5),

The existence of L;(X) is implicit in (GCS)),. We will say X = (X1, X») satisfies
(GCS);, if X is a process whose law satisfies (GCS);,. Let (GCS)5,* denote the
corresponding martingale problem in which L;(X)(¢;) is replaced by L;"*(X)(¢;)
for i = 1,2 (recall Remark IV.3.1(c)).

Note first that the Domination Principle (Proposition IV.1.4) shows that if X
satisfies (C'S)),, we may assume there are a pair of independent super-Brownian
motions (Z!, Z?) such that X* < Z* a.s. If d > 6, then Theorem IV.3.2(b) im-
plies G(X') N G(X?) C G(Z')NG(Z?) = 0 and so L(X) must be 0 a.s. Corollary
IV.1.3 (with ¢ = 0) now shows that (X', X?) is a pair of independent super-
Brownian motions. Conversely, using Theorem IV.3.2(b) it is easy to see that a
pair of independent super-Brownian motions does satisfy (GCS)) with L(X) =
0 if [ ga—2(]z1 — 22|)m1(dz1)ma(dz2) < oco. (The latter condition ensures that
sup,.-oE(L5(X)(1)) approaches 0 as 6 | 0, and Theorem IV.3.2(b) shows that
Li(X)(1) — L3(X)(1)®30 as ¢ | 0 for any § > 0.) Therefore we only consider
the above martingale problem for d < 5 when non-trivial solutions may exist.

Next we show that if d = 1, then (GCS)), may be viewed as a generalization
of (CS)).

Proposition IV.4.1. Assume d = 1 and m € F. The unique solution P2 of (CS)),
also satisfies (GCS))),.
Proof. We need only show that

(IV.4.1) L(X)(dx) = (/Ot ul(s,x)ug(s,w)ds> dr PP a.s.

Let ¢ € Cp(R). Theorem IV.2.1 shows that X(dx) = u;(s, z)dz for all s > 0 PY -a.s.
and Proposition IV.2.3 shows that ¢ — w,(¢,-) is a continuous map from (0, c0) to
Ck(R) P% —a.s. It is now easy to see that PY -a.s. for all 0 < § < ¢,

lmZ; (X)(¢) — L5(X)(9)

. ¢ T+
(Iv42) = h%l/ // o(— 5 2Vpe (1 — x2)us (5,21 )ua(s, v2)deydrads
cl0 J5

_ /5 t / 6(x)un (s, 2)us (s, 7)dzds.
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Note also by the Domination Principle,
é
IF’?n(Lf;(X)(l)—k/ /uﬂs,x)w(s,x}dwds)
0

é
(IV.4.3) < ///0 Poste(T1 — T2) + pos(T1 — x2)dsdmy (x1)dma(x2)
< eVomi(1)my(1) — 0 as 6 | 0.

(IV.4.1) now follows from (IV.4.2) and (IV.4.3). 1§

Recall that P, is the unique solution of (C'S)%,* which is equivalent to (GCS):*.
In view of Remark IV.3.1(c) we may expect IPZ, to converge to a solution of (GCS)),
ase | 0.

Notation. Mpg(RY) = {m € Mp(R?) : fol ri=dsup, m(B(x,7))dr < oo}.

If my,me € Mpg, then an integration by parts shows that

Sup/gd_2(|zl — 29|)dmq(z1) < 00

22
and so (my,m2) satisfies the hypothesis (IC) of Theorem IV.3.8.

Theorem IV.4.2. (a) Assume 1 < d < 3 and m € (Mpg)?.

(i) Then P2, =P, on Q% where ((X¢)i>0,(Py)venrrps) is an (Mpg)?-valued Borel
(F2)-strong Markov process and P,,, satisfies (GCS)),.

(ii) If, in addition, A\; = Ay. then P, is the unique solution of (GCS))..

(b) If d = 4 or 5, m € (Mpr(R?) — {0})? satisfies the hypothesis (IC) of Theorem
IV.3.2, and A # (0,0), then there is no solution to (GCS))..

Discussion.(b) Theorem IV.3.8 shows that the existence of a collision local time
for for any potential solutions of (GCS)), is to be expected if d < 5 and Theorem
IV.3.2 suggests it will be nontrivial for d < 5. These results may lead one to believe
that nontrivial solutions exist for d < 5. It turns out, however, that it is not the
existence of collisions between a pair of independent super-Brownian motion that is
germane to the existence of the solutions to (GCS). Rather it is the existence of
collisions between a single Brownian path, B, and an independent super-Brownian
motion, Z. If G(B) = {(t, B;) : t > 0}, then

(IV.4.4) P(G(B)NG(Z) # 0) > 0iff d < 4.

To see this for d > 4, recall from (IV.3.31) that ¢¥*(G(Z)) < oo a.s. We had d > 4
there but the proof in Theorem 3.1 of Barlow, Evans and Perkins (1991) also goes
through if d = 4. This shows that ¢¢(G(Z)) = 0 if d > 4 and so (IV.4.4) is true by
Theorem 1 of Taylor and Watson (1985) (i.e., the analogue of (IV.3.32) for G(B)).
For d < 3 one approach is to use a Tanaka formula to construct a nontrivial inho-
mogeneous additive functional of B which only increases on the set of times when
B(t) € S(Z;) (see Theorem 2.6 of Evans-Perkins (1998)). The construction requires
a mild energy condition on the initial distributions of B and Z but the required
result then holds for general initial conditions by Theorem III1.2.2. Alternatively, a
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short direct proof using Theorem III.3.4 is given in Proposition 1.3 of Barlow and
Perkins (1994).

To understand the relevance of (IV.4.4), we demonstrate its use in a heuristic
proof of (b). Assume X satisfies (GCS)), for d = 4 or 5. Let Z° > X* be a pair
of dominating independent super-Brownian motions (from Proposition IV.1.4) and
let H? be the historical process associated with Z?. The particle approximations in
Example IV.1.1 suggest that X' is obtained from Z! by killing off some of the par-
ticles which collide with the X? population, and similarly for X2. Use the notation
of the Historical Cluster Representation (Theorem III.1.1) and let {yi,...,yn} be
the finite support of r,_.(H}) for fixed 0 < & < t. These are the ancestors at time
t —e of the entire Z' population at time ¢. Which of these ancestors are still alive in
the X! population at time ¢ — e? By Theorem II1.3.1, y; has law E(H}__(-))/m1(1)
and so is a Brownian path stopped at time ¢ — ¢ and is independent of Z2. (IV.4.4)
shows that G(y;) N G(Z?) = 0 a.s. Therefore each y; will not have encountered
the smaller X2 population up to time ¢ — ¢ and so must still be alive in the X!
population. Let ¢ | 0 to see that the entire family tree of the population of Z! at
time ¢ never encounters Z2 and hence X?2. This means that no particles have been
killed off and so Z} = X} a.s., and by symmetry, Z? = X? a.s. These identities hold
uniformly in ¢ a.s. by continuity. The fact that P(L(Z) # 0) > 0 (Theorem IV.3.2)
shows that Z does not satisfy (GCS)), and so no solution can exist. In short, for
d = 4 or 5, the only collisions contributing to L;(Z) are between particles whose
family trees die out immediately and so killing off these particles has no impact on
the proposed competing species model.

The above proof is not hard to make rigorous if there is a historical process
associated with X so that we can rigorously interpret the particle heuristics. To
avoid this assumption, the proof given in Section 5 of Evans and Perkins (1994)
instead uses the ideas underlying the Tanaka formula in the previous Section. The
proof outlined above would also appear to apply more generally to any killing op-
eration based on collisions of the two populations. In (GCS) we would replace
ALy (X)(¢;) with A%(¢;), where A is an increasing continuous M pg-valued process
such that S(A%(dt,dx)) C G(X') N G(X?) a.s. The non-existence of solutions for
d =4 or 5 in this more general setting is true (unpublished notes of Barlow, Evans
and Perkins) but the 4-dimensional case is rather delicate.

(a) Tightness of {P< } is a simple exercise using the Domination Principle and The-
orem IV.3.2. To show each limit point satisfies (GC'S)?,, a refinement of Theorem
IV.3.8 is needed for d < 3 (see Theorem 5.10 of Barlow, Evans and Perkins (1991)).
This refinement states that in (IV.3.10) the rate of convergence to 0 in probability
is uniform in X satisfying (Hz). In the proof of (IV.3.10), the only step for which
this additional uniformity requires d < 3 (and which requires some serious effort) is
(IV.3.14). To handle this term we use Theorem III.3.4 to first bound the integrals
with respect to X! (dz;) at least if d < 3. If P22 = use Skorohod’s theorem to obtain
solutions X~ of (CS)»* which converge a.s. to X, say, as n — co. We now may
let n — oo in (CS)»* to derive (GCS)), for X-the above uniformity and a sim-
ple comparison of L (X®») with L»*(X¢") (see Lemma 3.4 of Evans and Perkins
(1994)) show that Le=*(X*) — L(X) in probability as n — oo and the other terms
are easy to handle.
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To proceed further seems to require considerable additional effort. The full
convergence of the {PS } to a nice strong Markov process is provided in Evans and
Perkins (1998) (Theorems 1.6 and 8.2). Here we showed that each limit point has
an associated pair of historical processes which satisfy a strong equation driven by
a pair of independent historical Brownian motions whose supports carry a Poisson
field of marks indicating potential killing locations. This strong equation has a
solution which is unique, both pathwise and in law. (This general approach of
using strong equations driven by historical processes will be used in another setting
with greater attention to detail in the next Section.) This approach does show
that the natural historical martingale problem associated with (GCS)) is well-
posed (Theorem 1.4 of Evans and Perkins (1998)). The uniqueness of solutions to
(GCS)?, itself remains open in general as we do not know that any solution comes
equipped with an associated historical process (from which we would be able to show
it is the solution of the aforementioned strong equation). If A\; = A9, uniqueness of
solutions to (GCS)) was proved by Mytnik (1999) by a duality argument. Mytnik
built a dual family of one-dimensional distributions (as opposed to a dual process)
by means of an intricate and original Trotter product construction. One phase of the
Trotter product requires solutions to a non-linear evolution equation with irregular
initial data. As is often the case with duality arguments, it is non-robust and
does not appear to handle the case where A\; # Ay. It is somewhat disconcerting
that after all of this effort the general question of uniqueness to our competing
species model remains unresolved in general. I suspect the correct approach to
these questions remains yet to be discovered and so was not tempted to provide a
detailed description of the proofs here.
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V. Spatial Interactions
1. A Strong Equation

We continue our study of measure-valued processes which behave locally like
(A,7,g)-DW superprocesses, i.e., where A, v, and g may depend on the current
state, Xy, of the process. In this Chapter we allow the generator governing the
spatial motion, A, to depend on X;. These results are taken from Perkins (1992),
(1995). To simplify the exposition we set v = 1 and g = 0, although as discussed
below (in Section V.5) this restriction may be relaxed. Our approach may be used for
a variety of dependencies of Ax, on X; but we focus on the case of state dependent
diffusion processes. Let

o: Mp(RY) x RT — R4 b: Mp(RY) xR - R?Y, o =00,
and set

Auo(x) = Z Zaw, )¢ (x) + beu?m(w), for ¢ € CZ(R?).

Here a(p,x) and b(u,z) are the diffusion matrix and drift of a particle at = in a
population p.

If Lip, = {6 R = R: ¢l < 1, [6(2) — 6(»)] < llz — ]l Yo,y € RY} and 4,
v € Mp(R?), the Vasershtein metric on My (R?), introduced in Section I1.7, is

d(p,v) = sup{|u(¢) — v(¢)| : ¢ € Lip, }.

Recall that d is a complete metric on Mp(R?) inducing the topology of weak con-
vergence.

Our approach will be based on a fixed point argument and so we will need the
following Lipschitz condition on b and o:

Assume there is a non-decreasing function L : Ry — R, such that
(@) llo(px) = o(u', 2) || + [1b(n, 2) = b(u', 2")

(Lip) < L(u() V' (W)ld(u, ) + llz = 2] Vp,p' € Mp(R?), z,2" € RY.
(b) sup [|o (0, z)[| + [|b(0, z)|| < 0.

Remark V.1.1. (a) (Lip) easily implies that for some non-decreasing
C : R+ — R+,
(B) lo (e, )l + [Ib(, 2) || < C(u(1)) Y € Mp(R?), z € RY.

(b) The results of Sections V.1-V.4 remain valid without (Lip)(b) (see Section 5 of
Perkins (1992)).
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Exercise V.1.1. Prove that (Lip) holds in the following cases.
(a) o(p,z) = f(u(pr),...,u(dn), z), where ¢; are bounded Lipschitz functions on
R? and f : R"T?¢ — R¥*4 is Lipschitz continuous so that sup, || f(0,z)|| < co.
(b) blyt,2) = Sy [ by 21, 2 dp(r) - dpn)

o(pu,z)=>70_1 [or(@,z1,. .. ,z5)du(zy) ... dp(z),
where b, and oy, are bounded Lipschitz continuous functions taking values in R?
and R%*?  respectively.

A special case of (b) would be b(u,z) = [bi(x,z1)du(z1) and
o(pw,z) = [pe(x — x1)du(z1). Here by(z,71) € R? models an attraction or re-
pulsion between individuals at x and x1, and particles diffuse at a greater rate if
there are a number of other particles nearby.

To motivate our stochastic equation, consider the branching particle system in
Section I1.3 where Y® = B® are Brownian motions in R? X, = m € Mp(R?),
and V" = v = 10y + 302. Recall from (I1.8.3) that if HY = &>, dpe,, then
HN converges weakly to a historical Brownian motion, H, with law Qg ,,. Let
Zy : R* — R? be Borel. Now solve

la] +1

t t
(SE)vla) 25 = Zo(B§) + | o(x¥, 22)dB2 + [ XN, z0)ds, ¢ < U
0 0

1
(b) XN = ~ > 0.
Brs

Such solutions are easy to construct in a pathwise unique manner on [i/N, (i+1)/N)
by induction on i. On [i/N, (i +1)/N), we are solving a finite system of stochastic
differential equations driven by {B% :  ~ i/N, s € [i/N,(i +1)/N)} and with
Lipschitz continuous coefficients. The latter uses

(5 X by 3 G ) NN i

a~i/N a~i/N a~i/N
< (HjnD)) VANl — 22,
R o\ 172
where [2lls = (Sqniw 2222
last inequality. This shows there is a pathwise solution to (SE)y on [i/N, (i+1)/N).
Now let the B*’s branch at t = (i+1)/N and continue on [(i+1)/N, (i+2)/N) with
the new set of Brownian motions {BY : v ~ (i 4+ 1)/N, s € [(:+1)/N,(i+2)/N)}.
These solutions are then pieced together to construct the {Z% : t < (Ja|+1)/N, a}
in (SE)y. If N — oo, we may expect XV=X, where

and we have used Cauchy-Schwarz in the

t t
(SE) (@) Zilwy) = Zolw) + | o(Xe Z)dy(o) + [ b(Xe, Z2)ds
0 0
) Xi@)A) = [ 1Zw.y) € HH()(dy) VA € BR)
The intuition here is that w labels a tree of branching Brownian motions and y labels

a branch on the tree. Then Z;(w,y) solves the sde along the branch y in the tree
w and X;(w) is the empirical distribution of these solutions. Our objective in this
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Chapter is to give a careful interpretation of the stochastic integral in (SE)(a), prove
that (SE) has a pathwise unique strong Markov solution and show that X~ =X.

2. Historical Brownian Motion

Throughout this Section we work in the setting of the historical process of
Section I1.8 where (Y, P*) = (B, P*) is d-dimensional Brownian motion. We adopt
the notation given there with £ = R%, but as B has continuous paths we replace
(D(E),D) with (C,C), where C = C(R,,R?) and C is its Borel o-field. Let C; =
o(ys,s < t) be its canonical filtration. If Z : Ry x C' — R, then

Z is (Cy)-predictable <= Z is (C;)-optional
(V.2.1) <= Z is Borel measurable and Z(t,y) = Z(t,y") Vt > 0.

This follows from Theorem IV.97 in Dellacherie and Meyer (1978) and the fact that
the proofs given there remain valid if D is replaced by C'. We will therefore identify
Borel functions on R? = {(t,y) € Ry x C : y = y'} with (C;)-predictable functions
on Ry x C. If C° ={y € C:y=y®} then this identification allows us to write the
domain of the weak generator for the path-valued process W in (I1.8.1) as

D(fl) ={¢: Ry x C — R: ¢ is bounded, continuous, and (C;)-predictable,
and for some A,¢(y) with the same properties, ¢(t, B) — ¢(s, B)

t
- / A,¢(B)dr, t > s is a (C¢)-martingale under P, , Vs > 0, y € C*}.

Recall here that P, , is Wiener measure starting at time s with past history y € C?,
and for m € M;,(C) (recall this means y = y* m— a.s.) define Ps ,,, = [ Ps ,m(dy).

For the rest of this Section assume 7 > 0 and (K});>, satisfies (HMP), k.
(from Section I1.8) on (Q, F, (F;)¢>-,P) with K, now possibly random with law v,
¥y=1,9g =0, and A equal to the generator of the path-valued Brownian motion
described above. Assume that this probability space is complete, the filtration is
right-continuous and F, contains all the null sets. We also assume E(K (1)) < oo
so that m(-) = E(K.(-)) € ML(C) and we can still work with a martingale problem
as opposed to a local martingale problem. Call such a process, K, an (F;)-historical
Brownian motion starting at (7,v) (or (7, m) if v = 6,,,). As in Theorem I1.8.3, K is
an (F;)-strong Markov process and has law Q,, = [ Q; k,dv(Kp). In this setting
the superprocess property (I1.8.5) becomes

(V.2.2) P(K(¢))) = Prm(¥(BY)) fort > 1, ¢ € bC.
Note also that if S > 7 is a finite valued (C;)-stopping time, then
(V.2.3) Pr . (9Cs)(y) = Psys(g9) Prm —a.a. y Vg € bC.

To see this write g(y) = §(y°,y(S +-)) and use the strong Markov property at time
S.

Our main objective in this Section is the seemingly minor extension of
(HMP). i presented in Proposition V.2.6 below, and the reader may want to skip
ahead to this result and its Corollary V.2.7. The latter plays a key role in what
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follows. Note, however, that Proposition V.2.4 will also be used in our stochastic
calculus on Brownian trees and the proof of Lemma V.2.2 illustrates a neat idea of
Pat Fitzsimmons.

We first reduce the definition of D(A) to zero starting times.

Notation. bP is the space of bounded C;-predictable processes on Ry x C.

~

Lemma V.2.1. ¢ € D(A) iff ¢ € bP is continuous and for some continuous
A¢ € VP,

¢
n(t,y) = o(t,y) — ¢(0,y) — / A, ¢(y)dr is a (Cy)-martingale under P* Va € R%.
0

Proof. We need only show the above condition is sufficient for membership in
D(A). Assume ¢ is as above and let s > 0. It suffices to show n(t) —n(s), t > sisa
(Ct)+>s-martingale under P; , for every y € C*. Let t > r > s and v be a bounded

continuous C,-measurable mapping on C'. We must show that

(V.2.4) Poy(n(t)) = Poy(n(r)$) Wy € C°.
The left-hand side is
(V.2.5) Pon(t,y/s/(y(s) + B)¢(y/s/(y(s) + B)))

and so is continuous in y by Dominated Convergence. The same is true of the right-
hand side. It therefore suffices to establish (V.2.4) on a dense set of y in C*. Next
we claim that

(V.2.6) the closed support of P¥°(B® € -)is {y € C° : y(0) = yo}.

To see this first note that for every e, T' > 0, PY°(sup,«p |Bs — yo| < €) > 0 (e.g.
by the explicit formula for the two-sided hitting time in Theorem 4.1.1 of Knight
(1981)). Now use the classical Cameron-Martin-Girsanov formula to conclude that
for any ¢ € C(R;,R%), and &, T > 0,

PY°(sup |Bs — / Y(u)du —yo| <€) > 0.
0

s<t
The claim follows easily. It implies that (V.2.4) would follow from
P, ys(n(t))) = Py ys(n(r)y) PY —a.a. y for all yy € R%.
By (V.2.3) this is equivalent to
P (n(t)¢|Cs)(y) = P* (n(r)¢|Cs)(y) P — a.a. y for all yo € R™.

This is immediate by first conditioning n(t)y with respect to C,.. 1

Fitzsimmons (1988) showed how one can use Rost’s theorem on balayage to
establish sample path regularity of a general class of superprocesses. Although we
have not needed this beautiful idea for our more restrictive setting, the next result
illustrates its effectiveness.
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Lemma V.2.2. Let ¢, ¥ : Ry x C — R be (C;)-predictable maps such that for
some fixed T' > 7, ¢(t,y) = ¢Y(t,y) V7 <t <T P;,, —a.s. Then

o(t,y) =¢(t,y) Ky —aa. y Vr<t<T P-as.

Proof. Return to the canonical setting of historical paths, (Q, Fg, F2 [, t+],Q,.,)
of Section IL.8, with g = 0, 4 = 1, and P*=Wiener measure. Recall the E-valued
diffusion Wy = (7 + ¢, Y™ 1) with laws P, , and the W-superprocess

(V.2.7) X; = 04y X Hyyy with laws P, ,,.

Note first that
(V.2.8)
if g : [1,00)xC — Ry is (C¢)¢>r—predictable then Hy(g;) is F[r, t+]—predictable.

To see this start with g(t,y) = g1(t)g2(y*), where g1, g2 are non-negative bounded
continuous functions on Ry and C, respectively. Then (V.2.8) holds because K;(g¢)
is a.s. continuous. A monotone class argument now proves (V.2.8) (recall (V.2.1)).

Let S be an FH[r,t+]);>,-stopping time such that 7 < S < T and let A > 0.

Then S = S — 7 is an (FX)i>0-stopping time. Define a finite measure y on E by
wg) = Qro(e M Hg(gs)) = Pru(e 9 X5(9)),

where the second equality holds by Lemma I1.8.1. Let Uy f be the A-resolvent of W.
If f is a non-negative function on E, then the superprocess property ((I1.8.5) and
the display just before it) shows that

(6. x m,Urf) =P, (/Ooo e MX,(f) dt)
S ] A T
0
<

e_ASIf”Xg </OO e‘”f(ﬂf)dt))
0

= If”T,,,(e_’\SXg(U,\f)) = (1, Uxf)-

A theorem of Rost (1971) shows there is a randomized stopping time, V, on

A

C(R4, E) x [0,1] (i.e., V is jointly measurable and {y : V(y,u) < t} € Cyy for
all u € [0,1]) such that for every non-negative Borel function g on F,

1
(V2.9) H(9) = [ Prone™ (W) du
0
1
< / P (g(r + V(u), YV @) du.
0
If g(t,y) = |p(t,y) —1(t,y)|, then the right-hand side of (V.2.9) is zero by hypothesis

and so

Hs(|op(S) —¥(S)]) =0 as.
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The Section Theorem (Theorem IV.84 of Dellacherie and Meyer (1978)) and (V.2.8)
then show that

Hy(lp(t) —y@)]) =0 Vte[r,T] Q. —as.
As K has law Q; ,, the result follows. 1

Lemma V.2.3. Let n : [r,00) x C — R be a (C;)>,-predictable L?*-martingale
under P; ,,,. Then

Ki(ny) = K- (n;) +/ /n(s,y)d]\/[(s,y) Vi>71 P—as.

and is a continuous square integrable (F;)-martingale.
Proof. Let N > 7. Then (V.2.3) and the Section Theorem imply that

(V.2.10) n(t,y) =Pyt (n(N)) Vr<t<N P, —as.
Now let
S={X:C—R:X € L*P, ), n*(t,y) = P, ,+(X) satisfies

Ki(n) = K.(n) +/ /nx(s,y)dM(s,y) Vit > 71 P—aus.}.

Implicit in the above condition is that both sides are well-defined and finite. If
X € Cy(C), then nX is bounded and continuous on Ry x C' (recall (V.2.5)) and n*
is a continuous (C;)-martingale under P* for all x € R% by (V.2.3). Lemma V.2.1
shows that nX € D(A) and AnX = 0. (HMP), k. therefore shows that X € S.

Let {X,,} C S and assume an—p>X . Then Dominated Convergence shows that
an@mX’ Ki(n") — Ky(nX) ¥t > 7, and (use (V.2.2))

t
P( [ [0 (i) = (s, Kol
t
= / Py ((n% (s, B®) — n* (s, B*))?)ds — 0 as n — oo.
Therefore we may let n — oo in the equation showing X™ € S to conclude that
X € S. This and Cy(C) C S show that bC C S.

Let X be a non-negative function in L?(P;,,) and set X,, = X An € S.

Monotone Convergence shows that ¥ T nX < oo pointwise and K;(n; ") T Ky(ni¥)
for all t > 7. (V.2.2) shows that

P(/Tt/(nxn(s,y) . nX(s,y))2Ks(dy)ds> - /: PT,m((an(s,BS) —nX(s,Bs))2)ds

< / Pron(Xn — X)%)ds (by (V.2.3))

— 0 as n — oo.
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This allows us to conclude that X € S, as above. It also shows that
f: [n¥(s,y)dM(s,y) is a continuous L? martingale. In addition we have
P(K,(nX)) = m(nX) = P, n(X) < oo. All these results now extend to any X

T

in L2(P,,,) by considering the positive and negative parts of X. Taking X = n(N)
we obtain the required result for ¢ < N, but with n(t,y) = P, (n(N)) in place of
n(t,y). Now use (V.2.10) and Lemma V.2.2 to obtain the required result for t < N
as none of the relevant quantities are changed for ¢ < N off a P-null set if we replace
n with n. Finally let N — oo. 1

Definition. Let (Q,F, F) = (QxC,FxC,F; xC) and let F denote the universal
completion of F;. If T' is a bounded (F;);>,-stopping time (write T € 7, and note
this means that 7" > 1), the normalized Campbell measure associated with K is

the probability Py on (€, F) given by
Pr(A x B) = P(14K7(B))/m(1).
We denote sample points in Q by (w,y). Therefore under I@’T, w has law

Kr(1)m(1)~'dP and given w, y is then chosen according to Kr(-)/Kr(1). We
will also consider T' € 7y, as an (F;)-stopping time and define Fr accordingly.

Proposition V.2.4. (a) Assume T € 7, and 1 € bFrp, then

(V.2.11) Ko () = Kr(v) + / / By dM(s,y) V=T P-as.

(b) Let g : [r,00) x Q be (F;)-predictable and bounded on [r, N] x  for all N > 7.
Then

(V2.12) //tgs(w,y)dsKt(dy)z/t/ /Sgr(w,y)dr dM(s,y)Jr/th(gs)ds

VYt > 71 a.s.

Proof (a) Assume first T is constant and ¥ (w, y) = ¥ (w)2(y?) for 1y € bFr and
19 : C'— R bounded and continuous. Then

d(5,y) = Py ye (2(BT))

is a bounded predictable (C})-martingale under PY° for each yo € R? (use (V.2.2))
and is continuous on Ry x C (as in (V.2.5)). Lemma V.2.1 shows that ¢ € D(A)
and A¢ = 0. Therefore (HM P), x_ implies that for t > T,

Ko(6) = 61 Ko (91) = vn K (t2) + o / / O(s,y)dM (s, )

:KT(w)Jr/t/w(y)dM(s,y),
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because ¥1¢(s) =9 for s > T.

The proof now proceeds by a standard bootstrapping. The result clearly holds
for ¢ as above and T finite-valued and then for general T" by the usual approxi-
mation of T by a decreasing sequence of finite-valued stopping times (the continu-
ity of 1y helps here). A monotone class argument now gives the result for any
Y(w,y) = lw,yT), where ¥ € b(Fr x C). We claim that any ¢ € bFp is
of this form. For any ¢ € bFp there is an (]:"t)—predictable process X so that
¥ = X(T) (Dellacherie and Meyer (1978), Theorem IV.67). It suffices to show that
X(T,w,y) = X(T,w,y?) because we then prove the claim with 1 = X (T). For this,
first consider X (t,w,y) = 15,4 (t)1a(w)lp(y) foru > s> 7, A€ Fs and B € Cs.
Then the above claim is true because 15(y) = 15(y®) and so on {s < T(w) < u},
15(y) = 1(yT(w)). The aforementioned standard bootstrapping now gives the
claim for any (ﬁt)—predictable X and so completes the proof of (a).

(b) First consider g(s,w,y) = ¢(w,y)1(u(s) where ¢ € bFyu, 7 < u < v. Then
P-a.s. for t > u,

//tgs(”’y)dSKt(d@/) = K (¢)(t Ao —t Au)
:/t/ﬁb(w,y)(sAv—s/\u)dM(s,y)

+ / 1(u < s <v)K4(¢p)ds (by (a) and integration

by parts)

- / / / 9o, y)dr | dM(s, ) + / K. (gs)ds.

If t < u, the above equality holds because both sides are zero. The result therefore
holds for linear combinations of the above functions, i.e., for (ﬁt)—simple g. Passing
to the bounded pointwise closure we obtain the result for all (F;)-predictable and
bounded g. For g as in (b), we first get the result for ¢ < N by considering gsan,

and then for all ¢ by letting N — oo. 1

Remarks V.2.5. (a) If g : [7,00) X O —Ris (ﬁt*)—prediqtable and bounded, and
@ is a o-finite measure on ), then there are bounded (F;)-predictable processes
91 < g < go such that g1(t) = g2(t) Vt > 7 p-a.e. This may be proved by starting

Wlth a Simple g (ie g(t7w7y) = Z ¢Z(w7y)1(u“u7+1](t) + ¢O(way)1{uo:t}7 Where
i=1

T=u <...<Upy1 <00, P; € b]};z) and using a monotone class theorem as on p.
134 of Dellacherie and Meyer (1978).
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(b) If we take

u(A) =P 7/1A(w,y)Ks(dy)ds

in the above, then the right side of (V.2.12) is the same for g1, go and g. Here
we have used the obvious extension of the stochastic integral with respect to M to
(F)-predictable integrands. It follows from Proposition V.2.4 (b) that the left-hand
side is the same for g; and go. By monotonicity it is the same for g and so (V.2.12)
holds for (,7:",;" )-predictable, bounded g. A straightforward truncation argument then
gives it for (F;)-predictable g satisfying

(V.2.13) //H/ |gr|drr + |gs|]KS(dy)ds <oo V>0 Pas.

(c) In Proposition V.2.4 (a), if T is predictable, ¢ € bF5_ (i.e. (F*)p_), g(t,w,y) =
V(w, Y)1i7,00) (1), (sO g is (F7)-predictable) and we take

W(A) =P / La(w, y)Kr(dy) + / / La(w, ) K o(dy)ds
T

in (a), then ; = g;(T,w,y) € bFr_ (g; as in (a)) and the right side of (V.2.11) is
unchanged if ¢ is replaced by ;. As above, the inequality 11 < ¢ < )5 shows the
same is true of the left side. Therefore (V.2.11) remains valid if T" is predictable and

W € bFh_.

(d) If ¢ : [r,00) x @ — R is bounded and (F})-predictable, then K;(¢;) is (F;)-
predictable. To see this, first note that this is clear from (¢) (with 7" = w) if
(t,w,y) = Y(w,y)1(y,(t) for some 7 < u < v and ¢ € bﬁ;_. A monotone class
argument now completes the proof (see Theorem IV.67 in Dellacherie and Meyer

(1978)).
Here is the extension of (HM P), . we mentioned earlier.

Proposition V.2.6. Assume ¢ : [1,00) X C' — R is a (C;)¢>--predictable map for
which there is a (C¢)>,-predictable map, A, ,,¢ = A¢, such that

(1) Prm, (/t Ap(s)? ds) <oo Vit>T

r
t

(i) n(t,y) = o(t,y) — / Ap(s,y)ds, t > 7 is an L? (C;);>,-martingale under Py ,,.

T

Then

Ki(¢r) = K (¢7) +/ /qzﬁ(s,y)dM(s,y) +/ K (Aps)ds Vt> T as.
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The stochastic integral is a continuous L? martingale, K, (¢,) is square integrable,
and P(fj Ks(|fl¢s|)ds> < oo forall t > 7.

Proof. Note that (i), Cauchy-Schwarz and the superprocess property (V.2.2) show
that (V.2.13) holds for ¢ = A¢—in fact the expression there is integrable. Therefore
we may use Remark V.2.5 (b) and Lemma V.2.3 to see that P-a.s. for all t > 7,

Ki(¢r) = Ki(ny) + Ky </t Ag(s) ds)

T

:KT(nT)+/Tt/n(s,y)dM(s,y)+/:/[/Ts Aczﬁr(y)dr]dM(s,y)

t
+/ K. (Ad,)ds

= w00+ [ [stsmantts.n + [ K.(ioas

Lemma V.2.3 shows that K, (¢,) = K,(n,) is square integrable and (V.2.2), (i) and

(ii) show that
¢

R(/ K (62)ds) = [ Pran((s, 8205 <

This shows the stochastic integral is an L? martingale and a similar argument shows
that the drift term has integrable variation on bounded intervals. 1

Notation. Let D(A; ,,) denote the class of ¢ considered in the above Proposition.
Clearly D(A) C D(A, ) and A, ,, is an extension of A in that for any ¢ € D(A),

t t
/ AT’mgb(s,y)ds :/ flqb(s,y)ds Vit>1 P, —as.

T

Exercise V.2.1. Assume 7 = 0 and K is an (F;)-historical Brownian motion
starting at (0, )-note we can treat Ky as a finite measure on R?. Let Zy : R — R?
be a Borel map, B € B(R?) and define Z, : C — C by

Zo(y)(t) = y(t) — y(0) + Zo(y(0)).
(a) If ¢ € D(A), show that ¢(t,y) = ¢(t, Zo(y))15(y(0)) € D(Ag,,) and

Aomd(t,y) = Ad(t, Zo(y))1p(y(0)).

(b) Define K/(F) = K;({y : Zo(y) € F, y(0) € B}) for F € C, and let / be the
law of K} = Ko(Zy'(A) N B) for A € B(RY). Show that K’ is an (F;)-historical
Brownian motion starting at (0,7’) and therefore has law Qg ..

Hint. Use (a) to show that K’ satisfies (HMP)o x .

Corollary V.2.7. Let T' € 7, and assume n(t), t > 7 is a (C;)-predictable square
integrable martingale under P; ,,,. Then n(t AT), t > 7 is an (F;)-martingale under

Pr.
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Proof. Let s > 7, A € F5 and B € Cs. Define

o(t,y) = (n(t,y) — n(s,y))1e(y)1(t > s).

Then ¢ € D(A, ) and A, ,,¢ = 0. Therefore K;(¢;) is an (F;)-martingale by
Proposition V.2.6 and so

N

Pr((n(T) = n(s AT)1a(w)1p(y)) = P(Kr(dr)lan(rssy)m(1) ™
= P(Ks(¢s)1Aﬁ{T>s})m(1>_1 = 07
the last because ¢, = 0. §

Example V.2.8. Recall C$2(R¥) is the set of infinitely differentiable functions on
RF with compact support and define

Dyq = {¢ Ry xC —R:o(ty) = d](ytl/\t» S 7ytn/\t) = Y(Ye),
0<t; <...<ty, ¥ eCTR™].

If ¢ is as above, let

n

di(t,y) = > 1t <tp)Yg—1ya+i(y) 1<i<d,
k=

S =

n

bij(t,y) = L(t <tr Ato)—1ydts,—1)+;(F) 1 <1,5 <d,
101

o

d
V¢<t7 y) = (¢1 (ta y)7 s 7(bd(t7 y))? and A¢<t7 y) = Z (bii(t? y)

Itd’s Lemma shows that for any m € Mp(C), Dyg C D(A;.,,) and A, ¢ = % for
¢ € Dyq. In fact this remains true if C5° is replaced with C? in the above. Note
that Dy is not contained in D(A) because A¢(t,y) may be discontinuous in .

Theorem V.2.9. Let m € ML(C). An (F;)i>--adapted process (K;);>, with
sample paths in Qg[7, 00) is an (F;)-historical Brownian motion starting at (7, m)
iff for every ¢ € Dyyq,

Mi(¢) = Ki(¢t) — m(or) — /Tt Ks<52¢s>ds

is a continuous (F%)-local martingale such that M, (¢) = 0 and

t
(M(9)) = / K (¢?)ds for all t > 7 a.s.

Proof. The previous Example and Proposition V.2.6 show that an (F;)-historical
Brownian motion does satisfy the above martingale problem.

The proof of the converse uses a generalization of the stochastic calculus devel-
oped in the next section for historical Brownian motion. It is proved in Theorem 1.3
of Perkins (1995)—see also Section 12.3.3 of Dawson (1993) for a different approach
to a slightly different result. We will not use the uniqueness here although it plays
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an central role in the historical martingale problem treated in Perkins (1995) and
discussed in Section 5 below. 1

3. Stochastic Integration on Brownian Trees

Consider the question of defining the stochastic integral appearing in (SE)(a).
We first need a probability measure on Q under which y is a Brownian motion. An
infinite family of such probabilities is given below. We continue to work with the
(F)-historical Brownian motion, Ky, on (Q, F, (F;)¢>-, P) starting at (7, v) but now
set 7 = 0 for convenience and so may view K; and its mean measure, m, as finite
measures on R<.

Definition. Let Q' = (€',G,G;,Q) be a filtered space and T be a (G;)-stopping
time. An R%valued (G;)-adapted process, B:, on € is a (G;)-Brownian motion
stopped at T iff for 1 < i,j < d, Bf — B} and B{B] — 6;;(t A T) are continuous
(Gt)-martingales.

If T is a constant time, (V.2.2) shows that under Pz, y is a Brownian motion
stopped at T'. The next result extends this to stopping times.

Proposition V.3.1. If T € 7, then under Pr, y is a (J’:"t)—Brownian motion stopped
at T . '
Proof. Apply Corollary V.2.7 with n(t,y) = yi —yi and n(t,y) = yiy — iyl — dit.
This gives the result because y; = y; . Pr-a.s. B

Notation. f € D(n,d) iff f: Ry x Q — R"*4 is (F})-predictable and

¢
/||f(s,w,y)||2ds<ooKt—a.a.y Vi>0 P—as.
0

Definition. If X,V : R, x Q — E, wesay X =Y K-a.e. iff

X(s,w,y) =Y (s,w,y) for all s <t for K;-a.a. y for all t > 0 P-a.s.

If E is a metric space we say X is continuous K-a.e. iff s — X (s,w, y) is continuous
on [0,t] for K;-a.a. y for all ¢t > 0 P-a.s.

If T € Ty and f € D(n,d), then fOT Il f(s,w,y)||?ds < oo Pr-a.s. Therefore
the classical stochastic integral fot f(s,w,y)dys = Pr — fot f(s,w,y)dys is uniquely
defined up to Pp-null sets. The next result shows one can uniquely define a single
process which represents these stochastic integrals for all 7' simultaneously.

Proposition V.3.2. (a) If f € D(n,d), there is an R™-valued (F;)-predictable
process I(f,t,w,y) such that

t
(V.3.1) I(fitAT,w,y) = I@’T—/f(s,w,y)dy(s) Vt>0 Pr—as. foral T €T
0

(b) If I'(f) is an(F})-predictable process satisfying (V.3.1), then

I(f,s,w,y) =1I'(f,s,w,y) K—ae.
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(c) I(f) is continuous K-a.e.

(d) (Dominated Convergence) For any N > 0, if fy, f € D(n,d) satisfy

N
lim P(Ky (/ 1£e(s) = F()|Pds > £)) =0 ve >0,
0

then

lim P (supKt (supHI(fk,s,w,y) —I(f,s,w,y)|| > 5)) =0 Ve>0.

k—o0 t<N s<t

(e) For any S € Ty, if fi, f € D(n,d) satisfy

(v32) i P (s (| Aels) - Fe)1Pds)) =0,

then

sup Ky (sup [ 1(fr, s) — I(f,5)|[*)50 as k — co.
t<S s<t

—1

Proof. To avoid factors of m(1)™" we will assume m(1) = 1 throughout.

(b) Let
J(t,w) = / sup | 1(f. 8, w,9) — I'(f, 5,0, )| A1 Kr(dy).

s<t

Assume for the moment that J is (F;)-predictable, and let T" be a bounded (F;)-
predictable stopping time. Then

P(J(T,w)) = Br (S‘é? V(f,s) — '(F. )] A 1) _0,

because under Py, I(f, s AT) and I'(f, s AT) are both versions of Py — [ f(s)dy(s).
0

By the Section Theorem we see that J(t,w) =0 Vt > 0 P-a.s., as required.

To prove J is (F;)-predictable, let ¢(t,w,y) be the integrand in the definition
of .J. The projection of a B x F;-measurable set onto €2 is F;-measurable (Theorem
I11.13 of Dellacherie and Meyer (1978)) and so ¢(t) is (F;)-adapted. Therefore
d(t—) is (F;)-predictable (being left-continuous) and hence so is

o(t) = o(t=) vV (I1(f t,w,y) = I'(f,t,w,y) [ A1)
Remark V.2.5 (d) now shows that J(t) = Ky(¢(t)) is (Ft)-predictable.
(a), (c) For simplicity set d = n = 1 in the rest of this proof (this only affects a few
constants in what follows). If f(s,w,y) = ilfi(%y)l(ui,uiﬂl(s)’ where f; € bF,,

and 0= ug < ... < Uns1 < 00, (call f (F;)-simple), then define

n

I(fit,w,y) =Y filw,y) (Yt Auiyr) —y(t Au)) .

=0
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This clearly satisfies the conclusions of (a) and (c).
Let f € D(1,1). As in the usual construction of the It6 integral we may choose
a sequence of simple functions { fx} so that

1
(V.3.3) / £ (s S ds = 27| <27k

Define . p .
I(f,t,w,y) = {hmk_wo I(fr,t,w,y) if it ex1‘sts _
0 otherwise
Clearly I(f) is (F;)-predictable.
Fix a bounded (F;)-stopping time T" and let m,¢ > n > T. Use the fact that
I(fm,t NT,w,y) is a version of the Pr-Ito integral and standard properties of the
latter to see that

IAP)T (sup |I(fm,t,w7y) - I(féutawuy” > 2”)

t<T
T

<Py / Fn(s) — fols)Pds = 2750 | 1 2n
0

T

—p | Ky / () — fo(s)Pds > 2730 | | 427
(V.3.4) "
T

—p |k, /Ifm()— (s)2ds > 2% | | 427

(by Proposition V.2.4(a))

/|fm Cfus)Pds > 278 | 4o <32,

the last by (V.3.3) and an elementary inequality. This shows both that

(V.3.5) sup [I(fm,t,w,y) — I(f,t,w,y)| =0 asm — oo Pr-a.s.
t<T
and
t
sup PT /fmswy)dy Pr— /fswydy ))HO asm — oo Pr-as.
t<T
- 0

It follows that

t

Pr — /f(s,w,y)dy(s) =I(f,t AT,w,y) Vt>0 Pr-as.
0
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because the left side is constant on ¢ > T Pr-a.s. This gives (a).
Set m =n and let £ — oo in (V.3.4), and use (V.3.5) to conclude that

sup ]P)T (Sup |I(f’n% vavy) - I(f7 va’y)| > 2m) <3 27”7
TeT,, T<m s<T
that is
Sup ]P)(KT<Sup‘I<fm7S;way>_I(f787w7y)| >2_m>) §32_m
TeT,, T<m s<T

An application of the Section Theorem (J(t,w) = Ky(sup |I(fm,s)—I(f,s)] >27™)
s<t

is (F;)-predictable, as in (b)) gives

P (sup Ko (50 1 3.0,9) — I(F.5,00,3)]| > rm)) <3.97m,

t<m s<t
Two successive applications of Borel-Cantelli show that

(V.3.6) lim sup |I(fm,s,w,y) —I(f,s,w,y)|=0 Kip-aa y Vt>0 as.

m—0o0 st

This certainly implies (c).

(d) Fix N > 0 and assume {f}, f satisfy the hypotheses of (d). Argue exactly as
in (V.3.4) with € > 0 in place of 27", but now use Remark V.2.5 (c¢) in place of
Proposition V.2.4 (a) and take the sup over (F;)-predictable times to conclude

sup ]fDT (sup|I(fk,t,w,y) —I(f,t,w,y)| > 5)
T<N,T predictable t<T

N
<Py /lfk—f(s,w,y)\2ds>53 + €.
0

The first term on the right-hand side approaches 0 as £k — oco. As ¢ is arbitrary, the
same is true for the left-hand side. As in (b),

(tw) = K, (sup (i 5,00,9) — I(fs5,0,9)] > )

s<t

is (F;)-predictable and the Section Theorem implies

supKt(sup]l(fk,s,w,y)—I(f,s,w,y)]>€)LO as k—oo Ve>0.
t<N s<t

The random variables on the left are all bounded by sup K;(1) € L' and so also
t<N

converge in L' by Dominated Convergence for all ¢ > 0. This is the required
conclusion in (d).
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(e) Let S,T € T, with T < S. Doob’s maximal L? inequality shows that
P(Kr (sup(1(7:5) = 1(f5)?) )) < e ( / (#05) - o) ds)
= p (15[ () - o) as))
< (i6s( [ 16) - fuas)).

Remark V.2.5 (c) was used in the second line. Therefore (V.3.2) implies that

(V.3.7) lim  sup IP’(KT (sup( (f,s) — I(fk,s))2>> =0.

k—ooT7<s TeT, s<T

As in the proof of (b), (t,w) — Ki(sup,<,(I(f,s) — I(fx,s))?) is (F;)-predictable.
A simple application of the Section Theorem shows that

]P(sup K, (sup(l(f, s) — I(fk,s))2> > 8)

t<S s<t

= sup IP’(KT<sup(I(f, s) — I(fk,s))z) > 5),

T<S8,TeTy s<T

which approaches zero as k — oo by (V.3.7). 1

Lemma V.3.3. Let g : R, x Q — R, be (F;)-predictable and S € T,
S

(0 B(15 Iy gwds) ) = P(J Ko (9:)s).

(b) P(supKS K, (fo gsds> > 5) < 5_1]P’(f0 gs)ds) for all € > 0.
Proof. (a) By Monotone Convergence it suffices to consider g bounded. This case
is then immediate from Remark V.2.5(b).

(b) From Remark V.2.5 (d) we see that K, (fg Js ds) < o0 is (Fi)-predictable. By

the Section Theorem,
P((ilﬁl}s) K; </0t gsds) > 6) = Tg??l,lzpeﬂp<KT (/OT gsds> > 6)
» T
<, (e (] aa))
_ 5—11@(/ Ks(gs)ds> (by (a)). W
0

Notation. If X(¢) = (X1(t),...,X,(t)) is an R"-valued process on (£, F) and
w e Mp(RY), let pu(X,) = (u(X1 (1), ... pu(Xa (1)) and

/Ot/X(s)dM(s,y) / /X1 )dM (s,), / /X )dM (s y)>
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whenever these integrals are defined. We also write fot f(s,w,y)dy(s) for I(f,t,w,y)
when f € D(n,d) and point out that dependence on K is suppressed in either
notation.

Proposition V.3.4. If f € D(n,d) is bounded, then

(V.3.8) I(f,1)) / / s)dM(s,y) Vt>0 P-—as.,

and the above is a continuous L? (F;)-martingale.
Proof. To simplify the notation take n =d = 1 and m(1) = 1. Assume first that

(V.3.9)  f(s,w,y) = d1(w)p2(y)l(u < s <), ¢1€bFyu, ¢p2 €bCy, 0 <u <.

If n(t,y) = da2(y)(y(t Av) —y(t Au)), then (n(t),C;) is an L:-martingale under Py,
and I(f,t) = ¢1(w)n(t,y). Lemma V.2.3 shows that P-a.s. for all ¢ > 0,

Ki(I(f,1)) = ¢1(w)

= $1(w // (s,y)dM(s,y)
:/O/I(f,s)dM(Say)-

In the last line we can take ¢; through the stochastic integral since ¢; € bF, and
n(s) vanishes for s < u.

Suppose (V.3.8) holds for a sequence of (]:"t)—predictable processes f and f is
an (F;)-predictable process such that supy || fxlleo V ||f]lsc < o0 and

(V.3.10) lim IP’ / / (fuls) — £(5)) dsKN(dy)) —0 VNeN.

We claim (V.3.8) also holds for f. If N € N, then use the fact that under P,, I(f)
is an ordinary It6 integral to conclude

B[ [0.9) - 1K) = [ B9 1)

= ["o ([0 - nrar)as
_ /ONIP<KN (/Os(f(r) ~ fulr)dr) )ds

where Remark V.2.5 (c¢) is used in the last line. This approaches zero as k — oo by
(V.3.10). Therefore fot [ I(f,s)dM(s,y) is a continuous L? martingale and

(V.3.11) lim Sup‘// (fir 8) — I(f,8)dM(s,y) ‘H —0 VYNeN.

k—oolli< N
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Proposition V.3.2 (e) with S = N and (V.3.10) imply

(V.3.12) sup K (|I(fe,t) — I(f,£)))—0 as k — oo VN € N.
t<N

Now let £ — oo in (V.3.8) (for f;) to see that it also holds for f.

We may now pass to the bounded pointwise closure of the linear span of the class
of f satisfying (V.3.9) to see that the result holds for all bounded (F;)- predictable
f. If f is bounded and (F;)-predictable, there is a bounded (F;)-predictable f so

that
// dsKN(dy)) —0 YNeN

(see Remark V.2.5 (a)) and so the the result holds for f by taking fi = f in the
above limiting argument. 1

Theorem V.3.5 (It6’s Lemma). Let Zp be R"-valued and Fi-measurable,
f € D(n,d), g be an R"valued (F;)-predictable process and 3 € Cp *(R; x R™).
Assume

t
(V:3.13) / Ko (12 + lgsl)ds < 00 ¥ > 0 aus.,
0
and let
t t
(V.3.14) Zi(w,y) = Zo(w,y) + / F(s, w0, 9)dys + / o(s,w, y)ds.
0 0

If V) and v;; denote the gradient and second order partials in the spatial variables,
then

/ththdy /wOZOdKO //¢deMsy)

(V.3.15) +/O Ks<g—f(s,Zs)+V¢(s,Zs) -gs+5Zzwij(s,zs)(ff*)ij(5)>ds

i=1 j=1

The second term on the right is an L? martingale and the last term on the right has
paths with finite variation on compact intervals a.s. In particular [ (¢, Z;)K;(dy)
is a continuous (F;)-semimartingale.

Proof. Assume first that ||f|| and ||g|| are bounded. Let T' € 7, and Z; = (t, Z;).

I1t6’s Lemma shows that Pr-a.s.

tAT

V(Zint) =0(Zo) + Pr — Vip(Zs) f(s) - dy(s)

0

tAT
+/0 Zf( s) + V(Zs ZZ% )ij(s)ds Vit > 0.

’L].j].



Superprocesses 299

Let b(s) denote the integrand in the last term. This shows that

T(t) = $(Z,) — ¥(Zo) — / b(s)ds

is a (F7)-predictable process satisfying (V.3.1) with Vi(Z,)f(s) in place of f(s).
Proposition V.3.2 therefore implies that

(V.3.16) W(Z) = (Zo) + I(VO(Z) f, 1) + /0 b(s)ds K — a.e.

Since ||b|| and ||V4(Z)f|| are bounded and (F)-predictable we may apply Propo-
sition V.3.4 and Remarks V.2.5 to see that P-a.s. for all t > 0,

/w(Zt)Kt(dy)

— [ vt o) + / [tz + / [ 1wy .y
/// drdMsy /K (s))ds
= / (Zo) Ko(dy) + /0 / D(Zs)dM (s,y) + /0 t K(b(s))ds

In the last line we used (V.3.16) and the fact that this implies the stochastic integrals
of both sides of (V.3.16) with respect to M coincide. This completes the proof in
this case.

Assume now that f, g satisfy (V.3.13). By truncating we may choose bounded
(Fy)-predictable f* g* such that f* — f and g* — g pointwise, ||f*| < ||f] and
g%l < |lg|| pointwise, and therefore

t
(V.3.17) Tim / Ko (I = full2 + lgF — gsl)ds =0 vt >0 as.

By (V.3.13) we may choose S,, € 7, satisfying S,, T oo a.s. and

Sn
[ AR+ s <n s
0

Define Z* as in (V.3.14) but with (f*,g¢*) in place of (f,g). Note that Lemma
V.3.3(b) shows that sup,<g K <f0t Hgsts) < oo for all n a.s. and so Z;(w,y) is
well-defined K;-a.a. y for all t > 0 a.s. The same result shows that

t
(V.3.18) sup Kt / gk — gSHds> L0ask — o0 Va
t<S 0

A similar application of Proposition V.3.2 (e) and Lemma V.3.3(a) and gives

(V.3.19) sup K (sup ||[I(f*,s) — I(f, s)||2)E>O as k — oo Vn.

t<S, s<t
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(V.3.18) and (V.3.19) imply

(V.3.20) sup K (sup || Z%(s) — Z(s)])—0 as k — 00 VT > 0.
t<T s<t

We have already verified (V.3.15) with (Z*, f*, ¢*) in place of (Z, f, g). The bound-
edness of ¢ and its derivatives, together with (V.3.17) and (V.3.20), allow us to
let £ — oo in this equation and use Dominated Convergence to derive the required
result. (Clearly (V.3.13) implies the “drift” term has bounded variation on bounded
time intervals a.s.) N

Corollary V.3.6. If f, g, and Z are as in Theorem V.3.5, then

X,(A) = / 1(Zi(w,y) € A)K4(dy)

defines an a.s. continuous (F;)-predictable Mp(R™)-valued process.
Proof. Take ¢(xz) = e™* u € Q" to see that [e™?dX;(z) is continuous in
t € [0,00) for all u € Q" a.s. Lévy’s Continuity Theorem completes the proof of
continuity. Remark V.2.5 (d) shows that X is (F;)-predictable. [}

4. Pathwise Existence and Uniqueness

As in the last Section we assume (K¢, t > 0) is an (F;)-historical Brownian mo-
tion on Q = (Q, F, 7, P) starting at (0, ) with E(Ky(-)) = m(-) € Mp(R?). There-
fore K has law Qp, on (Q2x,Fx). Recall that o,b satisfy (Lip) and
Zy : R — R? is a Borel map. If fg 0(Xs, Zs)dy(s) is the stochastic integral in-
troduced in Proposition V.3.1, here is the precise interpretation of (SE):

(SE>Z07K (a) Z<t7w7y) - ZO(yO) +/ U<X5>Zs)dy(8) +/ b(Xs,Zs>d8 K —a.e.
0 0
(b) X, (w)(A) = / (Zo(w,y) € A)Ky(w)(dy) YA € BRY) ¥t >0 as.

(X, Z) is a solution of (SE)y, x iff Z is a (F})-predictable R%valued process, and
X is an (F;)-predictable Mp(R9)-valued process such that (SE)z, r holds. Let H;
denote the usual enlargement of FH[0,¢+] with Qg ,-null sets.

Theorem V.4.1.

(a) There is a pathwise unique solution (X, Z) to (SE)z, k. More precisely X is
unique up to P-evanescent sets and Z is unique K-a.e. Moreover t — X; is a.s.
continuous in t. .

(b) There are (H;)-predictable and (H, )-predictable maps, X Ry xQy — Mp(R%)

~

and Z : Ry xQy — R?, respectively, which depend only on (Zy, v), and are such that
that (X (t,w), Z(t,w,y)) = (X(t, K(w)), Z(t, K(w),y)) defines the unique solution
of (SE)ZO,K-

(¢) There is a continuous map Xo — P from Mp(R?) to M;(Qx), such that if

(X, Z) is a solution of (SE)z, x on some filtered space €2, then

(Vi4.1) P(X €)= / Ply, ) dP(w).
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(d) If T is an a.s. finite (F;)-stopping time, then
P(X(T + ) € AlFr)(w) =Py () (A) P—as. forall A€ Fx.

For the uniqueness and continuity of IP”XO we will need to prove the following
stability result. Recall that d is the Vasershtein metric on Mp(R?).

Theorem V.4.2. Let K!' < K? = K be (F;)-historical Brownian motions with
E(Ki() = m;i(-) € Mp(R?), and let Z§ : R — R? be Borel maps, i = 1,2. Set
Tn = inf{t : K;(1) > N} A N. There are universal constants {cy, N € N} so that
if (X*, Z") is the unique solution of (SE)zi r: then

P(/OTN sup d(X" (u), X?(u))?ds) < ex [/ 12— Z3112 A Ldms 4 ma(1) = ma (1)].

u<s

Here are the metric spaces we will use in our fixed point argument:

S ={X: Ry xQ— Mp(R?) : X is (F;) — predictable and a.s. continuous ,
X,(1) < N ¥t < Ty VN € N},
Sy ={Z:Ry xQ—R?: Zis (F) — predictable and continuous K-a.e.},
S = Sl X SQ.
Processes in S; are identified if they agree at all times except perhaps for a P-null

set and processes in S, are identified if they agree K-a.e. If T' € 75, 6 > 0 and
Z1,49 € Ss, let

R T 1/2
(V42)  dpo(Zy, Zo) = Pp < / (sup || Z1 (u) — Zo(w)||? A 1)6—9%13) <gv2,
0

u<s

where, as usual, Pr is the normalized Campbell measure associated with Kp. If
0 = (On,N > 1) is a positive sequence satisfying

(V.4.3) STNOG? < oo,
1

define metrics d; = d? on S; and dy = df on S by

o) T 1/2

(X0 X2) = Y P( [ supd(Xa (), Xau) e Ovods)
N=1 0 uss

dy(Z1,Z2) = Y, sup  dry(Z1,Z2) < oo (by (V.4.2)),
N—1 T<Tn.T€T,

do((X1, Z1), (X2, Z3)) = di(X1, X2) + d2(Z1, Z3).
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Note that if u < T, then d(X;(u), Xa2(u)) < X (u)(1) + X2(u)(1) < 2N and so by
(V.4.3),
dl(Xl,X2> S ZQNGX#/Q < Q.
N

Lemma V.4.3. (5;,d;), i = 1,2 and (S, dp) are complete metric spaces.
Proof. This is straightforward. We will only show dy is complete. Suppose {Z,,}
is do Cauchy. Let N € N. Then

im s / SUp | Zo (u) — Zon () |? A 1dsKp(dy)) = 0.

m,n—00 T< Ty TET, u<s

An application of the Section Theorem implies that

sup // sup || Zn (1) — Zyp (w)|]? A l)dsKt(dy)ﬂO as m,n — 0.
0

tSTN ’lL<S

Since Z,, — Z,, is continuous K-a.e., this implies

sup / SUP | Zn(5) — Zun()]2 A LK (dy) 50 as m, n — oo,

t<TnJ s<t

A standard argument now shows that there is a subsequence {ny} so that
(V.4.4)
Zn,, (8,w,y) converges uniformly in s <¢ for K; —a.e. y forallt>0P —a.s.

Now define y - - ‘
7 :{ Mg oo Zn, (S,w,y) 1 1t exists
(8,w,9) 0 € R¢ otherwise.

Then Z is (F;)-predictable and continuous K-a.e. (by (V.4.4)). Dominated Con-
vergence easily shows that do(Z,,,,Z) — 0ask — oo. 1

Proof of Theorem 4.1(a) and Theorem 4.2.
For i = 1,2 define ®' = (&%, ®%) : S — S by

Vas) BX.2)(0) = Ziown) = Zolw) + [ o(Xe Z)d(s) + [ X2
and
(V.4.6) (X, Z)(t)(-) = X/ () Z/l(ZZ(w,y) € ) K;(dy).

In (V.4.5) the stochastic integral is that of Section 3 relative to K. Note that this
integral also defines a version of the K! stochastic integral. To see this, note it is
trivial for simple integrands and then one can approximate as in the construction of
the K-stochastic integral to see this equivalence persists for all integrands in D(d, d)
(defined with respect to K). Remark V.1.1(a) implies

(VA7) / K (lo(Xe. Z2)|? + [B(X.. Z,)])ds
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t
< / K,(1)(C(X,(1))? 4+ C(Xs(1)))ds < 0oVt >0 a.s.
0

Corollary V.3.6 therefore may be used to show that X is a.s. continuous. Note also
that X;(1) = K;(1) < N for t < T and it follows that ®’ takes values in S. Clearly
a fixed point of ®* would be a solution of (SE)zi k-

To avoid writing factors of m(1)~!, assume that m(1) = 1. Let T' € T, satisfy
T <Ty. Let Z* and X* be as in (V.4.5) and (V.4.6) for some (X?, Z%) € S. Doob’s
strong L? inequality and Cauchy-Schwarz imply

Pr( sup |1Z'(s) = Z2(s)* A1)

s<tAT
. tAT
<c@r(|Z8- 23 At [ (Xt 2 - a(xX2 2P
0
+ Nb(XE, ZE) ~ b(X2, 72)|%ds)

(V4g8) < c/ 1Zs — Z3||* A 1dms
. tAT
+L(NPNEr ([ (XL XE) + 2L - ZE)° A CONYRds).
0

where in the last line we used Proposition V.2.4 (a), (Lip) and Remark V.1.1 (a).
Note that if 7" > 0 then Ty > 0 and so Kr(1) < sup,p, Ki(1) < N. If T = 0,
K1 (1) may be bigger than N but the integral in (V.4.8) is then zero. Therefore

Br( sup |12'(s) = Z2(s)P A1)

S<tAT

tAT
(V49) <ey [/ 1ZE — Z2|12 A 1dms + IP’(/ d(XL, X2)2 A 1ds>
0

. tAT
+IP’T</ |2 —Z§||2A1ds)]
0

9t and integrate t over R to conclude that

Multiply the above inequality by e~

51 5242
sup dre(Z°,Z%)
T<Tn,T€Ty

Tn
< %N[/ 122 — Z2||2 A 1dms +Ip>(/ (d(X2, X2)2 /\1)26_08ds>
0

T
+ o sup PT(/ (122 — 22 A 1)eds) .

Therefore

51 52 CN 1 2112 1/2
sup  dro(Z2',2%) < —[(/ 1ZE — Z2)2 A ldm2>
T<Tn,TET, 0

TN 1/2
(V.4.10) + IP(/ (d(XL, X2)2 A 1)26—9%13)
0
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+ sup dTyg(Zl,Zz) )

Take 6 = 6y in (V.4.10), assume

(V.4.11) 8o = Z \/E < 00,

and sum the resulting inequality over NV to conclude that
- 1/2
(V.4.12) do(Z1, Z2) < 5y [(/ 1ZE — 22|12 A 1dm) (XY, X2) + do (27, 22)]

Consider next a bound for d; (X', X?). Let ¢ € Lip;. Then

Xk - KR <2 ([ o2 - o(Zhirt) + ([ ozt - k) |
<2[([12- 221 2df<;) (R - K;u))ﬂ.
Therefore if N(u) = [ sup,, [|Z} — Z2|| A 1K} (dy), then
(V413) - swp d(X}, X2)? <8 LSS%TN N(u)? + USSB\%N(Ki(l) - K;(1))2] .

Claim N is an (F)-submartingale. Let U < V be (F)-stopping times. Then
Remark V.2.5 (c) implies

BIVU)) = B( [ sup 122 - 22 A 1dKv) <E(N(V)).

As N(t) < K;(1) € L', the claim follows by a standard argument. On {Ty > 0} we
have sup,<r, K¢(1) < N. Therefore (V.4.13), Cauchy-Schwarz and Doob’s strong
L? inequality imply

P(1(Tnx > 0) sup d()N(i,f(z)z)
u<tATN

< B(IN (A Tw)? + (K2 (1) = Ky, (1))211(Ty > 0))

SSt/\TN

=cN [I@’TN ( sup ||ZL = Z2)? A 1) +mo(1) — ml(l)] (by Remark V.2.5 (c))

s<tATN

tATN
<y [/ 122 = Z2IP2 A 1dms + ma(1) — ma (1) +IP’(/ d(X}, X2)? A 1ds)
0

R tAT N
+ Pry (/ |22 = 22 A1ds) |
0
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the last by (V.4.9). It follows that

Tn o
IP’(/ Supd(Xi,XZ)Qe_eNtdQ
0

u<t

g/ P(l(TN>O) sup d(f(i,)zﬁ)Q)e’eNtdt
0

u<tATn

/
< X[ [128 - Z31P A tdms + ma() — ()
N

TN R TN
+ IP’(/ (d(XL, X2)2 A1) e 0ns ds) 4P, (/ (121 — Z2|]2 A1) e ds)].
0 0

Therefore if

oo

/
V414 5 = N
( ) 0 ; 9]\] < OO?

then
(Via15) dy(X' X < 55( [ 125 - Z3IP A 1amy/” + (ma(1) - ma (1)
Fdi(XY X2) 4 do (21, Z2)>.

Now set Z} = Z2 = Zy and K! = K? = K and ®' = ®. (V.4.12) and (V.4.15)
imply
dO(QD(Xl’Zl),@(X2,Z2)) < (60 +6(/))d0((X17Z1)7 (X2722))'

Therefore if we choose {6y} so that (V.4.11) and (V.4.14) hold with dg, ) < 1/4,
then @ is a contraction on the complete metric space (S,dy). It therefore has a
unique fixed point (X, Z) which is a solution of (SE)z, x. Conversely if (X, Z)
is a solution of (SE)z, x then X (1) = Ks(1) and, as in (V.4.7) and the ensuing
argument, we see that (X, Z) € S. Therefore (X, Z) is a fixed point of ® and so is
pathwise unique. This completes the proof of Theorem V.4.1 (a).
For Theorem 4.2, let (X% Z%) satisfy (SE)ZévKi, i = 1,2. Then

(X*,Z") € S by the above and so ®/(X*, Z') = (X% Z*). Therefore (V.4.12) and
(V.4.15) imply

do((Xl’Zl)v <X27Z2)) S(50 +66) [do((Xl,Zl), (X27Z2))
1/2
+ (/ 125 — Z3 117 A 1dm2) + (ma(1) — m1(1))1/2].
As 0o + d; < 1/2 by our choice of 8y, this gives
di (X1, X?) < do((X7, 2Y), (X7, 27%))

1 22 1/2 1/2
< ([ 125 - 2317 A rdma) "+ (maf1) = ma (1))
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and hence

IP’(/OTN sup d(X 1 (u), X% (u))? ds)

u<s

< PNy (X1, X%)? < 26N (ma(1) — ma (1) + / 128 = Z3* Adms). B

Proof of Theorem 4.1(b). Let (X, Z) be the unique solution of (SE), s, where
H is the canonical process on Qp = (Qy, Fu, He, Qo). Clearly (X,Z) depends
only on Zy and v, and satisfies the required predictability conditions. We must show
that (X (t, K(w)), Z(t, K(w),y)) solves (SE)z, x on Q. Let I(f,t,H,y), f € Dy
denote the stochastic integral from Proposition V.3.2 on Qg and I(f,t,w,y), f € D
continue to denote that with respect to K on Q. We claim that if f € Dy, then
foK(t,w,y) = f(t, K(w),y) € D and

(V.4.16) I(foK)=In(f)oK K —ae.

The first implication is clear because K has law Qq,. (V.4.16) is immediate if

f is a (H;)-predictable simple function. A simple approximation argument using
Proposition V.3.2 (d) then gives (V.4.16) for all f € Dy. It is now easy to replace
H with K(w) in (SE)z, g and see that (X o K, Z o K) solves (SE)z, x on §2. 1

For (c) we need:

Lemma V.4.4. Let pq, s € Mp(RY) satisfy g1 (RY) < po(R9). There is a measure
m € Mp(R?), B € B(RY), and Borel maps g; : R — R? such that

(1) () = mlgr () N B), pal) = mlgs ()
2) / g1 — g2ll A Ldim < 2d(ur, )
)

(3) m(B°) = p2(1) = pn (1) < d(pa, pra)-

Proof. (3) is immediate from (1).

If 41 (RY) = po(RY), (1) and (2) with B = R? and no factor of 2 in (2) is a
standard “marriage lemma” (see, e.g., Szulga (1982)). Although the usual formula-
tion has m defined on the Borel sets of (R%)? and g; the projection maps from (R%)2
onto R?, the above results follows as m and g; can be carried over to R? through a
measure isomorphism between this space and (R%)2.

If py(RY) < po(RY), let pf = puy + (p2(R?) — pa(R?))d,,, where ¢ is chosen
so that uq({zo}) = 0. By the above case there are m, g; satisfying (1) and (2)
with g} in place of u1, B = R%, and no factor of 2 in (2). (1) follows easily with
B = g7 *(x0)¢. For (2) note that

/ lgr — g2|| A 1dm < d(u),pe) (by the above case)

< d(py, pa) + d(p, p2)
= po(1) — pa (1) + d(per, p2) < 2d(pa, p2). B
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Proof of Theorem 4.1(c). Assume first that Ky = m is deterministic and let
(X, Z) solve (SE)z, k. The law of X on Qx, P, z,, depends only on (m, Zy) by
(b). The next step is to show that it in fact only depends on Xy = m(Z; *(-)).
Define Zo(y)(t) = y(t) — y(0) + Zo(y(0)) and K!(¢) = K(¢ o Zy). Then K’ is an
(F;)-historical Brownian motion starting at (0, Xo) by Exercise V.2.1 with B = R¢.
Let (X',Z") be the unique solution of (SE)z r, where Zj(yo) = yo. Let I, I'
denote the stochastic integrals on D(d,d) and D’(d, d), respectively with respect to
K and K, respectively. If f: Ry x Q — R4 set fo Zy(t,w,y) = f(t,w, Zo(y)).
We claim that if f € D', then fo Zy € D and

(V.4.17) I'(f)oZy=1(foZy) K —ae.

The first inclusion is trivial. To prove the equality note it is obvious if f is simple and
then use Proposition V.3.2(d) to extend the equality to all f in D’ by approximating
by simple functions as in the construction of I. If Z, = Zj o Zo, then Z is (.7:";‘ )-
predictable, and

t
Zimw+ Io(X'\ 200+ [ WXL Z)ds K —ae
0

implies

A ~

t
Zs = Zy(y)(0) +I’(J(X’,Z’),t)oZO+/ WX',Z)oZyds K —a.e.
0

Now use (V.4.17) to get

A

t
2= Zolun) + 1(6(X', 2),0) + | WXL Z)ds K - ac.
0
and also note that P-a.s. for all ¢ > 0,
Xi) = [1z € )Kidy) = [ 121 € )Eatay).

Therefore (X', Z) solves (SE)z,.x and so X’ = X P-a.s. by (a). This implies they
have the same law and so P, z, =Py iq = P’y , thus proving the claim.

To show the continuity of P’y in X we will use the stability of solutions to (SE)
with respect to the initial conditions (Theorem V.4.2). Let X§ € Mp(R?), i = 1,2
and choose m, B, and g; = Z{ as in Lemma V.4.4 with pu; = X{. Let K} = K; be
an (F;)-historical Brownian motion starting at (0, m) and define

K (A) = K:(An{y : y(0) € B}).

Then Exercise V.2.1 shows that K'(< K?) is an (F;)-historical Brownian mo-
tion starting at (0,m(- N B)). If (X', Z%) solves (SE)z; g+, then X'(0) = X,
as the notation suggests, and so X; has law P;(g‘)' Introduce the uniform metric
pu(xt, 2?) = sup, d(z},27) A1 on Qx and let dy; denote the corresponding Vaser-
shtein metric on Mp(€2x). This imposes a stronger (i.e., uniform) topology on Qx,
and hence on Mp(f2x), but as our processes have compact support in time the
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strengthening is illusory. If Ty is as in Theorem V.4.2 and ¢ = inf{t : K;(1) = 0},
thenX,f:OiftZCandso

dns (P, < s1L1p /yqs P(X?)| dP
¢eLip,

< /supd(th,Xf) A 1dP
t

<P(Ty < () + P(l(TN > ¢) sup d(X}, X2) A 1)

t<Ty
TN+1

<P(Tn <¢)+ IP’(/ supd(X}, X2)?* A ldul(Tyn > c))l/Q,

Twn t<u

the last because on {Ty > (}, Ty = N and Tny41 = N + 1. Theorem V.4.2 implies
that

dM<g,&@sp@ws<»+Jmu&/M%—J@WA1Mn+muy—mun)

<P(Ty <)+ \/CN+13d(X§’X3)-

The first term approaches zero as N — oo and so the uniform continuity of
Xo — Py, with respect to the above metrics on M;(Qx) and Mp(R?) follows.

Returning now to the general setting of (a) in which K and X, may be random,
we claim that if A € Fx, then

(V.4.18) P(X € A|F)(w) = P,y (4) P —as.

Take expectations of both sides to complete the proof of (c¢). For (V.4.18), use (b)
and the (F;)-Markov property of K to see that P-a.s.,

(V.4.19) P(X € A|F)(w) = P(X(K) € A|F)(w) = Qo k,(w) (X € A).

Recall that (X', Z) is the solution of (SE)z, g on (Qp, Fr,Hi, Qo). Let HEo be
the augmentation of F[0,t+] with Qg x,-null sets. Claim that

(V.4.20)  For v —a.a. Ky, (X,Z) satisfies (SE)z,.z on (R, Frr, He, Qo x, )-

The only issue is, as usual, the interpretation of I(c(X, Z),t) under these various
measures. Let Ik, (f), f € Dk, be this integral under Qq g, and I(f), f € D be the
integral under Qg ,. Starting with simple functions and bootstrapping up as usual
we can show for v-a.a. Ko,

f € D implies f € Dk, and in this case
I(f, t,w,y) =Ir,(f,t,w,y) Vt <u for K, —a.a. y Vu >0 Qp x, — a.s.

It is now a simple matter to prove (V.4.20).
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Since Xo(w)(-) = Ko(w)(Zy () a.s. by (SE)z,.x, (V.4.20) and the result for
deterministic initial conditions established above, imply that
Qo, k() (X € ) =Py, () (1) as.
Use this in (V.4.19) to derive (V.4.18) and so complete the proof of (c).

To establish the strong Markov property (d) we need some notation and a
preliminary result.

Notation. If s > 0 let 0,(y)(t) = y(t + s) — y(s) and f(s) = Fort- If Zg(w,y) is
Fr-measurable and Z,(w,y)(t) = Zs(w,y) + 05(y)(t), for each ¢ : R x Q — E, let

¢ (t,w,y) = d(t — 5,0, Zs(w,y)1(t > 5),

suppressing dependence on Z,. If B € F has positive P measure, let Pg(-) = P(:|B).

Lemma V.4.5. Let s > 0, B € F, have positive P measure and assume Z; is as
above. Then

KO = [ 14w ) Kesldy). t20

is an (.ﬂ(s) )-historical Brownian motion under Pg.
Moreover IP’B(K(()S)(l)) <m(1)/P(B) < 0.

The reader who has done Exercise V.2.1 should have no trouble believing this.
The proof of (d) now proceeds along familiar lines. The continuity of Xo — P’y
allows us to assume T = s is constant by a standard approximation of T' by finite-
valued stopping times. We then must show that

(V.4.21)  There is a process Z so that (X,,.,Z) solves (SE), ke on
(Q,F, ]-}(S),IPB), where Zo(y) = yo and B € F, satisfies P(B) > 0.

If B is as above and A € Fx then (V.4.21) and (V.4.1) show that
IPB(XS+. S A) = /Xs(w) (A)dIP)B,

and this implies
P(X i € AlFs)(w) = lxs(w)(A) a.s.,

as required.

The proofs of Lemma V.4.5 and (V.4.21) are somewhat tedious and are pre-
sented in the Appendix at the end of the Chapter for completeness. It should be
clear from our discussion of the martingale problem for X in Section 5 below that
this is not the best way to proceed for this particular result.

Now return to the martingale problem for X. Recall that a(u, ) = o(u, z)o(p, x)*
and

d
Zzazg w, ¢zy ) Z i(ﬂvx)¢i($)7 for (b € CI?(RCZ)'

=1 j=1
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The following exercise is a simple application of It6’s Lemma (Theorem V.3.5) and
is highly recommended.

Exercise V.4.1. If (X, Z) satisfies (SE)z, x show that
¢

(MP)3) Forall 6 € CHRY), MY (6) = Xu(6) ~ Xo(é) ~ | X.(Ax.0)ds
0

t
is a continuous (F;)-martingale such that (M~ (¢)); = / X, (¢?)ds.
0

We will comment on the uniqueness of solutions to (M P)g’(’s in the next section.
Uniqueness in (SE) alone is enough to show weak convergence of the branching par-
ticle systems from Section V.1 to the solution X of (SE). Of course (Lip) continues
to be in force.

Theorem V.4.6. Let m € Mp(R?) and let XV be the solution of (SE)x con-
structed in Section V.1. If Xg = m(Z, € -), then

P(XN € 2Py, on DRy, Mp(R?)) as N — oo.

Sketch of Proof. Tightness and the fact that all limit points are supported on the
space of continuous paths may be proved as in Section II.4. One way to prove that
all limit points coincide is to take limits in (SE)y and show that all limit points
do arise as solutions of (SE)z, k for some K. More general results are proved by
Lopez (1996) using the historical martingale problem (HMP) discussed in the next
section.

5. Martingale Problems and Interactions

Our goal in this Section is to survey some of the recent developments and on-
going research in the martingale problem formulation of measure-valued diffusions.
In order to use the uniqueness of solutions to (SE)z, x (both pathwise and in law)
to show that the associated martingale problem (M P)g(’s is well-posed, we would

have to show that it is possible to realize any solution X of (M P)C)L(’s as part of a
solution (X, Z) to (SE)z, k for some historical Brownian motion K. In general it
is not possible to recover K from X (see Barlow and Perkins (1994) for this result
for ordinary super-Brownian motion) and so this appears to require a non-trivial
enlargement of our space.

Donnelly and Kurtz (1999) were able to resolve the analogous problem in the
setting of their exchangeable particle representations through an elegant application
of a general result of Kurtz (1998) on filtered martingale problems.

Theorem V.5.1 (Donnelly-Kurtz (1999), Kurtz (1998)). If X € Mp(R%), (o,b)
satisfies (Lip), and a = oo™, then (MP)?QI: is well-posed.

Discussion. Although I had originally planned to present these ideas in detail (the
treatment in Section 6.5 of Donnelly and Kurtz (1999) is a bit terse), I will have to
settle for a few (even more terse) remarks here.

First, the ideas of Section V.4 are readily adapted to the exchangeable particle
representation of Donnelly and Kurtz. Indeed it is somewhat simpler as (SE) is
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replaced by a countable system of (somewhat unappealing) stochastic differential
equations with jumps. This pathwise uniqueness leads to the uniqueness of the
martingale problem for the generator A of their exchangeable infinite particle sys-
tem, (Xg(t)), and X;(1), the total population size. The underlying population is

X; € Mp(R?) where for each fixed t Xe() i5 the deFinetti measure of (Xk(t)) and

SO P
N
(V.5.1) Xy(9) = Xi(1) lim (N)™' ) 6(Xx(t) as.

k=1

Of course X will satisfy (M P)g(’s and these particular solutions will be unique as
the richer structure from which they are defined is unique. On the other hand, given
an arbitrary solution X of (M P)ggg, one can introduce

() = B([] 106 < )

1

This would be the one-dimensional marginals of ((Xg(¢)), X¢(1)) if such an exchange-
able system existed. Some stochastic calculus shows that v; satisfies the forward
equation associated with A:

vi(6) = 1o (9) +/0 v(Ad)ds, &< D(A).

The key step is then a result of Kurtz (1998) (Theorem 2.7), earlier versions of
which go back at least to Echevaria (1982). It gives conditions on A, satisfied in
our setting, under which any solution of the above forward equation are the one-
dimensional marginals of the solution to the martingale problem associated with A.
In our setting this result produces the required ((X(t)), X¢(1)) from which X can
be recovered by (V.5.1). Here one may notice one of many simplifications we have
made along the way—to obtain (V.5.1) from the martingale problem for A we need
to introduce some side conditions to guarantee the fixed time exchangeability of the
particle system. Hence one needs to work with a “restricted” martingale problem
and a “restricted” forward equation in the above. This shows that every solution
to (M P)g(’(b) arises from such an exchangeable particle system and in particular is
unique in law by the first step described above.

The methods of the previous section also extend easily to the historical processes
underlying the solutions obtained there. Let dy be the Vasershtein metric on Mg (C)
associated with the metric sup, ||y: —v;|| A1 on C. Let FH = FH[0,t+] and assume

§:Ry x QO — R bR, x QO — RY are (FH)-predictable
and for some nondecreasing function L satisfy
(HLip)  lo(t, J,y)ll + llo(t, J,9)]| < L(t\/Sg}f Js(1)) and

16(t, Jyy) — ot I )| + 1b(t, Jy) — bt, T, y)||

< L(tVsup Js(1) Vsup J.(1)) [supdy (Js, J.) + sup ||lys — v4| |-
s<t s<t s<t s<t
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The historical version of (SE) is

(HSE)z, k(a) Zi(w,y) = Zo(y) +/ o (s, J,y)dy(s) +/ b(s,J,Z)ds K — a.e.
0 0
(b) Jt(w)(+) = / 1(Z(w,y)" € )Ki(dy) Yt>0P—as.

As in Section V.4, a fixed point argument shows that solutions to (HSE)z, k exist
and are pathwise unique (Theorem 4.10 in Perkins (1995)). Recall the class D¢q
of finite dimensional cylinder functions from Example V.2.8. If a;; = 667;, the
corresponding generator is

ZJ’

U

l\JIH

Aso(t,y) = b(t, J,y) - Vo(t,y)

d
ZZ (t, J,y)¢ij(t,y), ¢ € Dya.

Assume for simplicity that Ky = m is deterministic and hence so is Jo = m(Zy € -).
It is again a simple exercise (cf. Exercise V.4.1) to show that the solution J of
(HSE)z, i satisfies

Vo€ Dya Ji(0) = Jo(6) + /0 / Asd(s,9)o(dy)ds + Mi(6),

(HM P)‘}:)B where M;(¢) is a continuous (F;)-martingale such that
t
@) = [ I(62)ds
0

The situation in (HSE) is now symmetric in that a historical process J is constructed
from a given historical Brownian motion K. If a(t, J,y) is positive definite it will be
possible to reconstruct K from J so that (HSE) holds (the main steps are described
below) and so we have a means of showing that any solution of (HMP) does satisfy
(HSE) and hence can derive:

Theorem V.5.2 (Perkins (1995)). Assume (HLip), Jo € M%(C), and & = 66*
satisfies
(a(t, J,y)v,v) > 0 Vv € R — {0} for J, — a.a. y ¥Vt > 0.

Then (HM P)‘:}:f) is well-posed.

One can use the change of measure technique in Section IV.1 to easily ob-
tain the same conclusion for (HM P)E}Bb’g in which A;¢(t,y) is replaced with
Aso(t,y)+9(t, y)o(t,y), where § : Ry x Qp — R is bounded and (F)-predictable.
As J is intrinsically time-inhomogeneous, one should work with general starting
times 7 > 0 and specify Jin, = J° € {H € Qg : Hxrr = H} = QF. The

resulting historical martingale problem (H M P)a 3,6(; is again well-posed and if

(6,b,9)(t, J,y) = (a,b,§)(t, J:,y), the solution will be a time-inhomogeneous (F)-
strong Markov process.

To prove the above results one needs to start with a solution of (H M P) J0 5 say,
and develop the stochastic integration results in Section V.3 with respect to J. This
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general construction is carried out in Section 2 of Perkins (1995) and more general
stochastic integrals for “historical semimartingales” with jumps may be found in
Evans and Perkins (1998), although a general construction has not been carried out
to date. Under the above non-degeneracy condition on a, this then allows one define
a historical Brownian motion, K, from J so that (HSE)z, x holds, just as one can
define the Brownian motion, B, from the solution, X, of dX = o(X)dB + b(X)dt.
Consider next the problem of interactive branching rates. If

v : Mp(RY) x R* — R, then the extension of (M P)g(’s which incorporates this
state-dependent branching rate is

¢
(MP)%," Yo € CERY) M () = Xu(¢) — Xo(0) - /0 X,(Ax, 6)ds is a
t
continuous (F;)-martingale such that (M*(¢)); = / Xs(7(Xs)p?)ds.
0

In general, uniqueness in law of X remains open. In the context of Fleming-Viot
processes Dawson and March (1995) were able to use a dual process for the moments
to resolve the analogous problem in which the sampling rates v(u, z,y) of types x
and y may depend on the population g in a smooth manner. Their result is a
perturbation theorem analogous to that of Stroock and Varadhan (1979) for finite-
dimensional diffusions but the rigidity of the norms does not allow one to carry
out the localization step and so this very nice approach (so far) only establishes
uniqueness for sampling rates which are close enough to a constant rate.

For our measure-valued branching setting, particular cases of state-dependent
branching rates have been treated by special duality arguments (recent examples in-
clude Mytnik (1998) and Dawson, Etheridge, Fleischmann, Mytnik, Perkins, Xiong
(2000a, 2000b)). If we replace R? with the finite set {1,...d} and the generator A4,
with the state dependent Q-matrix (g;;(x)), the solutions to the above martingale
problem will be solutions to the stochastic differential equation

d
(V.5.2) dX] = \/2v;(X)X]dB;(t) + > Xiqi;(Xe)dt.
i=1
Some progress on the uniqueness of solutions to this degenerate sde has recently
been made by Athreya, Barlow, Bass, and Perkins (2000).
If 4 : Ry x Qg — (0,00) is (F)-predictable, then conditions on 4 are given in
Perkins (1995) under which (H M P)jﬁ(’)b’g is well-posed. In this martingale problem
we have of course

(M(6)), = / / A(s, 1, )é(5,9)2Tu(dy)ds, &€ Dya.

Although the precise condition is complicated (see p. 48-49 in Perkins (1995)),
it basically implies that 4 should be represented by a (possibly stochastic) time
integral. It is satisfied in the following examples.

Example V.5.3. (a) 4(¢, J,y) = v(t,y(t)) for v € C’bl’Q(]R+ x R?), v bounded away
from zero. In this case there is no interaction but branching rates may depend on
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space-time location something which our strong equation approach does not directly
allow.

(b) (Adler’s branching goats). 4(t, J,y) = exp{— fg fps(y;—yt)JS(dy’)e_O‘(t_S)ds}.
The branching rate at y; is reduced if our goat-like particles have grazed near y; in
the recent past.

(c) (General time averaging). A(t,J,y) = ftt_g fe(t — s)y(st,J,y)ds, where
fo : Ry — Ry is Ct, supp(f.) C [0,¢), foe fe(s)ds = 1, and ~ satisfies its ana-
logue of (HLip).

Given the difficulties already present in the finite-dimensional case (V.5.2),

resolving the uniqueness of solutions to (M P)}(’g’b or (HM P)Z;Ob would appear to
be an interesting open problem (see Metivier (1987)).

V.6. Appendix: Proofs of Lemma V.4.5 and (V.4.21)

We start by proving (IV.4.21), assuming the validity of Lemma V.4.5, and then
address the proof of the latter.
Assume Zg, B, P, and K(®) are as in Lemma V.4.5. Let I,(f), f € Ds(d,d) =

D, refer to the stochastic integral with respect K() on (Q,F, ]-"t(s),IP)). There is
some possible confusion here because of the other probabilities Pg. Note, however,
that if Is g(f), f € Ds p denotes the integral under Pp, then

(V.6.1) D, C Dy g and for f € Dy we may take I, g(f) = Is(f).

Let I(f), f € D continue to denote the stochastic integral with respect to K. The
expression “K(®)-a.e.” will always mean with respect to P (not Pg). With these
clarifications, and the notation ¢*) introduced prior to Lemma V.4.5, we have:

Lemma V.6.1. (a) If ¢ : Ry x Q — R% is B x F*-measurable, then
P =0 K—ae ify=0 K® —ae.

(b) If f € Dy, then £ € D and Il (f) = I(f®)) K — ae.
Proof. (a) is a simple exercise in using the definitions.
(b) The same is true for the first implication in (b). To check the equality, first let

flt,w,y) = zn: filw, )1ty 2 (8) + folw, y) 10y (2),
where f; eb]}-“;ﬂ, O=tg<ty...<t, <oo.
Then
(Vi6.2)  IO(f,tw,y) = L(f t = 5,0, Zo(w,9))1(t > 5)
= Z:L:fz’(wa Zs(w,y)) - [Zs(w,y)((t = 5) A ti)

= Zs(w,y)((t = ) Ati1)]1(t > s)

=D filw, Zo(w,9) - [yt A (i + ) = y(E A (tima + 9))]-
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We also have

n

f(S) (ta w, y) = Z fi(wv ZS (wa y))l(s‘i'tiflys‘i'ti} (t) + fO(w7 ZS (wa y)>1{8}(t)7

1

and so the required result follows for such a simple f from the definition of I(f(®))
and (V.6.2).

If f € Dy, then as in (V.3.3) there are (]:( ))—simple functions { fi.} such that

K(S) / | fe(t) — f(t)]|2dt > 27 )><2_k.

We know f(9), f,gs) € D by the above and therefore for k£ > s,
")
p(ru([ 1570 - 1O @) Pa > 27))
0

—e(k2,( [ 10 - s> 7))

< P(K,f) (/Ok £ () — F()|2dt > 2-k)) (use Remark V.2.5 (a))

<27k,

A double application of Proposition V.3.2 (d) now allows us to prove the required
equality by letting £ — oo in the result for f,. B

Proof of (V.4.21). Recall that (X, Z) is the solution of (SE)z, k. This gives us
the Z, which is used to define K(*) and ¢(*). Note that a solution to (SE)z, ke
with respect to P will also be a solution with respect to Pg (by (V.6.1)) and so we

may assume that B = (). o
By Lemma V.4.5 and Theorem V.4.1 (a) there is a unique solution (X, Z) to

(SE)ZO,K(s) on (2, F, ft(s),]P’). Define

Zi(w,y) ift<s
7! = A
Hsy) {ng>(w,y) if > s,

and (w) Xt(w) if t
Xi(w ift<s +(w ift<s
X! =t . = N .
() {Xt_s(w) ift>s {Xt(s)(w) ift>s
If Vit fo w)du, then by (SE) 3 rec

A

Z(t) =yo + I(0(X, 2),t) + V(1) K —ae,
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and so Lemma V.6.1 implies that K-a.e.,
Z9(t) = Zs + 1 (0(X, 2),t) + V(1)

= 7.+ I(o(X, 2), 1) + /H DX (@), Zu(w, Z.))du I(t > s)
0

t
= Zy+ I(o(X®), ZN1(- > 5),t) +/ b(X), ZENdu1(t > s).

It follows that K-a.e. for t > s,
t
2 = Zo + I(o(X!, Z)1(- > 5).1) +/ DX, 7 )du

t t
—z+ / o (X', ZL)dy(u) + / b(X., ZL)du.

Therefore we see that K-a.e.,

t

Z'(t) = Z +/

t
o (X!, Z1)du + / b(X., Z,)du,
0 0

first for t > s by the above, and then for all ¢ > 0 by the fact that (X, Z) solves
(SE)z, k- Also P-as. for all t > s

X/() = /1(2}_8 € )KL, (dy)
_ / (Zi-o(w, Zo(w,y)) € )i (dy)

= /1(Z£(w,y) € ) Ky(dy),

and the above equality is trivial for ¢ < s. We have shown that (X', Z’) solves
(SE)z, k and so X’ = X a.s. This means that X;;, = X; for all t > 0 a.s. and
(V.4.21) is proved. §

Proof of Lemma V.4.5. We will show that

(V.6.3) Kt(s) satisfies (HMP), .- on (Q,F, ft(s),IP’).
R

It follows immediately that the same is true with respect to Pp and so the first
result follows. The last inequality then follows trivially.

Assume first that Zs(w,y) = Zi(y), Zs € bCs. If ¢ € D(A) and
n(t,y) = o(t,y) — fot Agb(r, y)dr, then for t > s,

8 (t,y) = n(t — s, Zs(y)) +/ (A (1, y)dr
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Ifyoe C*, s<u<t,and G={y:y® € Fy, és(y)“_s € Fy} for some F; € C, then
G e(C, and
Py (n(t = 5, Z)1G) = 1r, (40) Ps,go (n(t = 5, Z(y0) + 05 ()1, (05()" 7))

= 1r, (v0) /n(t — 5, Zs(yo) + y)1m (y*°)dP°(y)
— 11, (30) / n(u— 8, Zo(yo) +y)1p, (5"~ )dP° (y)
=P

s yo( ( - SvZS)lG)v

reversing the above steps in the last line. This shows that for any m, € M} (C),
¢ € D(Ag,n,) and A, (¢9)) = (Ap)®). Now apply Proposition V.2.6 to the
historical Brownian motion {K; : ¢t > s} to conclude

Kt(s)(<l5) /¢s+t Koi+(dy)

vory =+ [ [o0mpanta+ [T KA
That is,

[ o) Eeratan) = [ oo(ZuGu)E.an) + / " [ —s. Zwnantry
(V6.5) / - / Ag(r (W) K (dy)dr ¥t > 0 as.

If Zs(w,y) = > 15, (w)Z(y) for B; € Fs and Z' € bCs, set Zs = Z' in
(V.6.5), multiply by 15, (w) and sum over i to see that (V.6.5) remains valid if Z,(y)
is replaced by Zs(w,y). Now pass to the pointwise closure of this class of Zs(w,y)
and use the continuity of ¢ and Agb to conclude that (V. 6. 5) remains valid if Zs is
Fr-measurable (Remark V.2.5 (c) allows us to pass from F, to F* on the right-hand
side of (V.6.5) for all ¢ > 0 simultaneously). Now reinterpret this general form of
(V.6.5) as (V.6.4) and let M (%) (¢)(t) denote the stochastic integral in (V.6.4). Then

M) (¢)(t) is an (f,f(s))—martingale and
s+t t
M) _ K, OHar = | KO (62)dr
() (), / () dr / ) (¢2)dr

The last term on the right-hand side of (V.6.5) equals fo (S) ((Ag),) dr and the
first term equals K((] )(qﬁo). This proves (V.6.3) and so completes the proof. [}
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Index

absolute continuity
of superprocesses with distinct drifts or selection schemes,252-255
of superprocesses with distinct initial conditions, 203, 204
balayage,159, 160
Borel strong Markov process (BSMP),137
branching particle system,143-147
C-relatively compact,148
Campbell measure,214, 187
canonical measures,178
convergence theorems for, 180, 182
for superprocesses, 180, 183
for historical processes, 192
capacity,224
charging sets,223
collision local time,263
for a class of interacting measure-valued processes, 269
for super-Brownian motion, 263
Tanaka formula, 270
compact containment
for branching particle systems,155
for measure-valued processes, 157
compact support property,198, 199
competing species model,247
in higher dimensions, 278
in one dimension, 257-262
martingale problem, 248, 277
non-existence in dimensions greater than 3, 279
conditioning on the total mass process,172, 207
contact process,134
long range limit in one dimension, 262
degenerate stochastic differential equation,313
domination principle,250, 177
exchangeable particle representation,310-311
excursion measures
for superprocesses,182
exit measures for super-Brownian motion,225
exponential moments for super-Brownian motion,209
extinction point,204,206-207
extinction probabilities
for branching processes,135
for superprocesses, 171
Feller branching diffusion,137
convergence of branching processes to, 137, 159-160
Feller process,142
Feynmann-Kac formula
for Markov processes,167
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for path-valued processes, 190
for solutions of nonlinear pde, 170, 138
first moment formula for superprocesses,167
Fleming-Viot process,256
almost as a time-change of a normalized superprocess, 206
as a limit of measure-valued branching with finite carrying
capacity,256-257
with interactions, 313
forward equation,311
Galton-Watson branching process,135
generator,137, 138
Brownian, 140
core, 140
space time, 166
symmetric stable, 140
goats,314
graph of a measure-valued process,263
Green function representation for superprocesses,167
Hausdorff measure
and capacity,224
definition, 207
of the range of super-Brownian motion, 208, 213, 233
of the support of super-Brownian motion, 207, 209, 212
of the support of the super-symmetric stable processes, 213
restricted, 274
Hausdorff metric,244
historical Brownian motion,194
extended martingale problem, 289
mean measure, 283
martingale problem using functions of finitely many coordinates, 291
stochastic integration along, 292-296
historical cluster representation,193, 240
historical martingale problem (HMP),190
historical modulus of continuity,195
historical process
canonical measure,192
definition of, 188
for a branching particle system, 146
Laplace functional equation, 191
Markov property, 190
martingale problem, 190
mean measure, 191
relationship to superprocesses, 189, 191
weak convergence to, 189
hitting probabilities for super-Brownian motion,228
at a fixed time, 237-239
hitting sets,223
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Hunt process,137
infinitely divisible random measures,178

canonical representation of, 178, 181

and DW-superprocesses, 178

canonical measures, 178
inhomogeneous Borel strong Markov process (IBSMP),188
instantaneous support propagation, see support propagation
interactive measure-valued branching diffusions

Markov and Feller properties,301-301

pathwise existence and uniqueness,300

stability results, 301

uniqueness in law for the martingale problem, 310,313
intersections of the supports of two independent super-Brownian motions,239
intersections of the graphs of two super-Brownian motions,263-264
intersections between the graphs of a Brownian and super-Brownian motion,278
[t0’s lemma for historical stochastic integrals,298
Kolmogorov’s theorem for branching processes, 135, 194
Laplace functional, 167

equation for historical processes, 191

equation for superprocesses, 168
local density theorems

for super-Brownian motion,179, 210

for super-symmetric stable processes, 214-215
local martingale problem

for Dawson-Watanabe superprocesses,159

for time-dependent functions, 164
local time,201
lookdowns,311
marriage lemma,306
martingale problem

for a competing species model,277

for interactive branching, 313

for Dawson-Watanabe superprocesses, 149

for historical Brownian motion, 291

for spatial interactions, 310

for spatially interacting historical processes, 313
modulus of continuity

for historical Brownian motion,195

for historical processes, 198

for the supports of super-Brownian motion, 200
monotone class lemma,160
multi-indices, 144
multiplicative property of superprocesses,168
nonlinear pde,168

asymptotics at infinity, 240

existence, uniqueness and regularity, 169, 172-177

mild form, 169



328 Superprocesses

removable singularities, 225
nonstandard analysis, 134
open problems,217, 224, 244, 246, 280, 313
path-valued process,141, 190
domain of generator, 283
extended generator, 290
Poisson point processes
and superprocesses,182
polar sets,224
predictable representation property of super-Brownian motion,248
range of super-Brownian motion
compactness of,200
definitions, 200
resolvent,138
scaling properties of superprocesses,172
second moment formula for superprocesses,167
snake,132
square function inequality,152
stochastic calculus for historical stochastic integrals,302
stochastic equation for spatial interactions
Feller property of solutions,300
for historical processes, 313
for measure-valued branching processes, 282, 300
for particle systems, 282
martingale problem, 310
pathwise existence and uniqueness, 300
stability, 301
strong Markov property of solutions, 301
stochastic integration
along historical paths or Brownian trees,192-196
with respect to a martingale measure, 161
with respect to white noise, 215
stochastic pde
for the density of one-dimensional super-Brownian motion,126
for a competing species model, 261
for a self-competition model, 262
super-Brownian motion
as a function of its support,246
definition, 194
density in one dimension, 216
disconnectedness of the support, 242
discontinuities of the support process, 245
exponential bounds, 209
fixed time hitting estimates, 237-239
Hausdorff measure of the support, 207, 209, 212
Hausdorff measure of the range, 208, 213, 233
hitting probabilities of small balls and points, 228
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local density theorem, 209, 210
strong Markov property of support process, 246
packing measure, 212
polar sets, 225, 232
polar sets for the graph, 274
predictable representation property, 248
restricted Hausdorff measure of its graph, 274
singularity of, 212
strong continuity of, 223
super-Lévy processes,203
super-Poisson process,200-201, 206
super-symmetric stable processes,203, 204, 213
supports
compactness of,198
disconnectedness of, 242
instantaneous propagation of, 201
instantaneous propagation for diffusions, 200
instantaneous propagation for super-Lévy processes, 203
instantaneous propagation for super-Poisson processes, 206
strong Markov property of, 246
tightness
of measure-valued processes,148
of martingales, 152
Tanaka formula for the graphs of a class of measure-valued processes,270
time-change of superprocesses,206
Vasershtein metric,184, 281
voter model, 134
white noise,215
Yaglom’s theorem for branching processes,135, 182, 194



