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The general problem is this. Suppose one is given a physical system
governed by a partial differential equation. Suppose that the system is then
perturbed randomly, perhaps by some sort of a white noise. How does it
evolve in time? Think for example of a guitar carelessly left outdoors. If
u(x,t) is the position of one of the strings at the point x and time t, then
in calm air u(x,t) would satisfy the wave equation utt = uxx' However, if a
sandstorm should blow up, the string would be bombarded by a succession of
sand grains. Let &xt represent the intensity of the bombardment at the point
x and time t. The number of grains hitting the string at a given point and
time will be largely independent of the number hitting at another point and
time, so that, after subtracting a mean intensity, W may be approximated by a
white noise, and the final equation is

utt(x,t) =u_(xt) + Wix,t),
where W is a white noise in both time and space, or, in other words, a
two-parameter white noise.

One peculiarity of this equation - not surprising in view of the
behavior of ordinary stochastic differential equations - is that none of the
partial derivatives in it exist. However, one may rewrite it as an integral
equation, and then show that in this form there is a solution which is a

continuous, though non-~differentiable, function.

In higher dimensions - with a drumhead, say, rather than a string - even
this fails: the solution turns out to be a distribution, not a function.
This is one of the technical barriers in the subject: one must deal with
distribution-valued solutions, and this has generated a number of approaches,

most involving a fairly extensive use of functional analysis.
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Our aim is to study a certain number of such stochastic partial
differential equations, to see how they arise, to see how their solutions
behave, and to examine some techniques of solution. We shall concentrate
more on parabolic equations than on hyperbolic or elliptic, and on equations
in which the perturbation comes from something akin to white noise.

In particular, one class we shall study in detail arises from systems of
branching diffusions. These lead to linear parabolic equations whose
solutions are generalized Ornstein-Uhlenbeck processes, and include those
studied by Ito, Holley and Stoock, Dawson, and others. Ancther related class
of equations comes from certain neurophysiological models.

Our point of view is more real-variable oriented than the usual theory,
and, we hope, slightly more intuitive. We regard white noise W as a measure
on Euclidean space, W{dx, d4dt), and construct stochastic integrals of the form
ff(x,t)dw directly, following Ito's original construction. This is a
two-parameter integral, but it is a particularly simple one, known in
two-parameter theory as a “weakly-~adapted integral". We generalize it to
include integrals with respect to martingale measures, and solve the
equations in terms of these integrals.

We will need a certain amount of machinery: nuclear spaces, some
elementary Sobolev space theory, and weak convergence of stochastic processes
with values in Schwartz space. We develop this as we need it.

For instance, we treat SPDE's in one space dimension in Chapter 3, as
soon as we have developed the integral, but solutions in higher dimensions
are generally Schwartz distributions, so we develop some elementary
distribution theory in Chapter 4 before treating higher dimensional equations
in Chapter 5. In the same way, we treat weak convergence of §’—valued
processes in Chapter 6 before treating the limits of infinite particle
systems and the Brownian density process in Chapter 8.

After comparing the small part of the subject we can cover with the much
larger mass we can't, we had a momentary desire to re~-title our notes: "An

Introduction to an Introduction to Stochastic Partial Differential Equations";
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which means that the introduction to the notes, which you are now reading,
would be the introduction to "An Introduction ... ", but no., It is not good
to begin with an infinite regression. Let's just keep in mind that this is
an introduction, not a survey. While we will forego much of the recent work
on the subject, what we do cover is mathematically interesting and, who

knows? Perhaps even physically useful.



CHAPTER ONE

WHITE NOISE AND THE BROWNIAN SHEET

Let (E,g,v) be a g-finite measure space. A white noise based on v is a
random set function W on the sets A ¢ E of finite v-measure such that

{1} W{a) is a N{0,v(A)) random variable;

{ii) if AN B = ¢, then W{(A) and W(B) are independent and

Ww(a N B)

W(A) + W(B).

In most cases, E will be a Euclidean space and v will be Lebesgue measure.
To see that such a process exists, think of it as a Gaussian process indexed by the
sets of E : {w(n), A ¢ E, v(R) < »}., ¥From (i) and (ii) this must be a mean-zero
Gaussian process with covariance function C given by

c(a,B) = E{W(a) W(B)} = v(an B).

By a general theorem on Gaussian processes, if C is positive definite,

there exists a Gaussian process with mean zero and covariance function C. Now let

A ,...,An be in E and let a

" ,...,an be real numbers.

1

13

.2. ajay C(a A ’E' a;a; IIA'(x) I, (x)ax
1,] 1,)] 1 3

2
I(E a; IAi(X)) ax > 0.

Thus C is a positive definite, so that there exists a probability space (Q,E,P) and a
mean zero Gaussian process {W(A)} on (Q,g,?) such that W satisfies (i) and (ii)
above.

There are other ways of defining white noise. 1In case E = R and v =
Lebesgue measure, it is often described informally as the "derivative of Brownian
motion". Such a description is possible in higher dimensions too, but it involves
the Brownian sheet rather than Brownian motion.

n

Let us specialize to the case E = R+ = {(t1,...,tn): tizp, i=1,...,n} and

v = Lebesgue measure. If t = (t1,...,tn) € Rﬁ , let (0,t] = (0,t1]x"'x(0,tn]. The
Brownian sheet on Ri is the process {Wt, t e Ri} defined by wt = w{(0,t]}. This is
a mean—zero Gaussian process. If g = (51,...,sn) and £t = (t1,...,tn), its covariance

function is
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(1.1) E{W W} = (s.at )ees(s At )
s t L n n
If we regard W(A) as a measure, Wt is its distribution function.
Notice that we can recover the white noise in R: from Wt, for if R is a rectangle,
W(R) is given by the usual formula (if n= 2 and 0 u <s, 0 < v < ¢,
W({(u,v),(s,t)] =W - W -9 - W ). If A is a finite union of rectangles, W(Aa)
st sV ut uv
can be computed by additivity, and a general Borel set A of finite measure can be
approximated by finite unions of rectangles An in such a way that
2
- = - + - + 0 .
E{(W(A) - W(A ))"} = v(A - A )+ v(A - B)
Interestingly, the Brownian sheet was first introduced by a statistician,
J. Kitagawa, in 1951 in order to do analysis of variance in continuous time. To get
an idea of what this process looks like, let's consider its behavior along some
R 2 .
curves in R~+ , in the case n = 2, v = Lebesgue measure.

1). W vanishes on the axes. If s = s, > 0 is fixed, {Ws e >0} is a

Brownian motion, for it is a mean-zero Gaussian process with covariance function
cit,t') = So(tAt').

2)., Along the hyperbola st = 1, let

Then (Xt, —=<t<w} is an Ornstein-Uhlenbeck process, i.e. a strictly

stationary Gaussian process with mean zero, variance 1, and covariance function

= ols-tl
cis,t) = E{w s -s" ¢ _t} =e .
e ,e e ,e

3). Along the diagonal the process Mt = wtt is a martingale, and even a

process of independent increments, although it is not a Brownian motion, for these

increments are not stationary. The same is true if we consider W along jincreasing
; 2

paths in R+ .

4). Just as in one parameter, there are scaling, inversion, and

translation transformations which take one Brownian sheet into another.

1

ling: = — .
Scaling: AT, o,
a's,b't
Inversion: = st W 3 = W .
—_— cst s 11 st s l-t
s t s
Translation by (so,to): E =W - W - W + W .

st s +s,t +t s +s5,t s ,t +t s t
o [<] 5] ) o o [+]
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Then A, C, D, and E are Brownian sheets, and moreover, E is independent of

*
Fop =ofw :ugs

or v<tl}.
-
oo

[
The easiest way to see this in the case of A, C and D is to notice that
they are all mean zero Gaussian processes with the right covariance function. In the

case of E, we can go back to white noise, and notice that Es = w((so,s] x (to,t]).

t
The result then follows immediately from the properties (i) and (ii).
-s-t

2s 2t°
e e

5}. Another interesting transformation is this: let Ust = e

Then {Ust' -o<g, t<»} is an Ornstein-Uhlenbeck sheet. This is a stationary Gaussian

-!u-s[*]t—v!’ If we look at U

2
process on R with covariance function E{Ustqu} = e
along any line, we get a one-parameter Ornstein-Uhlenbeck process. That ig, if
= =0 5 o0 in- SS.
A Us,a+bs' then {Vs’ s<»} is an Ornstein-Uhlenbeck proce

SAMPLE FUNCTION PROPERTIES

The Brownian sheet has continuous paths, but we would not expect them to be
differentiable - indeed, nowhere-differentiable processes such as Brownian motion cén
be embedded in the sheet, as we have just seen. We will see just how continucus they
are. This will give us an excuse to derive several beautiful and useful
inequalities, beginning with an elegant result of Garsia, Rodemich, and Rumsey.

Let ¥{x) and p(x) be positive continuous functions on (~»,») such that both
¥ and p are symmetric about 0, p(x) is increasing for x > 0 and p(0) = 0, and ¥ is

convex with lim ¥(x) = », If R is a cube in RP, let e(R) be the length of its edge
D i

and ]R] its volume. Let R1 be the unit cube.

THEOREM 1.1. If f is a measurable function on R1 such that

(1.2) fo T ¥ (EE) 3y gy = B < =,
101 pl]y=x|/Vn)
then there is a set K of measure zero such that if x,y € R1 - K
(1.3) [£(y) - £} < 8 ILY"" y~! () aptw).
u

If £ is continucus, (1.3) holds for all x and y.
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PROOF. If Q ¢ R1 is a rectangle and x,y € §, then ]y-x| 5_/;-e(Q). ¥ is increasing,

so that (3.2) implies

£ -f
(1.4) IQIQ ¥ ( ;(;(Qgﬁ))dxdy < B.

Let QOZD Q1:> e*s bhe a sequence of subcubes of R1 such that

1
p(e(Qj)) =3 p(e(Qj_1)).

For any cube Q, let fQ = TéT IQ f{x)dx.

Since ¥ is convex

fQ -f £ ~f(x)
R bl B R 1 s O,
¥ ( TR fgj_ ¥ (p(e(Qj_.l)))dx

£(y)-£(x)
JQJ wp(e(Qj_‘)))d" ay

In
o]
-
-
X
Sy,
©

b j-1

By (1.4) this is

< .
le_, le
If W-1 is the (positive) inverse of ¥
(1.5 £, -f. | < pletg, 1) ¥ {1=—b ).
- Qj Qj_, - 3-1 ¥QjHQj_1I
Now p(e(Qj_1)) = 4[(p(e(Qj+1)) - p(e(Qj))l, so this is
=a (2 Vpteto,, ) = ple(g )],
o TTe, 3+1 3

¥ ' increases so if e(Qj+1) <u < elQ), then le_1]§Qj1 Z‘uZn and

- B -1 B
¥ (1——75—“_1 ST ) <Y (u2n)~

Set vj = e(Qj). Then from (1.5)

1. -
(1.6) lfQ £

5 %51 m

V.,
lca 7" v () apcw.
3 u

Sum this over j:

v
, 0 _-1, B
(1.7) lim sup |fQj~fQ0] <4 jo ¥ (u—zn)dp(t).

By the vitali theorem, if x is not in some null set K, then f + f(x) for any
3

sequence Qj of cubes decreasing to {x}. If x and y are in R, - K, and if Qo is the

1

smallest cube containing both, then, since v0 £>Iy-x|,

- ly=xly=1 B
1£(x) fQ0|i4f0 4 (uzn\ap(u).
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The same inequality holds for y, proving the theorem.

This is purely a real-variable result - f is deterministic - but it can
often be used to estimate the modulus of continuity of a stochastic process. One
usually computes E{B} to show B < @ a.s. Everything hinges on the choice of ¥ and p.

If we let ¥ be a power of X, we get a venerable result of Kolmogorov.

COROLLARY 1.2 (Kolmogorov). Let {Xt, tsR1} be a real-valued stochastic process.

Suppose there are constants k > 1, K > 0 and £ > 0 such that for all s,t ¢ R1

X +
ellx_ - x_I*} < K|t-s|” €

Then
(i) X has a continuous version;
(ii) there exist constants C and y, depending only on n, k, and g, and a
random variable Y such that with probability one, for all s, t ¢ R1
e/k 2/k
X - X < -
Ix- x| < ¥ Je=s|"""(10g T;%;T)
and
k
E{y'} < Ck;
sisy s k
(iii) if E{lxtl } < » for some t, then

E{sup Ixtlk} <o,

tER1

PROOF. We will apply Theorem 1.1 to the paths of X. We will use s and t instead of

x and y, and the function f(x) is replaced by the sample path X (w) for a fixed w.

ot

2nte

Choose ¥{x} = ]x{k and p(x) = |x| x {109 TﬁT)z/k. If y = /n e, p will be
increasing on {0, /;). Notice that the quantity B in {(1.2) is now random, for it
depends on w. Let us take its expectation. By Fubini's Theorem

= E{ |x, -x Ik}
E{B} = n 2 f f — =t s ds dat
R,R

5y }t‘312n+E1°gZ{TE%gTJ

ds dt
<n k| [ —— =
R, R, Jt-s| log"(y[t-s| )
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If t is fixed, the integral over R1 with respect to s is dominated by the
integral over the ball of radius /n centered at t, since the ball contains R1, whose
diameter is /a. Let Gn be the area of the unit sphere in Rn. Then integrate in

polar coordinates:

=]
N
=
=
=]
-

<n % o x [ Lt

n (Jrn(log:g')2
€

+1+ =

n+1 201'1

= n rl{.

If we integrate by parts twice in (1.3), we get
€ 2
Ht-s}k(log th~s]—1)b(1 + —2— n)]

sle/k —1)2/k

The integral is dominated by |t- {log ylt-s{ for small enough values of

|t-—s| - and for all |t-s| < /n if k > n - so that for a suitable constant A, we have

e/k -1 )2/k

iemavk Jt-s|"""{1log v |t-s]

1/k

Then we take Y = BAB . proving (i) and (ii}.

To see (iii), just note that if s, t € R_, then |t—s| ﬁ_/; so that

1

sup [x | < |x, | + ¥ /(109 L)X,
t 0 Yn

s : k :
Since X, and Y are in L', so is sup }Xt] .
0 t

Q.E.D.

The great flexibility in the choice of ¥ and p is useful, but it has its
disadvantages: one always suspects he could have gotten a better result had he chosen
them more cleverly. For example, if we take p{x) to be

+
}x!——zn £ {lo )Vk {log log )Z/k, we can improve the modulus of continuity of X
k X x

to YIt-s|E/k(log Ylt—s|-1)1/k(log log Ylt-s|-1)2/k, and so on.

If we apply Theorem 1.1 to Gaussian processes, we get the following

result.,

COROLLARY 1.3, let {Xt, teRz} be a mean zero Gaussian process, and set
plu) = max _ E{ }xt—xslz} 1/2
fs-t|<[ul/n

.
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1 1 .1/2
1f fc(log oy ) / dp{u) < =, then X has a continuous version whose modulus of
continuity A(8) satisfies

1.1/

(1.8) a8y < ¢ fg(log 3 28p(u) + Yp(8)

where C is a universal constant and Y is a random variable such that

E{exp(Y2/256)} 5_/5:

x2/4 def Xt - Xs
PROOF. Let ¥Y(x) = e « Note that U = ———— 15 Gaussian with mean zero

st
pl|t-s|{/Vn)
and variance cz(s,t) < 1. We can use the Gaussian density to calculate directly

that
B{8} = |_ . Elexp(=u_)}ds dt < /2.
R1 R1 4 “st -
Thus B < ® a.s. Now ‘I/-1(u) = /4 J.og—:1 50 Theorem 1.1 implies that if |s—t! < &, and

if s,t are not in some exceptional null-set,
1/2 1 I?/Z

{(1.9) lxt-xsf < 16llog B} /p(s) + 16/2n f‘:’) l1og 5 dplu).

It now follows easily that X has a continuous version and that A(8) is
bounded by the right hand side of (1.9), proving (1.8), with C = 16/2n and

¥ = 16]10g 8| /2.

Q.E.D.
This theorem usually gives the right order of magnitude for A(&), but it
does not always give the best constants.

To apply this to the Brownian sheet, note that if s = (s1,...,sn),

n
2 — —
£ = (tgeeost ), then E{(W -W )"} < I lt;=s;| </n |t-s|. Thus p(w) = /nu. 1If

i=1

1
log —
p{8) = 16/2 f%i-—3;2‘1/2du then Corollary 1.3 gives

PROPOSITION 1.4. W has a continuous version with modulus of continuity
(1.10) A(8) < np(d) + W

2
where Y is a random variable with E{eY /16} ¢ @, Moreover, with probability one, for

all t e R1 simultaneously:
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W - W
+ —
(1.11) lim sup —= BB ___ (42

Inj+o  v2Tn] 1og 1/1h]
Here (1.11) follows from (1.10) on noticing that T4 1Y P > 1672

¥2h log 1/Ih

as h > 0. The constants are not best possible. Orey and Pruitt have shown that the
right-hand side of (1.11) is v/n.
This gives the modulus of continuity of Wt. There is also a law of the

iterated logarithm.

w
THEOREM 1.5. (i) 1lim sup ————SC—— = 1 a.s.
s,t*® Y4st log log st
w
(ii) lim sup st =1 a.s..

s,t*0 / 1
4st log log prs

We will not prove this except to remark that (ii) is a direct consequence

of (i} and the fact that st W is a Brownian sheet.

0|
=

SOME REMARKS ON THE MARKOV PROPERTY

In order to keep our notation simple, let us consider only the case n = 2,

so that the Brownian sheet becomes a two-parameter process WS We first would like

£t
to examine the analogue of the strong Markov property of Brownian motion: that

Brownian motion restarts after each stopping time. We don't have stopping times in

our set-up, but we can define stopping points. Let (Q,E,P) be a probability space.
*

Recall that gt =g {Ws T8 S_ti for at least one i=1,2.} A random variable

T = (T1,T2) with values in Ri is a weak stopping point if the set

*
{’I'1<t1, T2<t2} €E -

The main example we have in mind is this: let r! = of{w : s,<¢,} . If
=t1 5152 =1
'I'2 is a stopping time relative to the filtration (g: ) and if 8§
2

1 > 0 is measurable

relative to g; ,» then (S,,Tz) is a weak stopping point.

For a weak stopping point T, set

* *
Ep={acf:an{r, <t, 7,<t)} eE}.
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This is clearly a o-field . Set

T 2
Wt = W{{T,T+t]}, te X§ ,

where the mass of the (random) rectangle (T,T+t] is computed from ws by the usual

formula.

THEOREM 1.6. Let T be a finite weak stopping point. Then the process
&,

T . N
{Wt, t e R:} is a Brownian sheet, independent of ET

PROOF. We approximate T from above as follows:

. 1 n . 1 n i R | T
Write T = (T ,...,T ) and define Tm = (Tm,...,Tm) by 'I'm =3 2 if

(j-—1)2—m 5'Tl < 3 27", Let {ri} be any enumeration of the lattice points

= *
(§,2 ,e%¢,5 2 ™), and note that {T = r } e F  for all i. Now for each t,
1 n m i = i
* *
W{T,T+t] = lim W(Tm,Tm+t], by continuity of W. For any set A € ch: gT , and any
m

Borel set B
p{w(T_,T +t] ¢ B; A}
m m

= E P {w(ri,ri+t] e B Aan{r = ri}}.

But A n {Tm = ri} € E so, by the independence property of white noise this is

I

g p{w(r ,r +t] € B} P{an {7 =1}

P(wt e B}p{a}.

*
-
therefore true of {W(T,T+t]} in the limit. Q.E.D.

Thus, for each m, {W(Tm,Tm+t]} is a Brownian sheet, independent of E The same is
Notice that this is merely a random version of the translation property
given at the beginning of this chapter.
A second, quite different type of Markov property is this. For any set

*
D e R2 let G = o{W_, teD}, and let G_ = } G _ where p¥ is an open t£-neighborhood
+ =D t =D £>0 Ds

of D. We say W satisfies Lévy's Markov property for D if gD and G < are
D

*

conditionally independent given gaD’ where 3D is the boundary of D. We say W

satisfies L&vy's sharp Markov property if §D and G c are conditionally independent
D

given SBD’
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It is rather easy to show W satisfies Lé&vy's sharp Markov property relative
to a rectangle; this follows from the independence property of white noise. With
slightly more work, one can show this also holds for finite unions of rectangles. It
is more surprising to learn that it does not hold for all sets D. Indeed, consider

the following example.

EXAMPLE. Let D be the triangle with corners at (0,0), (1,0) and (0,1). Since Wt

vanishes on the axes, {w ' 05;5]}. Let us notice that W(D) is measurable

G =
=D s, 1=s

with respect to both SD and G e
D

Call the above union of rectangles Dn. The mass of each rectangle is given in terms

of the Wt , where the tj are the corners of the rectangles, and hence is

3
G C-measurable. Since W(D_) » W(D), W(D) € G . A similar argument shows W(D) € ED'
D » p°¢
{Moreover if Ve is an e-neighborhood of D, W(Dn) € G e for large n, hence
v
*
W(D) € gaD too). On the other hand, we claim W(D) is not measurable with respect to

the sharp boundary field, and 1&vy's sharp Markov property does not hold. We need

def
A
only show D = E{W(D)lgaD} is not equal to W(D).

~
Since all the random variables are Gaussian, D will be a linear combination

of the W , determined by
s,1-8
~
E((W(D)-D) Ww_ ,_} =0, all0<s <.
Let
~ 1
D=2 [ ,  du.
Then E{ (W(D)-D)w } = s(1-s)-2 [5(1=s)u au - 2 [ 's(1-w)du
s,1-s 0 0
= 0.
" ~ 1 1 . 2 1
But D # W(D). 1Indeed, E{D W(D)} = 2 fouu-u)du = 3+ while E{W(D)"} = Iof =3 -
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Thus W does not satisfy Lévy's sharp Markov property relative to D. It is

not hard to see that it satisfies 1&vy's Markov property, i.e. that the germ field
*

§6D is a splitting field. In fact this is always the case: Wt satisfies lévy's

Markov property relative to all Borel sets D, but we will not prove it here.

THE PROPAGATION OF SINGULARITIES

The Brownian sheet isg far from rotation invariant, even far away from the

axes. Any unusual event has a tendency to propagate parallel to the axes. Let us

look at an example of thig.

We need two facts about ordinary Brownian motion. Let {Bt,tzp} be a

standard Brownian motion.

Been Bt
1.) For any fixed t, lim suyp ——————— = 1 a.s.

ht0 Y2h log log 1/h
2.) For a.e. w, there exist uncountably many t for which
Bt+h(w)-Bt(w)

lim sup ———————— = =,
h+0 ¥2h log log 1/h

The first fact is well-known, and the second a consequence of the fact that the exact

e erm—————
modulus of continuity of Brownian motion is Y2h log 1/h, not Y2h log log 1/h.

Indeed, L&vy showed that if d(h) = (2h log 1/h)1/2, then for any € > 0 and

a < b, there exist a < s < t < b for which lBt—BS} > {t-g) 4(t=-s). Thus we can

1 :
choose s, < t1 in {a,b) such that {Bt’—851} >3 d(t1—51). Having chosen Sqreeess

and t1,...,t s choose s' such that s' € (s ,t }, 87 < 5+ 2—n and such that
n n n n’n n—'n

!B -B > 2 d(t -s) for all s € (s ,s'), which we can do by continuity. Next,
tn s n+1 n n n
choose s <t in (s_,s') for which ]B -B | > ntl da(t
n+1 n+1 n’'n t s n+2 n
n+1t n+1

+1-sn+1)' Now let

s, € N s/t 1. IfEh =t -s, lBs ﬂ‘n_BSo

| > -2~ a(h_ ). this shows that there is
0 n+1 n
n

dense set of points s for which

1B 02!
1im sup ~—si-hs—= 1,

hv 0 Y2h log 1/h

which is more than we claimed.



280

One can see there are uncountably many such s by modifying the construction
slightly. 1In the induction step, just break each interval (sn,sg) into three parts,
throw away the middle third, and operate with each of the two remaining parts as

above. See Orey and Taylor's article for a detailed gtudy of these singular points.

PROPOSITION 1.7. Fix S5 Then, with probability one,
Ws +n,e” wsot
(1.12) lim Sup =—w—————— = /z)
h+0 ¥2h log log 1/h

simultaneously for all ¢ > 0.

PROOF. (1.12) holds a.s. for each fixed t by the law of the iterated logarithm,

hence it holds for a.e. t by Fubini. We must show it holds for all t. Set

Ws +n,t” wsot
L_ = lim sup .

t hi0 Y2nh log log 1/h

It is easy to see that Lt is well-measurable relative to the fields

2 Co . . R : ;
gt = g(o,w)x(o,t] for it is a measurable function of w‘.,t which, being continuous

2
and adapted to (gt), is itself well~measurable. By Meyer's section theorem, if
p{3t ® L, # /t} > 0, there exists a finite stopping time T (relative to the gi) such
that P{L, # YT} > 0.
But now 1 B =W - . i i
now let ot s, T+t wsT B is again a Brownian sheet (apply Theorem
1.5 to the weak stopping point (0,T)) so that if & > 0 we have
B - B
T sn+h,6 so,éi

< lim sup = /5.
Y2h log log 1/h

L

ILT+5 - Tl

It follows that if L.(w) # /T, then Ly,g * YT+ for small enough §, i.e. L_# Yt for

a set of positive Lebesgue measure, a contradiction.

PROPOSITION 1.8. Fix to > 0 and let 8 > 0 be a random variable which is

]

measurable. Suppose that

W - W
(1.13) lim sup —oiet SiE o .

hi0 ¥2h log log 1/h
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for t = to. Then (1.13) also holds for all t > - If S is c{wst , 8> 0} -

measurable, then (1.13) holds for all t > 0.

PROOF. We can assume without loss of generality that to = 1. Set

Bst = W((s,1),{s+s, 1+t)). Note that (S,1) is a weak stopping point, so Bst is a

Brownian sheet. By Proposition 1.7, it satisfies the log log law for all t > 0.

Thus, if t' = 1 + ¢

- W
wS+h,t' wS,t' wS+h,1 S, 1

lim sup 2 lim sup
h+¥0 Y2h log log 1/h h+0 ¥2h log log 1/h

Boe ~ Boe

~ lim sup
h¥0 /2h log log 1/h

=w -/t = o,
This proves (1.13) for all t > 1. Suppose S € o{ws1, s > 0}. To see that (1.13)

IS
follows for t < 1 as well, set wst = tW
s

A
. Then wst is a Brownian sheet, and

o]

~
w = W
8

s1 for all s. Clearly § & G{Gs1’ s > 0}. Thus W satisfies (1.13) for all

1

t > 1, which implies that W satisfies (1.13) at %- for all t > 1. Q.E.D.

REMARKS. If we call a point at which the law of the iterated logarithm fails a
singular point, the above proposition tells us that such singularities propagate
vertically. By symmetry, there are singularities of the same type propagating
horizontally. One can visualize these propagating singularities as wrinkles in the

sheet.

THE BROWNIAN SHEET AND THE VIBRATING STRING

It is time to connect the Brownian sheet with our main topic, stochastic
partial differential equations: the Brownian sheet gives the solution to a vibrating
string problem.

Iet us first modify the sheet as follows. Let D be the half plane

»
{(s,t) : s+ t > 0} and put R, =Dn (=»,8] X (—=,t]. If W is a white noise, define
I

A
w = W(R .
st ( s !

t
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(s4t)

Then W is not a Brownian sheet: instead of vanishing on the coordinate

axes, it vanishes on {s + t = 0}. However, it is easily seen that
def

~

~ P
w = W - W ~W _, s,t >0 is a Brownian sheet, and that the processes s + W
st st so ot -

~

sC

~
and t > wot are independent continuous processes of independent increments. We can

use this to read off many of the properties of % from those of W. 1In particular, the

singularities of " propagate exactly like those of W.

Now let us put the sheet back in the closet for the moment and let us
consider a vibrating string driven by white noise. One can imagine a gquitar left
outdoors during a sandstorm. The grains of sand hit the strings continually but
irregularly. The number of grains hitting a portion dx of the string during a time
ds will be essentially independent of those hitting a different portion dy during a
time dt. Let W(dx,dt) be the (random) measure of the number hitting in (dx,dt),
centered by subtracting the mean. Then W will be essentially a white noise, and we
expect the position V(t,x) of the string to satisfy the inhomogeneous wave equation
driven by a white noise. 1In order to avoid worrying about boundary conditions, we
will assume that the string is infinite, and that it is initially at rest. Thus V
should satisfy

2 2
OV (e L

ot dx

(x,t) + W(éx,4t), t > 0, == < x < &

(1.14) av
Vi{x,0) = Py (x,0) = 0O, - < x < @,

Putting aside questions of the existence and uniqueness of solutions to
{1.14), let us recall how to solve it when the driving term is a smooth function.

£(t,x) is smooth and bounded, then the solution to

If



is given by

x+t-s

xbs—t f(y,s)dy ds,

(1.15) vix,t) =2 [5f

which can be checked by differentiating. Now let us rotate coordinates by 45°. Let
u= (s-y)/VEL and v = (s+y)//2, and set %(u,v) = V{y,s}, %(u,v) = f{y,s}. Then
(1.15) implies that

AN
Viu,v) =

[CY N

v oru A
IO f—v f(u',v')du'av',
or

(1.16) Gu,v) = % fa [ fr,vhautav'.
uv

By a slight act of faith, we see that the solution of (1.14) should be given by

{1.15), with £ dy ds replaced by W{dy,ds), or, in the form (1.16), that

Viu,v) = % | [ aw

DN R
uv
or, finally, that
~ 1 A
Vi{u,v) = E‘Wuv r u,v >0,

~
where W is the modified Brownian sheet defined above.
We can conclude that the shape of the vibrating string at time t is just
. 1A
the cross~section of the sheet > W along the -45° line u + v = ¥ 2t.

v

J2\t\

Jé%\\\\\ u

This gives us a complete representation of the solution of (1.14), and it
also gives us an interpretation of the propagating singularities. Like W, the sheet

A~
W has singularities propagating parallel to the axes of the uv-plane. In the
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xt~plane these propagate along the lines x = ¢ + t and X = ¢ - t respectively. Thus
these propagating singularities correspond to travelling waves which move along the
string with velocity one, the speed of propagation in the eguation (1.14). 1In
general, the tendency of unusual events to propagate parallel to the axes of the
Brownian sheet can be understood as the propagation of waves in our vibrating
string.

It also explains the rather puzzling failure of the Brownian sheet to
satisfy the sharp Markov property. In fact, the initial conditions for the vibrating
string involve not only the position V, but also the velocity %% ; and in order to
calculate the velocity, one must know V in some neighborhood. This is exactly why we
needed the germ field g;o for the Markov property in the above example. A more
delicate analysis of the Markov property would show that the minimal splitting field

is in fact made up of the values of V and its derivative on the boundary.

Exercise 1.1. For each fixed X, show that there exists a standard Brownian motion

{B_, s > 0} such that V(x,t) = 3 B(t’), all t > 0. Show that with probability one,

t
lim + V(x,t) does not exist, while lim ] 1 y(x,s7as = o.
t+0 t40 0

Discuss the initial condition %%(x,O) = 0.

WHITE NOISE AS A DISTRIBUTION

One thinks of white noise on R as the derivative of Brownian motion. In
two or more parameters, white noise can be thought of as the derivative of the
Brownian sheet, and this can be made rigorous.

The Brownian sheet wst is nowhere~differentiable in the ordinary sense, but

its derivatives will exist in the sense of Schwartz distributions. Thus define

o2
v o= 3t
st 2s ot
that is, if 4$(s,t) is a test function with compact support in Rf, ﬁ is the
distribution
. 2%(e)
W9y = i zf Wuv Yo (u,v) dudv. If we may anticipate

+
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the introduction of stochastic integrals, let us note that this is almost surely

= [fo aw.

Formally, if é(u,v) =

I{Oiuis, 0<v<b} then
R s t 62w
W) = fofo Fyre du dv = Wst = ff¢dw,

but it takes some work to make it rigorous. We leave it as an exercise.

If we regard the "measure" W as a distribution, then certainly

W) = ff¢dw. In other words &(¢) = W(¢) so that ﬁ and W are the same distribution.

Note that in RP, & would be the nth mixed partial:

n

)

W=
At veedt Wt eest
1 n 1 n



CHAPTER THWO

MARTINGALE MEASURES

We will develop a theory of integration with respect to martingale
measures. We think of them as white noises, but we treat them differently.
Instead of considering set functions on Rd+1 with all coordinates treated
symmetrically, we break off one coordinate to play the role of "time" and
think of the remaining coordinates as "space".

Let us begin with some remarks on random set functions and vector-valued
measures. Let (E,}-:__) be a Lusin space, i.e. a measurable space homeomorphic
to a Borel subset of the line. (This includes all Euclidean spaces and, more
generally, all Polish spaces.)

Suppose U{A,w} is a function defined on é x Q, where _g_c g is an
algebra, and such that E{U(A)Z} <=, Ae A. Suppose that U is finitely
additive: if A~ B =60, A, Be _32, then U(A v B) = U(A) + U(B) a.s.

In most interesting cases U will not be countably additive if we
consider it as a real-valued set function. However, it may become countably
additive if we consider it as a set function with values in, say, LZ(Q,g,P)-
This is the case, for instance, with white noise. Let
floar i, = e(u® (1)} 2 be the L?-norm of U(A).

We say U is o-finite if there exists an increasing sequence (En)c g
whose union is E, such that for all n

(i) E B, vhere E = ._I_'I__En;

(i1) sup{ Jjua) }Izz AeE]} <=
Define a set function u by
w(m = loa |}3.
A o-finite additive set function U is countably additive on E.'n (as an
L2-valued set function) iff

(2.1) A,€e B, Yo, A, + ¢ => limp{a.) = 0
3~ =n 3 . 3
jre

If U is countably additive on I__.-‘.n,\fn, we can make a trivial further

extension: if A € E, set U(A) = lim U(A n En) if the limit exists in L2, and
= oo
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let U{R) be undefined otherwise. This leaves U unchanged on each gn, but may
change its value on some sets A € E which are not in any En' We will assume
below that all our countably additive set functions have been extended in

. s . . 2
this way. We will gay that such a U is a o-finite L ~valued measure.

DEFINITION. Let (zt) be a right continuous filtration. A process {Mt(A),

E,r t 20, A€ A} is a martingale measure if

(1) M (n) = 0;
[}

(ii) 4if t > 0, Mt is a o=finite L2~valued measure;

(iii) {Mt(A), F,, t 2 0} is a martingale.

. 2
Exercise 2.1. Let v (A) = sup{E{M_(B)"}: Bc A, B € E}. Show that t + v (A)
is increasing. Conclude that for each T, the same family (En) works for all
Mo, £ LT

It is not necessary to verify the countable additivity for all t; one t

will do, as the following exercise shows.

Exercise 2.2. If N is a o-finite Lz—valued measure and (gt) a filtration,
show that

M (a) = E{N(A)}gt} - E(N(A) {E )}
is a martingale measure.
Note: One commonly gets such an Mt by first defining it for a small class of
sets and then constructing the Lz—valued measure from these. This is, in
fact, exactly what one does when constructing a stochastic integral, although
the fact that the result is a vector-valued measure is usually not
emphasized. In the interest of a speedy development, we will assume that the
Lz-measure has already been constructed. Thus we know how to integrate over
dx for fixed t - this is the Bochner integral - and over dt for fixed sets A
- this is the Ito integral. The problem facing us now is to integrate over

dx and dt at the same time.
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There are two rather different classes of martingale measures which have
been popular, orthogonal martingale measures and martingale measures with a

nuclear covariance.

DEFINITION. A martingale measure M is orthogonal if, for any two disjoint
sets A and B in A, the martingales {Mt(A), t > 0} and {Mt(B), t > 0} are
orthogonal.

Equivalently, M is orthogonal if the product Mt(A)Mt(B) is a martingale
for any two disjoint sets A and B. This is in turn equivalent to having

<M{R), M(B})t, the predictable process of bounded variation, vanish.

DEFINITION. A martingale measure M has nuclear covariance if there exists a

finite measure m on (E,E) and a complete ortho-normal system (¢k) in
2
L (E,E,n) such that n(RA) = 0 => u(A) = 0 for all A€ E and
2
I EM 0% <=,
k
where Mt(¢k) = f Qk(x)Mt(dx) is a Bochner integral.

The canonical example of an orthogonal martingale measure is a white
noise. If W is a white noise on E x R+, let Mt(A) = WA x [0,t]). This is
clearly a martingale measure, and if AN B = ¢, Mt(A) and Mt(B) are
independent, hence orthogonal. Any martingale measure derived from a white
noise this way will also be called a white noise.

s : 2
If (E,ggn) is a finite measure space, if £ &€ L (E,E,n) and if

{Bt’ t > 0} is a standard (one-dimensional) Brownian motion, then the measure

defined by
M (a) = B [ £(x)m(ax)
A
has nuclear covariance, since for any CONS (¢k), X E{Mi(@k)} = llfflg. More
k

. 1 2
generally, if B, B, ... are iid standard Brownian motions and if a,, az,...
are real numbers such that 2 ai < o, then
M (a) =] aB" [ ¢, (xIn(ax)
t X k't A k

has nuclear covariance.
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Note that it is only in exceptional cases, such as when E is a finite

set, that a white noise will have nuclear covariance.

WORTHY MEASURES

Unfortunately, it is not possible to construct a stochastic integral
with respect to all martingale measures - we will give a counter-example at
the end of the chapter -~ so we will need to add some conditions. These are
rather strong, and, though sufficient, are doubtless not necessary. However,
they are satisfied for both orthogonal martingale measures and those with a

nuclear covariance.

Let M be a o~-finite martingale measure. By restricting ourselves to one
of the En' if necessary, we can assume that M is finite. We shall also
restrict ourselves to a fixed time interval [0,T]. The extension to infinite

measures and the interval [0,x] is routine.

DEFINITION. The covariance functional of M is

Qt(A,B) = <M(Aa), M(B)>t-
Note that Qt is symmetric in A and B and biadditive: for fixed 3,
Qt(A,-) and Qt(O,A) are additive set functions. Indeed, if B c =46,

Qt(A, B C) = <M(A), M(B) + M(c)>t

#

<M(A}, M(B)>t + <M(A), M(C))t

Et(A,B) + Et(a,c}-

Moreover, by the general theory,

/ /2.

= 1/2 1
lo, (a1 <0 (2,8 """ g (8,B)
A set AX B X (g,t] C EXE X R, will be called a rectangle. Define a
set function Q on rectangles by
Q{a x B X (s,t]) = Qt(R,B) - Qs(A'B)'

and extend Q by additivity to finite disjoint unions of rectangles, i.e. if

Ai X Bi X (si,ti] are disjoint, i = 1,...,n, set
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n
(2.2) QU U A, x B, X (s,t,]) =

. e, (ByeBy) - Qs.(Ai'Bi))'
i=1 i

1 i i

(e

[ e}l

Exercise 2.3. Verify that Q is well-defined, i.e. if

n m
A= 191 Ax B, % (si,ti] = §é1 Al x Ba x (s%,t%], each representation gives

the same value for Q(A) in (2.5). (Hint: use biadditivity.)
If a1,...,an € R and if A1,...ﬂnle E are disjoint, then for any s < t
n n
(2.3) Y 1 a.a. o(a, x A, x{s,t]) > 0,
=1 3=1 * 3+

for the sum is

= izj aiaj(<M(Ai), M(R)> - M), M(Aj)>s)

< ¥ a (M (a) - M_(A,)), ) a (M (A)) - M_(A))> > 0.
i i

DEFINITION. A signed measure K(dx dy ds) on E X E ¥ B is positive definite
if for each bounded measurable function f for which the integral makes
sense,

(2.4) [ fix,s)f(y,s)K(dxdyds) > 0 .
EXEXR+

For such a positive definite signed measure K, define

(£,9), = [ f(x,s)9ly,s)K(dxdyds).
EXEXR+

Note that (f,f)K > 0 by {2.4).

Exercise 2.4. Suppose K is symmetric in x and y. Prove Schwartz' and

Minkowski's inequalities

1/2 1/2
(f.9) < (£,£) (9,9)K
ana (e+g, £ra) 2 < (2,007 + (g9 %

It is not always possible to extend Q to a measure on E x E X B, where
B = Borel sets on R ¢ as the example at the end of the chapter shows. We

are led to the following definition.
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DEFINITION. A martingale measure M is worthy if there exists a random
o-finite measure K(A,w), A€ g X E x g, we @, such that
(i) K is positive definite and symmetric in x and y;
(ii) for fixed A, B, {K(A X B x (0,t]), t > 0} is predictable;
(iii) for all n, E{K(En x En x {0,T])} < =;
(iv) for any rectangle A, |Q(A)]| < K(A).

We call K the dominating measure of M.

The requirement that X be symmetric is no restriction. If not, we
simply replace it by K(dx dy ds) + K(dy dx ds). BApart from this, however it
is a strong condition on M. We will show below that it holds for the two
important special cases mentioned above: both orthogonal martingale measures
and those with nuclear covariance are worthy. 1In fact, we can state with
confidence that we will have no dealings with unworthy measures in these
notes.

If M is worthy with covariation Q and dominating measure K, then K + Q
is a positive set function. The o-field g is separable, so that we can first
restrict ourselves to a countable subalgebra of E:X E X B upon which Q(°,w)
is finitely additive for a.e. w. Then K + 0 is a positive finitely additive
set function dominated by the measure 2K, and hence can be extended to a
meagure. In particular, for a.e. w Q(+*,w) can be extended to a signed
measure on E X E X 2? and the total variation of { satisfies IQI(A) < K(A)
for all A € g x E X g- By (2.3), O will be positive definite.

Orthogonal measures and white noises are easily characterized. Let

A(E) = {({x,x): x ¢ E}, be the diagonal of E.

PROPOSITION 2.1. A worthy martingale measure is orthogonal iff Q is

supported by A(E) x R+ .

PROOF. QA x B x [0,t]) = <M(A), M(B)>t-
If M is orthogonal and AN B = ¢, this vanishes hence
o]l E x E - A(E)) x R.] =0, i.e. supp Q C A(E) x R_ . Conversely, if this

vanishes for all disjoint A and B, M is evidently orthogonal. Q.E.D.
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STOCHASTIC INTEGRALS

We are only going to do the L2~theory here - the bare bones, so to
speak. It is possible to extend our integrals further, but since we won't
need the extensions in this course, we will leave them to our readers.

Let M be a worthy martingale measure on the Lusin space (E,g), and let
QM and K.M be its covariation and dominating measures respectively. Our
definition of the stochastic integral may look unfamiliar at first, but we
are merely following Ito's construction in a different setting.

In the classical case, one constructs the stochastic integral as a

process rather than as a random variable. That is, one constructs

t
{f£as, ¢ > 0} simultaneously for all t; one can then say that the integral
4]

is a martingale, for instance. The analogue of "martingale" in our setting
is "martingale measure". Accordingly, we will define our stochastic integral
as a martingale measure.

Recall that we are restricting ourselves to a finite time interval {0,T!]
and to one of the En’ so that M is finite. As usual, we will first define
the integral for elementary functions, then for simple functions, and then

for all functions in a certain class by a functional completion argument.

DEFINITION. A function f£(x,s,w) is elementary if it is of the form

' (2.5) £(x,5,0) = X(w)I () I,(x),

{a,b]
where 0 < a < t, X is bounded and ga—measurable, and A € E. f is simple if
it is a finite sum of elementary functions. We denote the class of simple

functions by 8.

DEFINITION. The predictable g~field P on @ X E X R is the o-field generated
by 8. A function is predictable if it is P-~measurable.

We define a norm || on the predictable functions by

Iy
Helly, = =elgl, 1eh) Ve,
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Note that we have used the absolute value of f to define I}f[IM, so that
2
o), < el

Let B, be the class of all predictable f for which || £ ||M < @,

PROPOSITION 2.2. Let £ ¢ B and let A = {(x,s):|£(x,8)| > €}.
Then

e{x(a x E x [0,7])} 57} e HM E{X(E x E x [0,T])}

PROOF . e E{k(a x E x [0,T])} < E{] [f(x,t)|x(dx dy at)}

(], 1)}

e{(|g], ]f{):(/zi((E x E x [0,T1)}
1/2

|~

|~

llfllM E{K(E x E x [0,T])}
where we have used Schwartz' inequality in two forms (see Exercise 2.4).

Q.E.D.

Exercise 2.5. Use Proposition 2.2 to show By is complete, and hence a Banach

space.

PROPOSITION 2.3. § is dense in EM'

£{x,s) if [fix,s)] <N

P .
PROOF ¥ fe g 0 otherwise

o let fN(x,s) = {
2

Then Hf-fN M = el lfix,s) - £0x,)] |£(y,s) - fN(y,s)lK(dxdyds)}

which goes to zero by monotone convergence. Thus the bounded functions are

dense. If f is a bounded step function, i.e. if there exist

1e

0 S_to < t1 LI 4 tn such that t +» f{x,t) is constant on each (tj, t

J+1
then f can be uniformly approximated by simple functions. Thus the simple
functions are dense in the step functions. It remains to show that the step
functions are dense in the bounded functions.

To simplify our notation, let us suppose that K{(E x E x ds) is
absolutely continuous with respect to Lebesgue measure. [We can always make

a preliminary time change to assure this.] If f(x,s,0) is bounded and

predictable, set
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k2™
£ (x,5,0) =270 f(x,u,wldu if k27" < s < (k#1277
" (x-1)2" -

Fix w and X. Then fn(x,s,w) + f£{x,s,0) for a.e. s by either the martingale
convergence theorem or Lebesgue's differentiation theorem, take your choice.

It follows easily that ||f - £ 1> 0. Q.E.D.

We can now construct the integral with a minimum of interruption. If

fix,s,w) = X{w) I {s) IA(X) ig an elementary function, define a

{a,b]
martingale measure f+*M by

{2.6) f.Mt(B) = X(w)(MtAb(A.n B} - MtAa(A ~ B)).

LEMMA 2.4. f°*M is a worthy martingale measure. Its covariance and

dominating measures Qf-M and X o are given by

oM

(2.7) Qf.M(dx dy ds) = f(x,s) f(y,s) QM(dx dy ds)
(2.8) K., (dx dy dx) = if(x,s)f(y,s)lxn(ax dy ds).
Moreover

(2.9) E{f'Mt(B)z} < | H; for all B€ E, t < T.

PROOF . f~Mt(B) is adapted since X ¢ ga; it is square integrable, and a

: : : ; 2 :
martingale. B »> f-Mt(B) is countably additive (in L ), which is c¢lear from
(2.6). Moreover

£oM (B)E+M (C) - f £(x,8)f(y,s)Q, (dx dy ds)
BXCx [0,t]

2
X M A B) =~ -
= {« tAb( ~n B) Mtaa(h n B)(Mthb(Ar\C) MtAa(A n C))
- <M
(A~ B), M(A A c)>tAb+ < M{A ~ B), M{(A A C»tAaJ
which is a martingale. This proves (2.7), and (2.8) follows immediately
since Kf‘M is positive and positive definite. (2.9) then follows easily.

Q.E.D.

We now define f*M for £ € S by linearity.

Exercise 2.6. Show that (2.7)-(2.9) hold for f ¢ s.

Suppose now that f & gﬁ' By Prop. 2.6 there exist fn € 5 such that
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|If-fn||M+ 0. By (2.9), if A € Eand t < T,

2
E((£, M (A) - £ oM (AN} < ||£ - £ >0

n e

as m, n + », It follows that (fﬁMt(A)) is Cauchy in LZ(Q,E,P), so that it
. 2 . : RS

converges in L to a martingale which we shall call f-nt(A). The limit is

independent of the sequence (fn)-

THEOREM 2.5. 1If f ¢ then feM is a worthy martingale measure. It is

S

orthogonal if M is. Its covariance and dominating measures respectively are

given by
(2.10) Q. yfdx dy ds) = £(x,s)f(y,s) Q (ax dy ds);
(2.11) K, (dx dy ds) = |£(x,8) f(y,s)|KM(dx dy ds).

Moreover, if g € gM and A, B € E, then

(2.12) <E*M(R), g'M(B)> = | £(x,8)£(y,s)Q,(ax dy ds);
AXBX [0,t]

2 2
(2.13) e{(£sM (AN} < [ ],

PROOF. feM(A) is the L2 limit of the martingales fn°M(A), and is hence a

square—integrable martingale. For each n

(2.14) f M (A) £ *M (B) - f f (x,s)f (y,s) (dx dy ds)
n t n t AXBX [0, t] n n QM

2 .
is a martingale. fn'M(A) and fn'M(B) each converge in L, hence their

R 1
product converges in L . Moreover

(| J (£ (x,8)f (y,8) - £(x,8)£(y,s))Q (dx dy as) |}
AxXBX [0,t]
<E [ £ (x) ||£_(9)-£(x) |K, (ax ay ds))
ExEx[0,T] © n “u
+ B [ le )-£00 | [£(y) K, (ax ay as)}
EXEX [0,T]

IA

E{(|fn|, }f-fn|)K + (|f-fn|, |f|)K}

By Schwartz:

[

e N, + el N - €ll, > o -

Thus the expression (2.14) converges in L1 to

£eM_(R) feM (B) - | f(x,s)f(y,s) Q (dx dy ds)
t t AXBX [0, t] %

which is therefore a martingale. The latter integral, being predictable,
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must therefore equal <f*M({A), f-M(B)>t, which verifies (2.10), and (2.11)
follows.
This proves (2.12) in case g = £, and the general case follows by
polarization. {2.13) then follows from (2.11).

To see that f-ut is a martingale measure, we must check countable
additivity. If }\nC E, An v ¢, then

E{gem (2 )% < E( | |£(x,8)£(y,8) | K(dx dy.ds)}
AnXAnX[O,t]

which goes to zero by monotone convergence.

If M is orthogonal, QM sits on A(E) x [0,T], hence, by (2.10), so does

Q By Proposition 2.4, f¢M is orthogonal. Q«E.D.

fom’
Now that the stochastic integral is defined as a martingale measure, we
define the usual stochastic integrals by

f dM = f‘Mt(A)

ax[0,t]

and ) £ aM = £°M (E).
EX[0,t]

while J£fat= 1im £em (E).

o

When it is necessary we will indicate the variables of integration. For

instance

£
{ £(x,s)M(dx ds) and [ [ £(x,s)aM
A% [0,t] 0 A

both denote f-Mt(A).

It is frequently necessary to change the order of integration in
iterated stochastic integrals. Here is a form of stochastic Pubini's theorem
which will be useful.

Let (G, g? p) be a finite measure space and let M be a martingale with

dominating measure K.

THEOREM 2.6. Let f{x,s,w,A), X € E, s > 0, wé &, A ¢ G be a
P x G-measurable function. Suppose that

(2.15)  E{ | [£(x,8,0,0) £(y,5,0,A)|K(dx dy ds)u(d\)} < =.
ExXEX [0,T]XG

Then
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(2.16) [ [ £(x,s,0) M(dxds) Ju(ar) = | [ [ £(x,s,M)p0an) [mM(dxds).
G Ex[0,t] EX[0,t] G

PROOF. If fix,s,w,A) = X(w) I {s) IA(x)g(K), then both sides of (2.16)

(a,b]
equal
"(Mmb“” - M () [ gtoptany.

Both sides of (2.16) are additive in f, so this also holds for finite sums of
such £. If f is g X g - measurable and satisfies (2.16), we can apply an
argument similar to the proof of Proposition 2.6 to show that there exists a
sequence (fn) of such functions such that

B{ [ |£(x,s,0) - £ 68| [£lyis ) - £ (v,s,0) |K(ax dy ds) p(an)}

= g = £ o0 (12 ey » o .

We see that the integral in brackets on the right hand side of {2.16) is
g:measurable, {(Fubini) so that the integral makes sense, providing that
e wan |, < =.

On the left-hand side we can take a subsequence if necessary to have
E S fn(k)||M + 0 for n - a.e.A. This implies that for a.e.\
f fn(k)dM +> f £(A)a in Lz, hence in measure. Using Fubini's theorem again
we see that f fn(w,k)dm > f f{w,A)aM in P X p~measure, hence the latter
integral is measurable in the pair (w,\). It follows that ff(K)dM is
p~measurable for fixed w, so that the integral on the left~hand side of
(2.16) makes sense.

We must show that both sides converge as n > », Set 9, = £ - fn.

[ISEERISTTICINE I - [ g GxsMutanx(axdyds) [g_ (v,s,A"p(arn'))
EXExX[0,T] G G
=G£GE{(gn(k), g (A" Ju(ahuiany;

by Schwartz, this is

1/2

< S E{de,mls leihd eldg, ol Tg,a D3 2s@ouian

GXG
_ 2
= ( é T, ) [l an))
2
ium)élkM)-%MHm&
which tends to zero by (2.15).



298

This implies that the right-~hand side of (2.16) converges. On the

left,

el [ ([ g (x,s,0)m(axds)) %p(an)}
G

JE{( ] gn(x,s,A)M(dxds))z}u(dk)
G

[ lle 00 113 wean) » o.
G

A

By choosing a subsequence if necessary, we see that for a.e. w,
(] gn(x,s,k)M(dde)}zu(dk) > 0, hence | { [f - £ )aM)dy > 0, and the left
G G

hand side of (2.16) converges too. Q.E.D.

ORTHOGONAL MEASURES

The remainder of this chapter concerns special properties of measures
which are orthogonal or have nuclear covariance. We must certify their
worthiness, so that the foregoing integration theory applies.

We should admit here that although we are handling a wide class of
martingale measures in this chapter, our main interest is really in
orthogonal measures. This is not because the theory is simpler - it is only
simpler at the beginning -~ but because the problems which motivated this
study involved white noises and related orthogonal measures.

The theory of integration does simplify, at least initially, if the
integrator is orthogonal. For instance, the covariance measure Q sits on the
diagonal and is positive, so that Q = K. Instead of having two measures on
EX EX R+, we need only concern ourselves with a single measure v on E R+
where v(A % [0,t]) = Q(A x A x [0,t]), and this leads to several rather
pleasant consequences which we will detail below.

The proof that an orthogonal measure M is worthy comes down to finding a
good version of the increasing process <M(A)>t, one which is a measure in A
and is right continuous in t.

We will fix our attention on a fixed time interval 0 < £ < T, and we

continue to assume that E = En' so that M is finite. Define
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2
p(a) = E{M _(2)7} = B{<m(n)> }.
T T
1e <M(-)>t is an additive set function,
i.e. AnB=¢ => <M(A)>t + <M(B)>t = <M{A U B))ta.s.

Indeed, <M(A y B)>t = <M(A) + M(B)>t

]

+ +
<M(A)>t <M(B)>t 2<M(B), M(B)>t,
and the last term vanishes since M is orthogonal.
2° ACB = <M(A)>t < <M(B)>t
=> > << >

8 £t <M(A) s S M(B) s
3¢ b is a o-finite measure: it must be o-finite since MT is, and
additivity follows by taking expectations in 1°.

The increasing process <M(A)>t is finitely additive for each t by 1°,

but it is better than that. It is possible to construct a version which is a

measure in A for each t.

THEOREM 2.7. Let {Mt(A), E,,0<t<T AE _5_} be an orthogonal martingale
measure. Then there exists a family {vt(' )e 0 <t < T} of random o-finite
measures on (E,g) such that

1) {vt, 0 < t < T} is predictable;

(ii) for all A € g, t > Vt(A) is right-continuous and increasing;

(iii) p{vtm) = a(a)> } = 1allt> 0 AE€E

PROOF. We can reduce this to the case E ¢ R, for E is homeomorphic to a
Borel set F C R. Let h: E> F be the homeomorphism, and define

Mt(A) = Mt(h-1(A)), u(n) = u(h-1(A)). If we f£ind a ;“c satisfying the

conclusions of the theorem and if Gt(n - F) = 0, then Vt = vt" h satisfies

the theorem. Thus we may assume E is a Borel subset of R.
Since M is c-finite, there exist En 4 E for which u(En) < », Then there
~-n
are compact Kn c En such that u(En— Kn) <2 . We may also assume Kn C Kn-t-?
all n. It is then enough to prove the theorem for each Kn' Thus we may
assume E is compact in R and p(E) < =,

Define S’t{x) = KM(==,x] > - { X < ®©,

I
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Then
a) ¥ OS> F (x) <F (x');
t <t F(x') - F (x) <F L (x") - F,(x)
b) B{ :\:g |F ) = F e ) |} < pxgix,))
x13f§;2

Indeed (a) follows from 2°. To see (b), note that for fixed t < T,
Ft(x) - Ft(x1) £.<M(x1,x2]>t < <M(x1’x2}>T a.s. by 2°. By right continuity
this holds simultaneously for all t < T and all rational x in (x1,x2]. But
then (b) follows since E{<M(x1,x2]>T} = p((x1,x2]).

Define F (x) = inf{F_,(x'):x' > x, £' > t, x', t'€ Q}. This will be the
"good" version of F. We claim that ?; is the distribution function of a
measure.

<)ty Lty and x, < x, => Ft1(x1) ﬁ_th(xz);

d) ;;(x) is right continuous in the pair (x,t);

e) for fixed x, P{;;(x) = F (x), all £ < T} = 1.

Indeed, (c) is clear and (d) and (e) follow from the uniform convergence
guaranteed by (b). To see (e), for instance, choose rational tn and xn which

strictly decrease to t and x respectively. Then

Fo(x) <P CF (x) = F () + (F (x) - F (x)).

n n n n

But Ft (x) > Ft(x) by right continuity and the term in square brackets tends
n

to zero in probability by (b).
Let v be the distribution on R generated by the distribution function

Ft' Note that vt does not charge R-E, for E is compact; and if
{(a,blcR - E, vt(a,b] = Ft(b) - Ft(a) = Ft(b) - Ft(a) S.FT(b) - FT(a) by (e).
This is true simultaneously for all rational t. Since F is right continuous

we have a.s.

0 < sup v_(a,b] < F_(b) -~ F_(a)
rer t T T

and the latter has expectation u{(a,b]} = 0.
Note that {vt: 0 < t < 7T} is predictable, for it is determined by F, (x),

x € Q, hence by Ft(x), x ¢ Q by (e), and the Ft are predictable.
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If £t < t', ;;,(x) - ;;(x) ig a distribution function, so t » vt(A) is
increasing for each A. It is right continuous in t if A = (0,x], some x, or
if A= R {for EC R is compact). Then right continuity for all Boxel A
follows by a monotone class argument.

To show {iii), note that if A = {-»,x],

(2.17) Mi(n) - vt(A) is a martingale,

for then Vt(A) = Et(x) = <M(A)>t. Let g‘be the class of A for which (2.17)
holds. g'must contain finite unions of intervals of the form (a,bl, and it
contains R, for vt(-w,x] = Vt( R} for large x.

It is closed under complementation, for

2 ¢ c 2 2 c
ME(R) - v (%) =M (R) - v (R) - (MO(A) - v (R)) - 2 M (RIM (AT)
and each of the terms on the right hand side is a martingale if A € G. G is
also closed under monotone convergence. If An 4+ A, for instance, Mt(An)
converges in Lz to Mt(h}, and vt(An) increases to vt(A), hence the martingale
2 1 2
Mt(An) vt(An) converges in L to Mt(A) - vt(A). The latter must therefore
be a martingale. The case where An + A follows by complementation. Thus G
contains all Borel sets. Q.E.D.
Now t > vt(A) is increasing, so that we can define a measure v on E X R+

by defining v(A x (0,t]) = vt(A) and extending it to E X B, where B is the

class of Borel subsets of R+ .« This gives us the following.

COROLLARY 2.8. Let M be an orthogonal martingale measure. Then there exists
a random o-finite measure v(dxds) on E X R, such that vt(A) = v(A x [0,t])
for all A & E, t > 0.

We can get the covariance measure Q of M directly from v. Set
A = A(E) % R, where A(E) is the diagonal of E X E and let m: A » E X R, be
defined by mi{x,x,t) = {x,t). Then we define Q¢ by

O(A) = v(R{(ANn A), A€ EX

=

X B.

Then (A x B x {0,t]) = v(2a A B x [0,t])

>
<M(A N B) €

I

<M{A}, M(B)>t,



302

so Q is indeed the covariance measure of M. Since { is positive and positive

definite, we can set K = Q and we have:

COROLLARY 2.9. An orthogonal martingale measure is worthy.
We noted above that a white noise gives rise to an orthogonal martingale

measure. It is easy to characterize white noises among martingale measures.

PROPOSITION 2.10. Let M be an orthogonal martingale measure, and suppose

that for each A € E, t + Mt(A) is continuous. Then M is a white noise if and

only if its covariance measure is deterministic.

PROOF. Rather than use Q, let us use the measure v of Corollary 2.8, which
is equivalent.

If M is a white noise on E X R+ based on a measure j, it is easy to see
that v = §, so v is deterministic.

Conversely, if M is orthogonal and if v is deterministic, then for
B € g? both Mt(B) and Mi(a) - v{B x[0,t]} are martingales.

To show M is a white noise, we must show it gives disjoint sets
independent Gaussian values. One can see it is sufficient to show the
following: if Bys...,B are disjoint sets, then {Mt(B1), > 0},eee,
{Mt(Bn), t Z_G} are independent mean zero Gaussian processes with independent
increments. This reduces to the following calculation.

Let

s

n
N = exp{i 321 )\j(Mt+s(Bj) - Ms(Bjn} .

By Ito's formula

P SR
N =1+ i A, N_aM (B,) - = AL [ movs.x aw)
s j=1 ¢ jou w3 2 j=1 3oy wod

where we have used the fact that 4 < M(Bj), M(Bk)>t vanishes by orthogonality

if j # k. Let £(x) = E{N_|E } and note that
xz'x t+s
j:

£(s) = 1 - A2 [ fwav(s, x au).
J + J

[ SR

1

This has the unique solution
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n - % A?v(B,X(s,t])
f(s) =11 e J J
5=1

’

from which we see that the increments Mt+s(Bj) - Mt(Bj) are independent of F
and of each other, and are Gaussian with mean zero and variance

v(Bj X (s,t]). Thus M is a white noise based on v. Q.E.D.

NUCLEAR COVARIANCE

We will develop some of the particular properties of martingale measures
with nuclear covariance. 1In particular, we will show they are worthy.
Suppose M is a martingale measure on (E,E) with nuclear covariance.

Then there is a measure 1 and a CONS (¢n) in L2(E,§,n) such that

2
(2.18) E E(M (0 )7} < =.

We continue to assume E = EP for some n, so that M is finite, not just

g-£inite.

PROPOSITION 2.11. For each x there exists a square-integrable martingale

2
{m_(x), t > 0} such that for a.e. w, x > M (x) L'(E, E, n). Moreover

(1) M _(a) = [ M _(xintax) , ACE;
t 2 t

(i) Q,(A x B x [0,t]) = [ ), M(y)>_ n(dx)n(dy).
AXB

Furthermore, there exists a predictable increasing process Ct and a positive

T
predictable function o{x,t) such that E{ f cz(x,s)dcsn(dx)} < » and
0
(iii) Ky(A x B x [0,t]) = ] olx,s)0(y,s)n(ax)n(dy)dc .

AXBx [0,t]
Finally

(iv) E E{Mt(¢n)2} = & é u, (x)n(ax)} .

PROOF. We will be rather cavalier in handling null-sets and measurable
versions below. We leave it to the reader to supply the details.

2 :
The map ¢ + M (¢) is linear, and since 2 Mt(¢n) < ® a.g., it is a
t
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bounded linear functional on LZ(E, E, n). It thus corresponds to a function
which we denote Mt(x), such that for ¢ € L2,
M ($) = [ M 0b0om(ax).
t
In fact . = N
L(xw) = ] M (0 )0 (x)
This series converges in L2 for a.e. w hence, taking a subsequence if
2

necessary, it converges in L (Q,F,P) for nm-a.e. x. For each such x, Mt(X)
must be a martingale, being the Lz—limit of martingales. By modifying Mt(x)

on a set of m-measure zero, we Can assume Mt(x) is a martingale for all x.

Now M ()M (B) = { M, CGOM () n(dxin(dy)
AXB
so that
MY, M(B)>, = [ <(x), M{y)> n{dx)n{dy).
t axp t

This proves (i) and (ii).

Ll

is separable, so it is generated by a countable sub-algebra A. Let

=

be the smallest class of martingales which contains Mt(A), all A¢ A, and
which is closed under Lz-convergence. Then one can show that there exists an

increasing process Ct such that for all N € M, d<N>t << dct' Conseguently,

t
= f h(s)dcs for some predictable h. This holds in
0

by Motoo's theorem, <N>t

particular for all the Mt(¢k), for these are in M, and hence for the Mt(x).
Furthermore, one can see by polarization that there exists a function

h{x%,y,s) such that

t
<wM(x), M{y)>_ = [ n(x,y,s)dc_.
t o s
But since <M{x), Mi{y}> < <M(X)>1/2 <M(y)>1/2, we see that
1/2 1/2 2
|h(x,y,s)| £ h(x,x,s) hiy,y,s) . Set ¢ (x,8) = hi(x,x,8). Then
(A x B x [0,t]) < J o(x,s)0(y,s)n(ax)n(dy)dc,
EXEX [0,t]

which identifies K(dx dy ds) = o(x,s)c(y,s)n(dx)n(dy)dcs. This is clearly

positive and pogitive definite. To see that it is finite, write

T
Elk(ex 2 x {0,71)} =l [ [ ] a(x,s)n(dx)lzdcs}
0 E
T 2
<neye{ [ [ o (x,s)dcsn(dX)}
E O
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=ne) &{ | Mt(x)z 7(dx)} < w.
b

Finally, to see (iv), note that

T Etn 6% = T E{( [ M 00 Gom(an)?}

E{ Mi(t)}

where Mn(t) = f Mt(x)¢n(x)n(dx). By the Plancharel theorem, this is:
2
=e{ [ M () nean} .

Q.E.D.

REMARK. Note from (iv) of the proposition that the sum in (2.18) does not
depend on the particular CONS (¢n)-

2
Exercise 2.7. Suppose M has nuclear covariance on L (E, E, n). Let £ be

predictable and set

T
x2(x) = { £2(x,8) a < M(x)>s}.
0

Show that if [ k2(x) n(dx) < =, then

(1) |je HM < ® (so £+M is defined);

t
(ii) f'Mt(x) def f f(x,s)dMs(x) exists as an Ito integral for n-a.e.
0

X3

(iii) £oM_(B) = | £oM (x) n(dx);
A

2
(iv) for any CONS (¢n) in L'(E, E, n) and t < T,

) E{foMt(¢n)2} < [ ¥2omax).
n E

so that f*M has nuclear covariance.

AN EXAMPLE

We will construct D. Bakry's example of a martingale measure which is

not an integrator.

Let U be a random variable, uniformly distributed on [0,1]. Let s, = 1

- 1/n, n= 1,2,... and define a filtration (Et) as follows.
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E, = of [2™v]} (fn] = greatest integer ¢ n}

F =F if <t <
=t =g %n 2 Sn+1

and define

M _(a) = P{U € A|§t}, A c (0,11, t > 0.

I k= (270), let 3 = (K277, (K+1)27") and put H_= (K27, (k+1/2)2™%)
and L_ = [(x+1/2)27%, (x+1)2""). Then J =H (L and all three are
gs ~measurable. Note that U € Jn for all n.
n
Then M is a martingale measure and
(1) 4f £ < 1, then M _(dx) = 2“1J (x)dx;
n
(ii) if t > 1, then M _(A) = I (U).
If t < 1Tand s <t < s , then J is F_ -measurable and the
n - n+1 n 2sn
conditional distribution of U given gt = Es is uniform on Jn' which implies
n

(i), while if ¢ > 1, U is F measurable, which implies (ii).

t

Thus Mt(~) is a {real-valued) measure of total mass one, not just an
2
L -measure. However there exist bounded predictable f for which f f{x,s)dM
does not exist.

Set
2 ifxe Hn and s <t s

f{x,t) = -2 if x € L. and s, <t
0 otherwise

Then £ is adapted and t »+ f(x,t) is left continuous, so f is predictable.
t + Mt is constant on each [sn,sn+1), and it jumps at each sn. f is a sum of
simple functions so, if f*M exists, we can compute it directly.

[ fx,tyam = 2(m () - M (H)) -2, (L) -M_ (L)) .
[0,31xts_,s_.,1 ®nt1 P n n+1 n

Now by (i) this is

= I - I .
{Jn+1_ Hn} {Jn+1_ Ln}
Since Jn+1 is either Hn or Ln' with probability 1/2 each, the above is either
1 or -1, with probability 1/2 each. But now if f £f dM exists, it
[0,11x(0, 1)
must equal Z f f dM which diverges since each term has absolute

n [0,1]x(sn,sn+1

]
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value 1.
Evidently the dominating measure K does not exist. To see why, let us

calculate the covariance measure Q. Let Nt = Mt(dx)Mt(dy). For ¢ = S 417

olax, ay, {s_, .}) = A<M(dx), M(dy)> =N_ - E|N F
nt Sn+1 sn+1 Sn+1 -sn

n n+1
- J F dxdy .
= [4 T,y € 3 4 plx,ye n+1|=sn}] xdy

Iif x and y are both in Hn or both in Ln’ rix,y € J

n+1|£sn} = 1/2 by (i)}. If

one is in Hn and one in Ln’ they can't both be J (which equals Hn or Ln)

n+1’

and the conditional expectation vanishes. Thus it is
n
=4 {I }dxdy.

- 21 - 21
{x,yea ) {x,y en )} {xiy e 1}

+1

The term in brackets is *1 on the set {x,y € Jn} and zero off. Thus

lotax ay x{s__ 1| axdy

n.
+1 =4 I{x,y € Jn}

and hence

1 1
g I, (I (y)dxdy -

focto, 11 x 10,1 x {s_, 1| = 4" [
0 n n

Thus, if K exists, it must dominate Q and

K([0,1] x {0,1] x (0,1)) > ] 1 =w.
n



CHAPTER THREE

EQUATIONS IN ONE SPACE DIMENSION

We are going to look at stochastic partial differential equations driven by
white noise and similar processes. The solutions will be functions of the variables
x and t, where t is the time variable and x is the space variable. There turns out
to be a big difference between the case where x is one~dimensional and the case where
X € Rg, 4 > 2. In the former case the solutions are typically, though not
invariably, real-valued functions. They will be non-differentiable, but are usually
continuous. On the other hand, in Rd, the solutions are no longer functions, but
are only generalized functions.

We will need some knowledge of Schwartz distributions to handle the case
d > 2, but we can treat some examples in one dimension by hand, so to speak. We will
do that in this chapter, and give a somewhat more general treatment later, when we

treat the case 4 > 2.

THE WAVE EQUATION

Let us return to the wave equation of Chapter one:

2 2
§—§~ = 8 Z + & s, £t >0, xe R;
8t dx
(3.1) v(x,0) = 0, x &€ R

3V _
g;(x,o) =0, xX€ R.

White noise is so rough that (3.1) has no solution: any candidate for a

solution will not be differentiable. However, we can rewrite it as an integral
equation which will be solvable. This is called a weak form of the equation.

We first multiply by a ¢ function ¢{x,t) of compact support and integrate
over R x [0,T], where T > 0 is fixed. Assume for the sake of argument that
Ve C(z).

[ 6(x,t)W(x,t)axdt.

T
[ [Vtt(x,t)wvxx(x,t)]o(x,t)dxdt = .

¢ R

Lo R
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Integrate by parts twice on the left-hand side. Now ¢ is of compact support in x,

but it may not vanish at t = 0 and t = T, so we will get some boundary terms:

T
T
g £ Vix, )8, (x,£)-6_ (x,t)]dxdt + £ [6(x, IV, (e o) g, (%, 029 (x,) [ gl ax

T
=/ 6 (x,£)W(x,t)axdt.
0 R

If $(x,T) = ¢,(x,T) = 0, the boundary terms will drop out because of the

initial conditions. This leads us to the following.

DEFINITION. We say that V is a weak solution of (3.1) providing that V(x,t) is
locally integrable and that for all T > 0 and all ¢ functions ¢{x,t) of compact

support for which 6(x,T) = ¢t(x,T) = D,V/x, we have

T T
(3.2) [ vixeeyte, (x,t) - 6 (x,t)laxat = [ [ ¢aw.
0 R e xx o R

The above argument is a little unsatisfying; it indicates that if V
satisfies (3.1) in some sense, it should satisfy (3.2}, while it is really the

.
converse we want. We leave it as an exercise to verify that if we replace W by a

2
smooth function £ in (3.1) and (3.2), and if V satisfies (3.2) and is in C( ), then

it does in fact satisfy (3.1).

THEOREM 3.1. There exists a unique continuous solution to {3.2), namely
1A tex t4x A, e .
vi{x,t}) = >~ W (~——, =), where W is the modified Brownian sheet of Chapter Ome.

o2

PROOF. Uniqueness: if V1 and V2 are both continuous and satisfy (3.2), then their

difference U = V2 - V1 satisfies

fo(x,t)[¢tt(x,t) -, (x/t)]axat = 0
Let f{x,t) be a ¢ function of compact support in R X (0,T). Notice that there

exists a ¢ € dw with ¢(x,T) = ¢t(x,T) = 0 such that ¢tt - ¢xx = £, Indeed, if

C(x,t; xo,to) is the indicator function of the cone

{(x,t): t<t _,x +t-t < x < x _+t =t}, then
o 0O o o o

T
olx_,t ) = £ fo £0x,£)Cix,t1 x .t )dxat.
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Thus
ffotx,t) £(x,t) axat = o,
so U=20 a.e., hence U £ 0 a.e.
To show existence, let us rotate coordinates by 45°. Let u = (t-x)}/2,
v = (t+x)//2 and set $(u,v) = $(x,t) and W(dudv) = W(dxdt). Note that

Lo . Pad
-4 = 2¢uv. Define R(u,v,uo

LI xx The proposed solution is

’vo) = I{u<u v 3o
=o""=0o

e 1 A .
Viu,v} = 3 [ [ Reu',v'su,vyWgaurav').
{ur+v*>0}

Now V gatisfies (3.2) iff the following vanishes:

(3.3} ff { ff %‘ﬁ(u,v;u‘,v')a(dudv)}Zg (u',v*)du'dv' - ff g(u,v)a(dudv).
{u'+v'>0} {u+v>0} b {u+v>0}

We can interchange the order of integration by the stochastic Fubini's thecrem of

Chapter Two:

@™ o
= ( /f 0}[f / guv(u',v')du'dv' - $(u,v)]%(dudv).
u+v> v ou

But the term in brackets wvanishes identically, for % has compact support.
QED

The literature of twow-parameter processes contains studies of stochastic
differential equations of the form
(3.4) aV(u,v) = £(V)dW(u,v) + g(V)duav
where % and ﬁ are two parameter processes, and a% and dﬁ represent two~dimensional
increments, which we would write G(dudv) and %(dudv}. These equations rotate into
the non~linear wave equation

Ve (0t) =V Gxt) + E(VIW(xE) + g(V)

in the region {(x,t): t > 0, -t<x<t}. One specifies Dirichlet boundary conditions.
Because of the special nature of the region, it is enough to give V on the boundary;
one does not have to give Vt as well.

We have of course just finished solving the linear case (f=1, g=0). We
will not pursue this any further here but we will treat a non-linear parabolic

equation in the next section.
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AN EXAMPLE ARISING IN NEUROPHYSIOLOGY

Let us look at a particular parabolic SPDE. The general type of equation
has many applications, but this particular example came up in connection with a study
of neurons. These nerve cells are the building blocks of the nervous system, and
operate by a mixture of chemical, biological and electrical properties, but in this

particular mathematical oversimplifcation they are regarded as long, thin cylinders,

which act much like electrical cables. If such a cylinder extends from 0 to L, and
if we only keep track to the x coordinate, we let V(x,t) be the electrical potential
at the point x and time t. This potential is governed by a system of non~linear
PDE's, called the Hodgkin-Huxley equations, but in certain ranges of values of V,
they are well-approximated by the cable equation Vt = Vxx - V. (The variables have
been scaled to make the coefficients all equal to one.)

The surface of the neuron is covered with synapses, thru which it receives
impulses of current. If the current arriving at (x,t) is F{x,t), the system will
satisfy the inhomogeneous PDE

Vt = vxx -V + F.

Even if the system is at rest, the odd random impulse will arrive, so that
F will have a random component. The different synapses are more-or-less independent,
and there are an immense number of them, so that one would expect the impulses to
arrive according to a Poisson process. The impulses may be of different amplitudes
and even of different signs {impulses can be either "excitatory®” or "inhibitory").

We thus expect that F can be written as F = F + I, where F is
deterministic and II is a compound Poisson process, centered so that it has mean zero.
Since the equation is linear, its solution will be the sum of the solutions of the
PDE Vt = vxx -V + g.' and of the SPDE Vt = Vxx -~ Vv +II. We can study the two
separately, and, since the first is familiar, we will concentrate on the latter.

The impulses are generally small, and there are many of them, so that in

fact I is very nearly a white noise &. This leads us to study the SPDE
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One final remark. The response of the neuron to a current impulse may
depend on the local potential, so that instead of %, we have a term f(V)ﬁ in the
above equation. f is often assumed to have the form f(V) = V~vo, where Vb is a
constant.

Let W be a white noise on a probability space (Q,E,P), let (gt) be a
filtration such that Wt is adapted and such that, if A ¢ {t,») x R, W(A) is

independent of F . Consider

t
2
O Y y4gv,edw, £50, 0 <x<Ls
ot ax2
(3.5) ov (0,t) = ov (L,t) = 0, t > 0;
Bx ¥Ix

V(x,0) = v (x), £ > 0.

We assume that VO is go—measurable and that E{Vo(x)z} is bounded, and that f
satisfies a uniform Lipschitz condition, so that there exists a constant K such that
lEty, ) - £x,0)] < K|y-x|,

(3.5a)
J£y, )] < x(1+£) (1+]y])
for all x,y € [0,L} and t > 0.
The homogeneous form of {3.5) is called the cable equation. We have
specified reflecting boundaries for the sake of concreteness, but there is no great
difficulty in treating other boundary conditions.

The Green's function for the cable equation can be gotten by the method of

images. It is given by

-t ™ 2 2
Spley) = =2 [ [exp(- WAL o (- LyweZnn)ly)
Yant n=—o

We won't need to use this explicitly. We will just need the following facts, which

can be seen directly:

L
(3.6) foGs(x,y)Gt(y,z)dy = Gy (x,2), and G (x,¥) = G (y,x);

for each T > 0 there is a constant CT such that

C 2
(3.7) Gt(x,y) < f—r{- exp(— -I-%(—I— - t).
t

L
Define Gt(¢,y) = f Gt(x,y)é(x)dx for any function ¢ on [0,L] for which the
0

integral exists. Then Gt(x,y) satisfies the homogeneous cable equation (i.e. it
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satisfies (3.5) with £ = 0) except at t = 0, and Go(¢,y) = ¢(y). After integrating

by parts, we have

t
{3.8) G (6,y) = 6(y) + [ e (e"-0:v1ds
9 s

for all test functions ¢ for which 6'(0) = ¢' (L} = 0.
Once again we pose the problem in a weak form.
Let ¢ & C (R), with $'(0) = ¢*(L) = 0. Multiply (3.5) by #(x) and

integrate over both variables:

L L t L a2v
[ vix,t)e(x)ax = [ v () (x)ax + [ (_"E - V)(x,8)d(x)dsdx
0 0 0002
t L
+ [ [ £(v(x,s),8)0(x)W(dxds) .
00

Integrate by parts over x and use the boundary conditions on V and ¢ to get the
following weak form of (3.5):

For each ¢ € Cw(Rp) of compact support such that ¢$'{0) = $'{(L) = 0,

t L t L
[ ] vix,sidmixi-otx)raxdst] [ £(V(x,s),8)$(x)W(dxds)
(L] [Ny

#

L
{3.9) f{v(x,t}-vc(x)}¢(x)dx
0

Exercise 3.1. (3.9) can be extended to smooth functions ¢(x,t) of two variables

3¢ ¢

which satisfy 3% (0,t) = 5;-(L,t) = 0 for each t. Show that (3.9) implies that
L
[ [vix,t) o(x,t) - Vo(x)¢(x,0)]dx
0
t L 2
(3.10) = Jf v (X -4+ ) x,s) axas
2 at
0 0 Ox
t L
+ [ [£vix,s),8)0(x,8)W(ax ds) .
o0

Exercise 3.2. Show that (3.5) and (3.9) are equivalent if things are smooth, i.e.

(2}

*
show that if V_ and W are smooth functions and if V ¢ C , then (3.9) implies

0
(3.5).

THEOREM 3.2. There exists a unique process V = {V(x,t), t>0, 0<x<L} which is

2
L -bounded on [0,L] X [0,T] for any T and which satisfies (3.9) for all t > 0. If



314

Vo(x) is bounded in IF for some p > 2, then V(x,t) is Lp—bounded on [0,L]x[0,T] for

any T.

PROOF. We will suppress the dependence of f on s, and write f{x) rather than
f{x,s).
Uniqueness: a solution of (3.9) must satisfy (3.10), so fix t and let

bly,s) =6 (4,y) - Then &(y,t) = ¢(y) and, by (3.8), ¢ =~ ¢ *+¢_= 0. Thus
t-s
(3.10) becomes

L L t L
[ vix,v)e(x)ax = [ v (y)6 (6,y)ay + [ [ £(V(y,s))6___(¢,y)W(dyds).
o 0 o] t o o t-s

: . 2 .
Let us refine this. E{Vv (x,t}} is bounded in {0,L], so for a.e. w

2
V' (x,t) will be integrable with respect to x (Fubini's theorem). Let ¢ approach a

2
delta function, e.g. take $ of the form (2nn)~1/zexp(- izggl—) and let n » . The
above eguation will tend to

L t L
(3.11) vix,t) = [ vV (y)6 (x,y)ay + [ [ £(V(y,s))6,___ (x,y)W(dyds)
0 o t 20 t~s

a.s. for a.e. pair {(t,x}. {To see this, apply Lebesgue’s differentiation theorem to
the left hand side, and note that Gt(¢,y) > Gt(x,y) on the right.)
If V1 and V2 both satisfy (3.11), let U = V2 - V1, and define

F(x,t) = E{Uz(x,t)} and H(t) = sup F(x,t), which is finite by hypothesis. Then from

X
(3.11)
t L
2, 2
F(x,t) = [ [ E((£(V,(y,8)) - £(V,(y,8))7}G,__(x,y)dy ds
0o -8
t L
iK2 i F(y.s}Gz (x,y)dy ds
00 t-s

by (3.5a). Thus
2 Lo
H(t) < K° [ H(s) [ 65 _(x,y)ay ds
o 0 t-s

, t
< x°ef uis)
0 t~s

ds

by (3.7). Iterate this:

ts
< KO [ onw —ds |

[T 3] Y{s-u){t-s)
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Interchange the order in the integral, noting that if t — u = b,

t b b/2
J Y AT
u Y {t-s){s-u) g vYvi{b-v) 0 /v

so that

t
Ht) < ak*c® [ u(s) ds.
0

Iterating this, we see it is

4 2. n+1 t
¢ MRS u(s)(t-s)"as
- ni 0

2
which tends to zero. Thus H = 0, so with probability one, V1 =V a.e.
To prove existence, we take a hint from (3.1) and define
L
o
ik, = | Vo (Y6, (x,y)dy
(3.12) 0

+ L
o) = oot + [ e y,ss, | (xy)Wayds)
0o

P

Let p > 2 and suppose that {Vo(y), Dﬁyﬁp} is L bounded. We will show that v

converges in P to a solution V. Define

F (x,t) = E{|Vn+1(x,t) - vix, ) 1B}
and

Hn(t) = s:p Fn(x,t).

From (3.12)

t L
F (x,t) = E{f | (£(v2(y,s)) - f(v“”(y,smct_ (x,y)W(dyds)|®}.
00 s

We are trying to find the pth moment of a stochastic integral. We can

bound this in terms of the associated increasing process by Burkholder's inequality.
t L
+1 2.2 2
<cE{(f [ e iy.sn - £ iy, o0 %2 _(x,yrayas)®?
P 00 t-g

t L
e X el|f [ vy, - \’n-1(y,S>)ZG?_s(er)ddelP/z}
00 :

where we have used (3.5a), the Lipschitz condition »n f. We can bound this
using H®lders inequality. To see how to choose the exponents, note from (3.7) that

if 0 < r < 3,

L tr, -r/2 . 2t —tr | 2
(3.13) [ eftx,yay < ce” e i
)
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which is integrable in t over the interval (0,»). Thus we must keep the exponent

of G under 3. Set g = -E§§>and choose 0 < € < 1 to be strictly between 1 - i—and

N

- %- (e=03if p= 2 and € = 1 if p > 6). Then
tL o2 /29 5 F n-1 (1-¢)
‘r(x,t) <c(f [ Lx,y) )P/ 42 [/ E{Ivn(y,s)—v (y,s)]p}G Pix,y) ayas .
n 00° 00 t-s

In this case 2eq < 3, so the first factor is bounded; by (3.13) the expression is

t
<cf H _, (o) (t-s)’as,
0

where a = %‘(1+sp-p) > -1, and C is a constant.

Thus

t
a
(3.14) H (£) < cfo H _,(s)(t=s)"ds, t >0

for some a > -1 and C > 0. Notice that if Hn 4 is bounded on an interval [0,T], so
is H .
n
t

o 2 p/2
H (t) < s:p cpE{UOf(v (x,8)) Gt_s(x,y)dyds} }.

But Vo(x,s) is Lp—bounded since VG(y) is, hence so is f(Vo(x,s)) by (3.5a). An
argument similar to the above ghows Ho(t) is bounded on {0,T].
Thus the Hn are all finite. We must show they tend to zero quickly. This

follows from:

LEMMA 3.3. Let {hn(t), n=0,1,...} be a sequence of positive functions such that hO

is bounded on [0,T] and, for some a » 1 and consgtant C1,

t
a
h () _f_CJohnq(s)(t-s) ds, n= 1,2,... .

Then there is a constant C and an integer k » 1 such that for each n > 1 and
t e [0,T],

(t-s)
(m-1)

t
m
(3.15) b g lt) € fohn(s)

- !ds, m= 1,2,40¢0

Let us accept the lemma for the moment. It applies to the Hn’ and implies

o

that for each n, X (Hn+mk(t))1/P converges uniformly on compacts, and therefore so
me=()
®
1/p n P . i
does z (Hn(t)) . Thus V (x,t) converges in L°, and the convergence is uniform

n=0
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in [0,L)] % [0,T] for any T > 0. 1In particular, v? converges in L2. Let V(x,t) = 1lim
Vn(x,t).

It remains to show that V satisfies (3.9). {Note that it is easy to show
that V satisfies (3.11) ~ this follows from (3.12). However, we would still have to

show that (3.11) implies (3.9), so we may as well show (3.9) directly.)

Consider
L th
{3.16) I (Vn(x,t)-Vo(x))¢(x)dx - [ v, s) [$"(x)=0 (x)]dx ds
0 00
t L

- [ ™ Ny, ety wiayds) .
00

By (3.12) this is

LtL n=1
= [ [ ] £v" g eie,__(x,y)W(dyds)e (x)ax
000

+
=R )
—_—
Q7

6, (x, ¥V (y)dy - V(x))(x)dx

+t L L u L =1
-0 e txupv tyray + [ [ £0v" Uy, 806 (x,y)u(dyds) ] (" (x)-6 (x))dxdu
o % 0 00 u=s

tL
- [ [ £ Ny sye(yywiayas) .
0o

Integrate first over x and collect terms:

S(8"=6,y)ds - ¢(y)]w(dyds)

tLo €
= [ £ y,enfe o, - G,
00 s

L t

- jo[Gt(¢,y) - oty - IOGu(¢"-¢,y)du]v0(y)dy.

But this equals zero since both terms in square brackets vanish by (3.8). Thus
(3.16) vanishes for each n. We claim it vanishes in the limit too.

Let n» ® in (3.16). Vn(x,s) +V(x,s) in L2, uniformly in [0,L]x([0,T] for
each T > 0, and, thanks to the Lipschitz conditions, f(vn-1(y,s)) also converges
uniformly in L2 to £{(V(y,s)).

It follows that the first two integrals in (3.16) converge as n + ®. So

does the stochastic integral, for

tr n-1 2
{(f [ (£(v(y,s)) - £V (y,s))0(y)W(dyds))?}
00

t L n-1 2
<x [ [E{(vig,8) - v' (y,s1)°) o(y)ayas
0o



318

which tends to zero. It follows that (3.16) still vanishes if we replace v" ana Vn_1

by V. This gives us (3.9).

Q.E.D.
We must now prove the lemma.
PROOF (of Lemma 3.3). If a > 0 take k = 1 and C = C1. 1If -1 < a < 0,
2 t ‘ €, a a
h () <cif h _(w(f (t=s)"(s=u)"ds)au.
n — 1 n~2
0 u
If a = -1 + £, the inner integral is bounded above by
1 -’
R 72e) g, ¢ & (pog2E7T
t=u 1-e — ¢
0 v
so
t t
ds 4 2 ds
h () <c.fh __(s) <=ct[n __(8) —2—0r—0 .
— - - — 1 - -
n 1 o ® 1 (t~s)1 € € g 2 (t-s)1 2¢€
If 2¢ > 1 we stop and take k = 2 and C = g'cf. Otherwise we continue
t
16 4 ds
<—=cy [ n_(8) ——p—
82 1 o P 4 (t—s)1 4
until we get (t-s) to a positive power. When this happens, we have
t
ho(t) <cf n__ (s)ds.
0
But now (3.15} follows from this by induction. Q.E.D.

In many cases the initial value Vo(x) is deterministic, in which case
V(x,t) will be bounded in IF for all p. We can then show that V is actually a

continuous process, and, even better, estimate its modulus of continuity.

COROLLARY 3.4. Suppose that Vo(x) is IF-bounded for all p > 0. Then for a.e. W,

(x,t) » V(x,t) is a Hélder continuous function with exponent i-- e, for any € > 0.

PROOF. A glance at the series expansion of Gt shows that it can be written

Gt(x:y) = gt(x,Y) + Ht(x,Y)
2
Sl
where gt(x,y) = (4nt)-1/2e 4 .

Ht(x,y) is a smooth function of (t,x,y) on (0,L} x (0,L) X {-=, =}, and H vanishes if

t < 0. By (3.11)
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L t L
Vix,£) = [ V)G Gaylay + [ [ £(Vy,s)E, __(x,y)W(dyds)
0 00
t L
+ [ [ £viy.shg,__tx,y)W(ayds).
0 o s

The first term on the right hand side is easily seen to be a smooth function of (x,t)
on (0,L) X (0,®). The second term is basically a convolution of W with a smooth
function H. It can also be shown to be smooth; we leave the details to the reader.

Denote the third term by U(x,t}). We will show that U is Holder continuous
by estimating the moments of its increments and using Corollary 1.4. Now

0 B(Jutxth, thR) - U(x, 40 |} R

1/n

e{|U(x+h, t+k) - Ulx,t) |}
n
+ B{|U(x,t+k) - U{x,t)| }
We will estimate the two terms separately. The basic idea is to use
Burkholder's inequality to bound the moments of each of the stochastic integrals.
Replacing t+k by t, we see that
n
n £ L 2 2 2
E{|U(x+h,t) - UG, [T} <cE{] [ [ £7(v(y,8))0g, (xth,y) - g, (x,¥))"dyas|"}.
0 0

Apply Holders inequality with p = n/2, g = ;EE:

n
t L

t L -
<c Bl [ [ eiyisnayast [ [ ] |g (x+h,y)-g (x,y)|*Tayas]®? .
090 [ ]

The expectation is finite for any n by (3.5a) and Theorem 3.2. Letting C be a

constant whose value many change from line to line we have

(+h)2 2 n
A B =l = SR
<c[[] e - e | ay as]“.
0 - (ans)?
If we let y = hz and s = h2v, we can see this is
(z+1)2 22 n
3-2gq =2 - T T4y T 4y 2q 3;
ﬁ_C{h f f v “le ~ e | dv] .

00
The integral converges if q < 3/2, i.e. if n > 6, so that this is

n

B o

=C h2 .
il

2

1
The first term of (3.15) is thus bounded by C h° ™.

Similarly,
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n 1
t L o n
2 2
(Jutx,er) - 06, 0) [N e B{] ] £y, g, ) - g x| Payas] 7
00
n 1
t+k L 5.
veEll [ ] f(V(y,s))zlgt+k(x,Y)|2dyds|2}n.
t 0

The first expectation on the right is bounded by

2 2
v L t/nr © 7 12~ O 172~ =2 %_
n n - s -

c E{ f f £(V(y,s)) dy ds} [ f [ 1tstx) e - s e ! q] 4

00 0 —
The expectation above is finite. If we set s = ku, y = /;Az, this becomes

=t 2
® o 4(u+1) 4u

<cx¥Fayf |8 -2 | azau] /24

0 — Yut+1 /u

The integral converges if q < 3/2, i.e. if n > 6, so the expansion is
2
n

L
=cxt

Finally, the second expectation on the right is bounded by
t+k L k

cel [ ] £ (v(y,s))ayas} VP |
t 0 0

1/2q

o

2
g (x,y) dyds]

We have seen that E{fn(V(y,s))} is bounded so this is
2

kK @ ay
Lc k1/n[ f f s Te s dy ds]1/2q.
0 —=

We can do the integral explicitly to get

1_2
—cx? =

Putting these bounds together in (3.16) we see that
1
E{|u(x+h, t+X) - U(x,0)|"} /™ < c[n? + 2k ]

'
B

1
CETS

< c(vn? + k)

We can choose n as large as we please, so that the result follows from Kolmogorov's
Theorem (Corollary 1.4).

Q.E.D.

The uniqueness theorem gives us the Markov property of the solution,

exactly as it does in the classical case. We omit the proof.



321

THEOREM 3.5. The process {V(*,t}, t>0}, considered as a process taking values in

Ccl[0,L], is a diffusion process.

Consider the more general equation

2
v 3 v, g(v,t) + £(V,£)W, £ > 0, 0 < x < Lj
At 2
3%
dv = v - ,
(3.5b) Ay (0/E) == (L) =0, ©>0;

Vix,0) = VG(X), g < %x < L.
Exercise 3.3. Find the weak form of (3.5b).

Exercise 3.4. Show that if both f and g satisfy the Lipschitz condition (3.5a) then

Theorem 3.2 holds. In particular, (3.5b) has a unique weak solution.

(Hint. The Green's function is as before except that there is no factor e-t, and the

Picard iteration formula (3.12) becomes

£t L

Ve = vVt + [ [ 6 (x,y) 19(v (y,8))dyds + £(v"(y,s))W(dyds)].
00

t-s
The proof of Theorem 3.2 then needs only a little modification. For instance, for

uniqueness, let
th 2 2
Fix,0) = 2[ [ 6 _(x,y) [E(V,(y,8)) = £V (y,s)N) "+ Lt(g(V,(y,s) = g(V, (y,s))) ]ayds,
oo °°

show that E{!Vz(x,t) - v,(x,t)lz} £ Fix,t),

t
and conclude that H(t) < K°C [ H(s) —2-.

0 Yt-s

In order to prove existence, define Fn and Hn as in the proof and note
that, once (3.14) is established, the rest of the proof follows nearly word by word.

In order to prove (3.14), first show that

t L
F(x,t) < PRE(] [ [ IViy,e) - V7 Yy le,_(x,v)ayas Py
00

£ L
- 2
+ zpcpx ] [ ] Vs - V" 1(y,s){zGt_s(x,y)dyds{p/ .
00

and then apply Holder's inequality to each term as in the proof to deduce (3.14).)
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Exercise 3.5. Show that Corollary 3.5 also holds for solutions of (3.5b), so that

the weak solution of (3.5) is Holder continuous.

In case £ is constant, there is a direct relation between the solutions of

(3.5) and (3.5Db).

Exercise 3.6. Let f£{x,t) = O be constant, and let U and V be solutions of {3.5} and

(3.5b) respectively. 8Show that V = U + u, where u(x,t) is the solution of the PDE

du bzu
3> 2t g(U(x,t) + uix,t),t);
t ax2

u{0,t) = u{L,t) = 0;
u{x,0) = 0.

Thus write V explicitly in terms of U.
(The point is that once U is known, one can fix w and solve this as a classical

non—gtochastic PDE; the solution u can be written in terms of the Green's function.}

The technique of Picard iteration works for the non-linear wave equation,

too. Consider

2 2
9—%= —a—;’- + g{v,t) + £(V,t)¥, t > 0, x¢& R;
ot dx
(3.1a) Vix,0) = Vo(x), x € R;
v

SE'(X,O) = UO(X), x € R.
In this case we let Vo(x,t) be the classical solution of the homogeneous
wave eguation with initial position Vo(x) and velocity Uo(x) - which we can write

explicitly - and define

n+1 0 € n-1
VT x,e) = v o(x,t) + [ [ cix,tiv,s) gV (y,s))dyds
0 R

+ £(v" Ny, s))W(ayas)]

1 if s <t and ]y—x{ £ t-s,
where C(x,t; y,s) =
0 otherwise .

Then C is the indicator function of the light cone.
The Picard iteration is in fact easier than it was for the cable equation

since C is bounded. We leave it as an exercise for iteration enthusiasts to carry

out.
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Exercise 3.7. (a) Write (3.1a) in a weak form analogous to (3.2).
(b) Show that if both f and g satisfy the Lipschitz conditions (3.5a), then (3.1a)

has a unique weak solution, which has a Hdlder continuous version.

THE LINEAR EQUATION

Let us now consider the linear equation (fSconstant)}. This is relatively

easy to analyze because the solution is Gaussian and most questions can be answered

by computing covariances. (The case f(x) = ax + b is linear too, but the solution,
which now involves a product it + is no longer Gaussian. This case is often referred
to as semi-linear).

The solution can be expanded in eigenfunctions. Assume L = 1, so that

(3.5) becomes

Vo =V, m VW, 0<x<Tm, t >0,
(3.17) Vx(O,t) = Vx(n,t) =0, t > 0;
v(x,0) = 0, 0 < x < ™.

The eigenfunctions and eigenvalues of (3.17) are

€
i

2
o 1//%, ¢k(x) = 7 Coskx k= 1,2,...
A, = k2 + 1, k=0,1,2
X ’ tlebrose «

The Green's function can be expanded in the ¢k:

- ALt
G (x,y) = kzo 0, (8 (y)e © .

For each fixed x, this converges in Lz[o,n]XIO,Tl as a function of (y,t}.

Thus the unique solution of (3.17) is, by (3.11)

tn
Ve = I G, _g(x,y)W(dyds)
0c
(3.17a) o o S (t-8)
=[] 1 ¢k(x)¢k(y)e W(dyds).

0 0 k=0
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. . ; 2
We can interchange order since the series converges in L :

® tm -, (t-s)
= 1 U] e e W(dyds))e, (x).
k=0 0 0

t R
Exercise 3.8. Define Bk = f f ¢, (y)w(dyds
T ——— t 0 o k

tT -Kk(t—s)
and a =[] ¢ (ye W(dyds) .
t ook

1.2
{i} Show that B ,B ,... are iid standard Brownian motions, and that
x t ~Kk(t-s) K
A = e dB .
t s

k

(ii) Show that Ak satisfies dAt = dBt - AkA:dt.

The processes Ak are familiay, for they are Ornstein-Uhlenbeck processes
with parameter Ak - abbreviated OU(kk) - which are mean zero Gaussian Markov
processes. They are independent.

Thus we have

Sk
(3.17b) V(x,t) -kZG Ao, (x)

where Ak is an OU(Rk) process and AO,At,Az,... are independent. Recall the following

well-known facts about Ornstein-Uhlenback processes.

PROPOSITION 3.6. Let {At, t>0} be an OU(A) process with Ay = 0. A is a mean zero

Gaussian process with covariance function

(1 Bla_ a) =2 [1- Y,

s+t t 2A
_e-ks) 1 e-ZKt(1_e—XS)2.

s 2, _1
(ii) E{(As+t At) } = Y (1 ETN

PROPOSITION 3.7. If 0 < s <tand 0 < x, y <™,

vix,en?) < ay-x|;

viy,sn? £ % /t-s.

(i) E{{V(y,t)

(ii) E{ (V{x,t)
Before proving this, let us gee what we can learn from it. From (i) and

{ii),

2-1/2 1/4

max{E{ (V(x,£) - V(y,s)?} & |t-s|% + |y-x|? <

1
Thus, let p(u) = Cu /4 in Corollary 1.3 to get

u} < Cu
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THEOREM 3.8. V has a version which is continuous in the pair {(x,t). For T > 0 there

is a constant C and random variable Y such that the modulus of continuity A(8) of

{V(x,t), t<T)} satisfies

A(S) 5_161/4 + 061/4/10g /6, 0 <8< 1.

When we compare Theorem 3.8 with Corocllary 3.4, we see that the moduli of

continuity are substantially the same in the linear and non-linear cases. The paths

are essentially Hdlder (1/4).

We will need the following lemma.

2
@ (o, (90, (x))

LEMMA 3.9. (i) ) — 55— £ 4|y=x]
k=1
© -\t
i ] S E vk
k=1 k
PROOF . @k(x) = /5 coskx so

0, - o xn? < 20k’ (y-0%) .

Since kk > kz, 5
= (¢ (y)-¢ (x)) ®
k k 4 2
Z B e — ﬁ.f < A (y=x)"du
=1 k 1 u
-1
2|y-x]| ®
2 d
< (y=x)“au + 4 [ =
1 -1 u
2|y-x|
§4]y—x‘.
-\t 2
The second series is handled the same way, using 1 - e < 1A (1+k7)t. We leave

the details to the reader.

PROOF (of Proposition 3.7). We prove (i), for {(ii)} is similar. By (3.17b) and

Propositon 3.6,

<«
Bl (viy,t) - vo,en?) = e[ T 2% n - o, 0 ]%)
k=0

28

1 2
< = (6, (y) = ¢ (x))
o M K k

k

< 4ly-x]

by the Lemma. Q.E.D.
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When we comparxe Theorem 3.8 with Corollary 3.4, we see that the moduli of
continuity are substantially the same in the linear and non-linear cases. The paths
are essentially H®lder (1/4).

Note that V is rougher than either Brownian motion or the Brownian sheet.
Both of the latter are Hoélder continuous of exponent 1/2, while V has exponent 1/4.
We can ask if this is due to bad behavior in t, or in x, or in combination. The

following exercises eliminate x as a suspect.

Exercise 3.9. Expand Brownian motion Bt in the eigenfunctions ¢k to see

1 St
(3.18) Bt_:/: g, t ; T b (e, 0 <E <,

=1
where the &k are iid N(0,1).
/2Xk Ak(t)

Exercise 3.10. Write V(x,t) = —

z ¢k(x) and compare with (3.18).
Y2 k=0 2

k
Conclude that

1
Vix,£) = —3B_+ R
/2

where {Bx' 0ﬁx<ﬁ} is a Brownian motion and R is twice-~differentiable.

Evidently x * V{x,t) will have the same local behavior as Brownian motion
so that t must be the culprit responsible for the bad behavior of the paths. One
striking exhibit of this is the following, according to which t + V(x,t) has
non-trivial guartic (i.e. fourth power) variation, whereas Brownian motion has
quadratic variation but zero quartic variation. Define

[nt] n

Q_(t) = (V(0,t) - veo, %127 n% + ) (v(0,52)-v(o, (-2t .
=1

THEOREM 3.10. For a.e. w, Qn(t,w) converges uniformly on compacts to a limit Qt,

where Q > 0 is a constant.

THE BARRIER PROBLEM

There is one open problem which deserves mention here, because it is an
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important cquestion for the neuron, which this equation is meant to describe. That

is the problem of finding the distribution of the first hitting time of a given
level.

The neuron collects electrical impulses, and when the potential at a
certain spot - called the soma and represented here as x = 0 - passes a fixed level,
called the barrier, the neuron fires and transmits an impulse, the action potential,
through the nervous system. The generation of the action potential comes from
non~-linearities not present in the cable equation, so the cable equation is valid
only until the first time T that V(0,t) exceeds the barrier. However, it can still
be used up to 1, and we can ask the question, "what is the distribution of 12"

We will describe the problem in a bit more detail and show how it is
connected with a first~hitting problem for infinite-dimensional diffusions.

Set A > 0 and put

T = inf{t > 0 : V(0,t) > A}.
One can show T < ® a.s. and that its moments are finite, and that it even
has some exponential moments. Write
w0t = La% s /2T Ak
/r F Tog=r ©
¥ow V{*,t) is a Markov process, but V{0,t) is not, so that the method of studying 7
by reducing the problem to a question in differential equations can't be applied

. o . : . :
directly. However, note that {At, tzp} is a diffusion, and, moreover, if

I
&

A _(t)

and

#

o N
(At,...,At),

AN(t)

+
then AN is a diffusgion in RN 1, and A is a diffusion in lw. Define

N
v = inf{t: 2% + /2 ] A% > /o)
t L B

for N= 0,1,¢0.,® ;(Tw = T).

Let Hl be the half space

H, = {xe g, : Xy * V2 ; x, > /TN} .

Then T is the first hitting time of HA by the infinite-dimensional diffusion A.

Since the components of A are independent OU(kk) processes, we can write down its
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infinitesimal generator and recast the problem in terms of PDE‘'s, at least formally.
Let us see how we would find the expected value of 1, for instance.
Suppose F is a smooth function on lm depending on only finitely many coordinates.
Then A has the generator G:
2
—;- 3F A @_E,_)(x)_
X k

GF(x) = ] { 2~ M B
0 o] x

k=
Let us proceed purely formally -~ which means that we will ignore questions about the
domain of 6 and won't look too closely at the boundary values - and set
F(x) = E{t]|a(0) = x}, x = L .
Then ¥ should satisfy

(i) GF = -1 in Xm - Hx

(3.19) (ii) F =0 on OHX

{(iii) F is the smallest positive function satisfying (i} and (ii).
Then F{0) is the solution to our problem.

Now (3.19) would hold rigorously for a diffusion in RN, and in particular,
it does hold for each of the AN(t). But, rigor aside, we can not solve (3.19). We
can solve the finite-dimensional analogue. For N = 0 we can solve it in closed form
and for small N, we can solve it numerically, but even this becomes harder and harder
as N increases. {In this context, N = 1 is a large number, N = 2 is immense, and N =

3 is nearly infinite.)

We have the following:

THEOREM 3.11. lim E{TN} = g{1}.
N

This might appear to solve the problem, but, in view of the difficulty of
finding E{TN}, one must regard the problem of finding E{71} as open, and the problem

of finding the exact distribution of 7 as essentially unattempted.

HIGHER DIMENSIONS

Let us very briefly pose the analogous problem in Rz and see why the above
methods fail.

Consider
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2, 2
dV 3V dv .
— {x,yit) = (_._.+ gy —V)(x,y;t) + W
ot axz ay2 Xyt
(3.20) oV _ v N = v - Vv A =
(OIYIt) = ™ (nIYIt) 5; (x,0:t) — (x,T;t) 0

Ox
Vix,y,0) = 0

dy

The problem separates, and the eigenfunctions are
¢jk(x,y) = ¢j(x)¢k(y)

where the ¢j are the eigenfunctiong of (3.17), and the eigenvalues are
2

2
=1+ 37 + .
Kjk 1 3 k
Proceeding as before, set
e t L =A, (t-5)
A= [ e’ 8, ()0, (y) W(dxdyds).

00

The Ajk are independent OU(hjk) processes, as before, and the scolution of (3.19)

should be
(3.21) Vik,got) = ) a7%(0)e. (00, (y).
J, k=0 J k

The only problem is that the series on the right hand side does not
converge. Indeed, choose, say, x = y = 0 and note that for t = 1 and large j and k,

that ¥ %’Ajk(t) is essentially a N(O —l-) random variable by Proposition 3.6. Thus

z
ljk
R 1 1 ;
(3.21) converges iff z ¥ <= But z e diverges!
ik jk ok 1Tk

One can check that the representation of V as a stochastic integral
analogous to (3.17a) also diverges.

However - and there is a however, or else this course would finish right
here ~ we can make sense of (3.21) as a Schwartz distribution. ILet ¢ be a Cw
function of compact support in (0,m) x (0,m), and write

Vid,t) = [fbix,y) Vix,y,t)axdy
= 3 A () &.k
jx=0 ’

T
where ¢jk = fojo ¢jk(x,y)¢(x.y)dxdy.

~
Now the first integral makes no sense, but the sum does, since ¢jk tends to

zero faster than j2 + k2 as j and k go to ® - a well-known fact of Fourier series -

~2
¢,
k
80 Z ———é}——i < ®, Thus V(¢,t) makes sense for any test function ¢, and we can use
1+ %4k

this to define V as a Schwartz distribution rather than as a function.
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DISTRIBUTION~VALUED PROCESSES

If Mt is a martingale measure and ¢ a test function, put
L t
M (o) = [ [ oam.
00
Then M is clearly additive:
M + b)) = + bM a.S.
, (ad ¢) aM (¢} t(d»)

The exceptional set may depend on a,b,$, and ¢ however. We cannot say a priori that
¢ > Mt(¢) is a continuous linear functional, or even that it is a linear functional.
In short, Mt is not yet a distribution. However, it is possible to construct a
reqular version of M which is. This depends on the fact that spaces of distributions
are nuclear spaces.

Let us recall some things about nuclear spaces; we will consider only the
simplest setting, which is already sufficient for our purposes.

A norm I | on a vector space E is Hilbertian if

a2 2 2 2 ) s ;
Ix+yd™ + dx-yl~ = 2Ix017+ 20yl", %,y € E. The associated inner product is
<x,y> = %'(Hx+yﬂ - Ix=yl}),

so that (E,lIl }) is a pre-Hilbert space.

If 1 51 and | 92 are Hilbertian norms, we say | I, is HS weaker than I |

1 e 2f

and write | H1 < | H2, if
HS

(4.1) sup{ ] le 02 {e. ) is § I_-ortho-normal} < = .
¥ k1 k 2

(HS stands for Hilbert-Schmidt, for (4.1} is equivalent to the injection map of
(g, H2) »> (B, H1) being Hilbert-Schmidt.)
If E is separable relative to | ﬁz, we can use the Gram—Schmidt procedure

to construct a complete ortho-normal basis (fk) for (E,0 1,)« In this case (4.1) is

2
: V 2
equivalent to 2 kaﬂ1 < ®,

k
Let E be a vector space and let | ﬂo < H1 <1 ﬁz < **+ be a sequence of
Hilbertian norms on E such that
(i) E is separable with respect to | nn, all n;
(ii) for each m, there exists n > m such that 1 ﬂm < [ Nn.

HS
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For each n let en .. be a complete ortho-normal system (CONS) in

1%p2

(g, ! ﬂn). Let Eg be the dual of (g, ﬂn) with dual norm 1 ﬁ_n defined by

©
(4.2) 112 = 5 fe )2, feE'.
-n k=1 nk n

It will be clear shortly why we use -n as an index. Meanwhile, note that
%;c: E; if m < n for, since | "m < "n' any linear functional on E which is
continuous relative to |l "m is also continuous relative to the larger norm Il "n'
Note also that Eé is a Hilbert space; denote H_n = Eg. For n = 0,1,2,... let Hn be
the completion of E relative to | “n'

Then H—n ig the dual of Hn. (We identify H0 with its dual H-O' but we do
not identify Hn and H_n. In fact we have:

o+ DH,DHE  DH,DH DH D ..

Let us give E the toplogy determined by the | ﬂn. A neighborhood basis of

0 4s {x : Ixl_ <€}, n=0,1,2..., e> 0.

Let E' be the dual of E. Then E' = LJH_n. To see this, suppose £ € E'.
n

Then there is a neighborhood G of zero such that [f(y)| < 1 if y € G. Thus there is

a member of the basis such that {x : Hx“n< e} C G. For & > 0, if Hxﬂn < €8, then

}f(x)! < 8. This implies that Rfﬂ_n < t/e, i.e. f & H_n. Conversely, if

f e H—n' it is a linear functional on E, and it is continuous relative to | “n’ and
hence continuous in the topology of E.

Note: The argument above also proves the following more general statement: Let F be
a linear map of E into a metric space. Then F is continuous iff it is continuous in
one of the norms 1 "n'

We give E' the strong topology: a set AC E is bounded if it is bounded in
each norm | "n’ i.e. if {Hx"n, x€A} is a bounded set for each n. Define a semi-norm
p,(f) = sup{ |£(x)] = xea}.

The strong topology is generated by the semi-norms {pA : AC E is bounded}. Now E is
not in general normable, but its topology is compatible with the metric

atx,y) = J 271 + Ry—xﬂn)-1ﬂy—xﬁn,
n

and we can speak of the completeness of E. If E is complete, then E =/(7) Hn.
n
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{Clearly E ¢ M Hn' and if x € N Hn, then for each n there is x £ E such that
n n

-n

- +1
fixmx | < 2% = fIx=x I < 2 »
nn nm

n m < n. Thus d(x,xn) <2 o)
If E is complete, it is called a nuclear space, and we have

D .- P B DHDHDHED...DN H =E

n 1 0
n

E'= \J H_
n
where Hn is a Hilbert space relative to the norm | “n' -2 < pn <=, E is dense in Hn,

H n is dual to Hn, and for all m there exists n > m such that | "m < | “n‘
HS

We may not often use the following explicitly in the sequel, but it is one

of the fundamental properties of the spaces Hn.

Exercise 4.1. Suppose | ﬂm < “n +« Then the closed unit ball in Hn is compact
HS

in Hm . {Hint: show it is totally bounded.)

REGULARIZATION

Let E be a nuclear space as above. A stochastic process {X(x), xeE} is a

random linear functional if, for each x,y ¢ E and a,b, € R,

X{ax + by) = aX(x) + bX(y) a.s.

THEOREM 4.1. Let X be a random linear functional on E which is continuous in

probability in Hm for some m. If } ﬂm < § ¥

n’ then X has a version which is in
HS

H_n a.s. In particular, X has a version with values in E'.

Conve@rgence in probability is metrizable, being compatible with the metric

def
(8 = B{|x(x)|a1}.

If X is continuous in probability on E, it is continuous in probability in Il “m for

some m by our note. There exists n such that | “m< # ﬂn. Thus we have
HS

COROLLARY 4.2. Let X be a random linear functional which is continuous in

probability on E. Then X has a version with values in E'.
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PROOF (of Theorem 4.1). Let (ek) be a CONS in (E,I nn). We will first show that
yx(ek)2 < o,
For ¢ > 0 there exists & > 0 such that Il X(x)l < € whenever "xnm < 8. We

claim that

ix(x)

Re Efe }>o1- 2 - 256"2nxni .

Indeed, the left-hand side is greater than 1 =~ % E{Xz(x)g4), and if llxllm <&,
e{x2(x)a8) < 4B{|X(x)|A1) < 4¢,

while if ﬂxﬂm > 8,
E(x%(x)ad} < IIxII:‘(S-ZE{Xz(éx/Hx"m)N}} <4ce 6_2llxllj‘.

2
Let us continue the trickery by letting Y1,Y ,+..« be iid N(0,¢07) r.v.

2

N
independent of X, and set x = 2 Y e . Then
"y k 'k

. N
re E{e* ™)} = p{rem{exp[i ] v, xte][%}} .
1

But if X is given, ZYkX(ek} is conditionally a mean zero Gaussian r.v. with variance

2¢ 2 .
g ;X (ek), and the above expectation is its characteristic function:

02 N 2
-5t Y % (e}

k=1

3 E{e }.

On the other hand, it also equals

iyy

X(ek)
E{Re E{e

k [¥}} > 1 - 2¢ - 25-2€E{Ixn$)

N
= 1-2¢ - 267% ) E{Yij}<e.,e>
r

3 k=1 3 km
N
=1-2c-2"2¢eo ) et .
k=1
Thus
2 N
-2 ) (e, )
2 k= x -2_2 % 2
E{e } > 1 -2 =28 “eo y e b e
x=1

2
Let N >+ © and note that the last sum is bounded since 1 "m < “n' Next let ¢ -+ 0
HS

to to see that

p{ § Xz(ek) <w} > 1 - 2e.
k=1

Let Q‘ = {w: z Xz(ek,w) < =}, Then P{Q1} = 1. Define
k
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E e > Xle) if weE Q.
Yi{x,w) =
[i} ifwe - 91.

The sum is finite by the Schwartz inequality, so Y is well~defined. Moreover,

Y € H_n with norm

1w = § e = ] x¥e) <o
k k
N
Finally, P{¥(x) = X(x)} = 1, x € E. 1Indeed, let ®g = z <x,e
k=1

k>nek. Clearly

X(xN) = Y(xN) on 91, and “x_xN“m S_Nx«xNHn + 0. Thus

Y(x) = lim Y(XN)

i

1lim x(xN) = X(x).
Note: We have followed some notes of Ito in this proof. The tricks are due to

Sazanov and Yamazaki.
EXAMPLES
Let us see what the spaces E and Hn are in some special cases.

EXAMPLE 1. Let G C Rd be a bounded domain and let Eo = D(G) be the set of dw

functions of compact support in G. Let | HO be the usual Lz-norm on G and set

||<|>an = ||¢||‘3 + 3 nD“¢H§,
1<}e]<n

where a is a multi-index of length }a}, and Da is the associated partial derivative
operator. Let E be the completion of E in the topology induced by the norms ! ﬂn.
In this case Hﬂ = LZ(G) and Hn is the classical Sobolev space {(often

denoted Wg'z(G)). By Maurin's theorem, | h, < 1l ifn>m+ asz. H consists of
HS

2
all Lz-functions whose partials of order n or less are all in L . (These are
derivatives in the sense of distributions. However, if n > d/2 the functions will be

continuous; for larger n, they will be differentiable in the usual sense, and N Hn

o
will consigt of ¢ functions.
The spaces H—n - duals to the Hn - congist of derivatives: £ € H iff

there exist fa € L2 such that
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d
EXAMPLE 1a. If we let G = R 1in Example 1, we can use the Fourier transform to

define the Hn in a rather neat way. Let E = g(Rd). If u ¢ E, define the Fourier

transform G of u by

AE) = fd e-zﬂlx.gu(x)dx.
R

If u is a tempered distribution, i.e. if u & §'(Rd ), we can define 4 - as a
distribution - by a(#) = w(é), ¢ € E.
Define a norm on E by

(4.2) ral, = [ 1+ le1hH® e %a
R

and let Ht be the completion of E in the norm | "t'

If u is a distribution whose Fourier transform G is a function, then u € Ht
iff (4.2) is finite. The space HO = L2 by Plancharel's theorem. For t > 0 the
elements of Hn are functions. For t < 0 they are in general distributions. It can
be shown that if t is an integer, say t = n, the norms | “n defined here and in
Example 1 are equivalent, and the spaces Hn in the two examples are identical. WNote
that (4.2) makes sense for all real t, positive or negative, integer or not, and
tl ﬁs i “t if £ > s + d4/2.

s

d :
EXAMPLE 2. Let E = S(R"), the Schwartz space of rapidly decreasing functions. Let

k x2 dk --x2
g {x) = (<1} e — e
k k
dx
and set
12 x | -1/2 - x%2
hk(x) = (n 27kl) gk{x)e .

Then go,g1,... are the Hermite polynomials, and ho,h1,... are the Hermite functions.
The latter are a CONS in Lz(Rd).
Let g = (q1,...,qd) where the a; are non-negative integers, and for
x o= (x xX,) € Rd set
11'-'1 a - ’

hq(x) = hq1(x1)--'hqd(xd).
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Then h_ ¢ s(®RY), and they form a covs in 12(rY). 1£ ¢ € s(rY), let $q = <0/h > ana

write

6=1%n
=
q 94

Define

1042 = § (2|q|+a)?2

n q
q
2 2 2 . a

where |q| = q1 LR S qy- One can show u¢nn <= if ¢ € g(R }. Let Hn be the

completion of E in | ﬂn. Note that this makes sense for negative n - in fact for all

real n - and

2 a2
ton” = J (2lq] + @ b .

q
H_n is dual to Hn under the inner product
~ A

W, 0> =3 4 6 .
q qa49q

The Hilbert-Schmidt ordering is easily verified in this example, since the

functions ey = (2!q]+d)-n/2hq are a CONS under I Il , and if m < n
Jren =13 (2]q[+d)(n-m)
gm
q q
which is finite if n > m + &/2. Thus | ﬂm < 4 “n ifn>m+ % .

HS

EXAMPLE 3. ILet us look at an example which is specifically linked to a differential

operator.

Let M be a smooth compact d-dimensional differentiable manifold with a
smooth (possibly empty) boundary. Iet dx be the element of area, and let L be a
self~adjoint uniformly strongly elliptic second order differential operator with

smooth coefficients, and smooth homogeneous boundary conditions.
-1, has a CONS of smooth eigenfunctions {¢n} with eigenvalues {kn). The
; : -p : d
eigenvalues satisfy 2 (1+hj) <w if p > 3

J

N

~ ~
Let Eg be the set of f of the form f(x) = z fj¢j(x), where the fj are
i=1

constants. For each integer n, positive or negative, define
2
1El = (1 + A "ES
n 3 3 3

/2

Note that § § < 1 % if n > m + /2. 1Indeed, set e, = (1 + x‘)'“ $.. The e,
m n 3 J 3 3

HS

form
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a CONS relative to } “n’ and

5 nejai =1 A" e
3 3

Let Hn be the completion of (Eo, [} Hn). If f€ Hn’ we can represent f by

the formal series
~
£=7] £50,
3
where 2(1 + Aj)ngi = Hfun < @, Then H and H_ are dual under the inner product

A
K£,9> = 2 f.s.-
3 373

Finally, let E be the completion of E_ in the topology determined by the

0

] “n' The ¢j are smooth, s0 that the elements of Hn will be differentiable for large

n. 8Since E = r\Hn, E will consist of C* functions. Note that if f ¢ Hn' Lf & H o

since Lf = z AL E, b..

3 3 3 3
The similarity of Examples 2 and 3 is more than superficial. In fact
Example 2 corresponds to the operator L = -A + ‘x}z.

EXAMPLE 4. At the start of the chapter we raised the question of whether or not a
martingale measure could be regarded as a distribution. Let us consider this in the
setting of, say, Example 1. Let G be a bounded open set in Rd with a smooth
boundary, let Q(G} be the space of test functions on G, and let M be a worthy
martingale measure on G with dominating measure K and let ut(AxB) = E{K(AxBx[0,t1}.
Assume Ry is finite.

If ¢ > 0 in D(G), sup|é(x)]| > 0, hence E{Mi(@))} = [oG0o (), (axdy) » 0.
(Careful! This is not trivial; we have used Sobolev's Theorem.) It follows that
¢ Mt(¢) is continuous in probability on oGy’ By Corollary 4.2, Mt has a version
with values in E(G).

M actually lives in a Sobolev space of negative index. To see why, note

that if n > a/2, Hn embeds in Cb(G) by the Sobolev embedding theorem and I "n <t
HS

2n

by Maurin's theorem. By Theorem 4.1, Mt has a version with values in H o In

particular, M, ¢

. H-d-z' and if 4 is odd, we have M ¢ H_ . {A more delicate

t d=-1

analysis here would show that, locally at least, M, ¢ H-n for any n > 4/2.}

t
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Exercise 4.2. Show that under the usual hypotheses (i.e. right continuous
filtration, etc.) that the process Mt' considered as a process with values in g{G).
has a right continuous version. Show that it is also right continuous in the
appropriate Sobolev space.

Even pathology has its degrees. The martingale measure Mt will certainly
not be a differentiable or even continuous function, but it is not infinitely bad.
According to the above, it is at worst a derivative of order 4 + 2 of an L2 function
or, using the embedding theorem again, a derivative of order %-d + 3 of a continuous

function. Thus a distribution in H_n is "more differentiable” than a distribution in

H and the statement that M does indeed take values in a certain H-n can be

-n-1’
regarded as a regularity property of M.

In the future we will discuss most processes as having values in Q(G)‘ or
another relevant nuclear space, and put off the task of deciding which H—n is
appropriate until we discuss the regularity of the process. BAs a practical matter,
it is usually easier to do it this way; for it is often much simpler to verify that a

process is distribution-valued than to verify it lives in a given Sobolov space.,.and

as an even more practical matter, we shall usually leave even that to the reader.



CHAPTER FIVE

PARABOLIC EQUATIONS IN R4

Let {Mt' Et' t > 0} be a worthy martingale measure on Rd with covariation

measure Q(dx dy ds) = d<M{dx), M(dy))S and dominating measure K. Let w(A) = E{K{A)}.

Assume that for some p > 0 and all T > 0

I P1 " p{dx dy ds) < =.
0,1 (x5 ]y | )
Then Mt(¢) = Id p(x)M(dx ds) exists for each ¢ ¢ g(Rd).
R %[0,T]

Let L be a uniformly elliptic self-adjoint second order differential
a
operator with bounded smooth coefficients. Let T be a differential operator on R
of finite order with bounded smooth coefficients. (Note that T and L operate on X,

not on t). Consider the SPDE

vV -

g - W+ ™
(5.1)

V(x,0) = 0

We will clearly need to let V and M have distribution values, if only to
make sense of the term Tﬁ. We will suppose they have values in the Schwartz
space g‘(Rd).

We want to cover two situations: the first is the case in which (5.1)

4

holds in R . Although there are no boundary conditions as such, the fact that

a, . ) o e
vt € 8'(R") implies a boundedness condition at infinity.

: : A d
The second is the case in which D is a bounded domain in R, and

homogeneous boundary conditions are imposed on 0D.

(There is a third situation which is covered - formally at least - by
(5.1), and that is the case where T is an integral operator rather than a
differential operator. Suppose, for instance, that Tf(x) = g(x) f f{y)h(y)dy for
suitable functions g and h. In that case, TMt(x) = g(x)Mt(h). Now Mt(h) is a
real-valued martingale, so that (5.1) can be rewritten
{ th = LV dt + ngt(h)

V(x,0) = 0

This differs from (5.1) in that the driving term is a one-parameter



340

martingale rather than a martingale measure. Its solutions have a radically
different behavior from those of (5.1) and it deserves to be treated separately.)

d
Suppose (5.1) holds on R . Integrate it against ¢e §(Rd), and then

*
integrate by parts. TLet T be the formal adjoint of T. The weak form of (5.1) is

then

t t - a
(5.2) v (0) = f v_(Lo)ds + { 4T ¢(x)M(axds), ¢ € S(RV).
0 0 R -

Notice that when we integrate by parts, (5.2) follows easily for ¢ of
compact support, but in order to pass to rapidly decreasing ¢, we must use the fact
that V and Tﬁ do not grow too quickly at infinity.

In case D is a bounded region with a smooth boundary, let B be the operator

B = d(x)DN + e(x), where D_ is the normal derivative on 0D, and 4 and e are in

N

el
C (3D). Consider the initial-~-boundary-value problem

%% =1V + ™ on D x [0,=);
(5.3) BV = 0 on 3D x {0,®);
vVi(x,0) =0 on D.

L--3 @
Let C (D) and CO(D) be respectively the set of smooth functions on D and the
L. p—
set of smooth functions with compact support in D. Let C (D) be the set of functions
@ p—
in C (D) whose derivatives all extend to continuous functions on D. Finally, let
L=
s, = {6 € c(D): B = 0 on 2D}.

The weak form of (5.3) is

t £,
(5.4) V(e) = [ v.(uo)as + [ [ T ¢(x)M(axds), ¢ € S_-
t 0 s 0 D =B

This needs a word of explanation. To derive (5.4) from (5.3), multiply by
¢ and integrate formally over D X [0,t] - i.e. treat Tﬁ as if it were a
differentiable function - and then use a form of Green's theorem to throw the
derivatives over on ¢. This works on the first integral if both V and ¢ satisfy the
boundary condition. Unless T is of zeroth order, it may not work for the second, for
ﬁ may not satisfy the boundary conditions. (It does work if ¢ has compact support in

D, however.) Nevertheless, the equation we wish to solve is (5.4), not (5.3).

The requirement that (5.4) hold for all ¢ satisfying the boundary

conditions is essentially a boundary condition on V.
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The above situation, in which we regard the integral, rather than the
differential equation as fundamental, is analogous to many situations in which
physical reasoning leads one directly to an integral equation, and then mathematics
takes over to extract the partial differential equation. See the physicists'
derivations of the heat equation, Navier~Stokes equation, and Maxwell's equation,
for instance.

As in the one~variable case, it is possible to treat test functions ¢(x,t)

of two variables.

Exercise 5.1. Show that if V satisfies {5.4) and if 4{x,t) is a smooth function such
that for each t, ¢(,t) € §B' then

t t
3 *
{(5.5) V(e)) = [ v (Le(s) + °F (shrds + T Glx,s)M{dxds) .
t o ® ds 0D

Let Gt(x,y) be the Green's function for the homogeneous differential

equation. If L = %-A, D= Rd, then

Ly=x/®
G, () = (2m) V2 7 2

For a general L, Gt(x,y) will still be smooth except at t = 0, x = y, and its
O
smoothness even extends to the boundary: if t > 0, Gt(x,‘) € C (D). It is positive,

and for T > O,

Lex|?
-X
(5.6) G, (%) < ¢t a2 - bt yeD, 0<t<T,

d
where C > 0 and 6 > 0. (C may depend on t). This holds both for D= R and for
d ia 3
bounded D. If D= R, Gt(x,') is rapidly decreasing at infinity by (5.6), so it is

in g(Rd)- Moreover, for fixed y, (x,t) » Gt(x,y) satisfies the homogeneous

differential equation plus boundary conditions. Define Gt(Q,y) = f Gt{x,y)¢(x)dx~
D

Then if ¢ is smooth, Go¢ $. This can be summarized in the integral

equation:

t
oty) + [ 6 _ (Lo,y)du, ¢ € §
s

(5.7) G (0,¥) 5
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The smoothness of G then implies that if ¢ & Cm(ﬁﬁ, then Gt(¢,') E gB' In

d d d
case D= R ,, then ¢ ¢ §(R ) implies that Gt(¢,°) [ g(R )

THEOREM 5.1. There exists a unique process {Vt, t>0} with values in g'(Rd) which

satisfies (5.4). It is given by

t *
(5.8) v () = £ f r Gy .g(¢,y)Mldyds).

Rd

The result for a bounded region is similar except for the uniqueness

statement.

THEOREM 5.2 There exists a process {Vt, t > 0} with values in §'(Rd) which

satisfies (5.5). V can be extended to a stochastic process {Vt(¢), t>0, ¢¢ gB};

this process is unique. It is given by

t *
(5.9) v (6) = g é T G,__(6,y)M(dy ds), b ¢ 5.

PROOF. Let us first show uniqueness, which we do by deriving (5.9).

Choose ¢(x,s) = G (¢,x}, and suppose that U is a solution of (5.4).

t~-s

Consider Us(¢(s)). Note that UO(¢(O}) = 0 and Ut(¢(t)) = Ut(¢). Now Gt_s(¢:‘) € gB’

so we can apply (5.5) to see that

£ 5 t
U (0) = U (e = [ u_(mdis) + ¥ (s)ras + [ [ 2 eix,smax as).
o s s o b

But I + %§>= 0 by (5.7) so this is
t *
= [ [T 4ix,s) M(ax ds)
0 D
t

L]
= g £ T G __(6,x)M(dx ds) = V _(6).

Existence: Let ¢ ¢ §B and plug {5.9) into the right hand side of (5.4):
t s t

N
0

*
TG (Lé,y) M{dy aw)]ds + [ [ T ¢(y)M{dy,duw)
S~ oD

[

/
D
t

ey

t
=[]
0D

*
[ e, (te,yras + oy Im(ay au).
u
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Note that T* Gs_“(L¢,y) and T*$(y) are bounded, so the integrals exist. By (5.7)

this is

t *
)(; é T G, _,(¢,yIM(dy du)

Vt(¢)-
by (5.9). This holds for any ¢ € §B’ but (5.9) also makes sense for ¢ which are not

in §B. In particular, it makes sense for ¢ ¢ §(Rd) and one can show using Corollary

4.2 that Vt has a version which is a random tempered distribution.
This proves Theorem 5.2. The proof of Theorem 5.1 is nearly identical; just

replace D by Rd and 53 by g(Rd)- Q.E.D.

AN EIGENFUNCTION EXPANSION

We can learn a lot from an examination of the of the case T & 1. Suppose D
is a bounded domain with a smooth boundary. The operator -L {plus boundary

conditionsg) admits a CONS {¢j} of smooth eigenfunctions with eigenvalues kj. These

satisfy
(5.10) 5 (1-&3.)'? <o if p > 4/2.
3
2 -p .
(5.11) sup H¢jﬂw(1+kj) < @ if p > d4/2.
3
Let us proceed formally for the moment. We can expand the Green's
function:
~A.t
Gt(x,y) = X . (x).{yle I,
i 3 J
If ¢ is a test function
-A.t
» 3
G (4,y) = Yo.6. (v)e
3 33
where $j= f¢(x)¢j(x)dx, so by (5.9)
D
t N -k . {t-s}
v =[] Tae.vre M(dyds).
0pj O3
Let
t A, (t=s)
A (e) = I o (y)e 3 M(dyds).

0D
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Then
(5.12) () = § $.A,(€)
. v = AL(n).
t 33
This will converge for ¢ € gB, but we will show more. Let us recall the
spaces Hn introduced in Ch. 4, Example 3. Hn is isomorphic to the set of formal

eigenfunction series

f = b

for which
2 2 n
BERT = )a’ (1+A, < w,
n Z 3 J)

We see from (5.12) that v, ~ 2 Aj(t)¢j.
3

PROPOSITION 5.3. Let V be defined by (5.12)., If n > 4, Vt is a right continuous

process in H_n; it is continuous if t Mt is. Moreover, V is the solution of (5.4)
with T = 1, If M is a white noise based on lebesgue measure then V is a continuous

process in H—n for any n > d4/2.

t
PROOF. We first bound E{sup Ai(t)}. Let X (t) = I 6,(x) M(axds) and note that, as
<t 0D

in Exercise 3.3,
t -A.(t-s)
]

foe & (s)e

[}

A_(t)
b

t -Aj(t—s)
X - A X.(s)d
£ g ]e js £

]

where we have integrated by parts in the stochastic integral. Thus

t A {t~s)
sup|A,(t)] < sup |X_ (©)][(1+f Ae 7 as)
t<t I ter 0’

i

[

2 sup X (B)].
<t

Thus

E{ sup A?(t)} < 4E{sup x?(t)}
t<t J

|~

16E{X§(T)}

by Doob's inequality. This is
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{5.13) =16 | 6, (x)$, (yIp{dx dy ds)
pXD%[0,7] J

2
< 16 p(pxpx[0,1] )"¢ij
< c(14a )P
- 3
for some constant C and p > d/2 by (5.11).

Thus

B(] sup A2(£)(14h,) ™} < cJ(1n ) TP
3 tgr J i

By (5.10) this is finite if n - p > d4/2 or, remembering that p > 4/2, if n > d.

Then, clearly,

2 2 -n
= +
ot Zaj(t)(1 A
is a.s. finite, hence Vt € H—n' Moreover, if s > 0,
2 2 -n
W VI = Z(Aj(t+s)-Aj(t)) S

The summands are right continuous, and they are continuous if M is. The sum is

dominated by

4] sup Ag(t)(1+K,)_n <=
j t<n J

for a.e.w. Now Aj(s) * Aj(t) as 8 ¥+ t, hence Hvs-vtll_n + 0as s+ t. If Mis
continuous, so is Aj' and we can let s 4 t to see V is algo left continuous, hence
continuous.

If M is a white noise the integral in (5.13) reduces to f Q?(x)dxds. 8ince
the Qj are orthonormal this is just 7. This means we can take p= 0 and n > 4/2 in

the remainder of the argument.

REMARKS. The conditions on the Sobolev gpaces in Proposition 2.3 can be improved.
For instance, if M is a white noise based on Lebesgue measure, V will be continuous
in H_n for every n > 4/2 - 1, not just for n > 4/2. The same proof shows it, once

. ; 2 . ;
one improves the estimate of E{ sup kj(t)}. In this case, Aj is an OU(hj) process
t<T

and one can show that this quantity is bounded by a constant times k;1log Aj.

Once we know that Vt is actually a solution of (5.4), the uniqueness result

implies that V also satisfies (5.9).
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Exercise 5.2. Verify that V {defined by {5.12)) satisfies {5.4).
4
Exercise 5.3. Treat the case D = R using the Hermite expansion of Example 2, Ch.4.
The spaces Hn above are analogous to the classical Sobolev spaces, but they
don't explicitly involve derivatives. Here is a result which relates the regularity

of the solution directly to differentiability.

THEOREM 5.4. Suppose M is a white noise based on Lebesgue measure. Then there

exists a real-valued process U = {U(x,t}: xeD, tzp} which is H%lder continuous with

a-1
exponent 1/4 - € for any £ > 0 such that if Ddq = ~—-g——————, then
6x2,...,bxd
a-1
Vt =D Ut.

Note. This is of course a derivative in the weak sense. A distribution Q is the

weak ath derivative of a function f if for each test function ¢,

Q(¢) = (-1)|a[ff(x)Da¢(x)dx.

If we let H: denote the classical Sobolev space of Example 1 Ch.4, this

-d+1

implies that Vt can be regarded as a continuous process in Ho

Note. One must be careful in comparing the classical Sobolev spaces Hg with related

but not identical spaces Hn of Example 3 in Chapter 4. Call the latter Hg for the
-d+1

moment. Theorem 5.4 might lead one to guess that V is in H3 , but in fact, it is a

~n

N for any n > d4/2 by Proposition 5.3. This is a much sharper

continucus process in H
result if d > 3.

This gives us an idea of the behavior of the solution of the equation
W+ M
e .

Suppose now that T is a differential operator and suppose both T and L have constant

coefficients, so TL = LT. Apply T to both sides of the SPDE:

3 _ )
at {(TV) = LTV + M

i.e. U = TV satisfies %%-= U + T™M. Of course, this argument is purely formal, but

the following exercise makes it rigorous.
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Exercise 5.4. Suppose T and L commute. Let U be the solution of (5.4) for a general
T with bounded smooth coefficients and let V be the solution for T = 1. Verify that
if we restrict U and V to the space D(D) of ¢ functions of compact support in D,

that U = TV.

Exercise 5.5. Let V solve

2
s\ v 0
3t 5 vV + Fye w, 0 <x<m=m, t > 0;
ox
oV ov
% (0,t) = % (n,t) = 0, t > 0;
v{x,0) = 0 , 0 < x < 7w,

Describe V(+,t) for fixed t. (Hint: use Exercises 5.4 and 3.5.)

REMARKS. 1. Theorem 5.2 lacks symmetry compared to Theorem 5.1. Vt exists as a

process in §(Rd) but must be extended slightly to get uniqueness, and this extension
4
doesn't take values in §'(R ). It would be nicer to have a more symmetric statement,

on the order of "There exists a unique process with values in such and such a space
such that ...". One can get such a statement, though it requires a litle more
Sobolev space theory and a little more analysis to do it. Here is how.

Let | Hn be the norm of Example 1, Chapter 4. Let Hg be the completion of
53 in this norm. If n is large enough, one can show that Vt is an element of
dgf -0

HB . Theorem 5.2 can then be stated in the form: there exists a unique

n 1
(HB)
process V with values in H;n which satisfies (5.4) for all ¢ € Hg.

2. SBuppose that T is the identity and consider (5.4). Extend V to be a distribution

on D x R, as follows. If ¢ = ¢(x,t) is in cZ(n x (0,o)), let

< o

v(g) = | V (b(s))ds and TM($) = [ [ o ¢(x,8) Miaxds).
0 0 D

Then Corollary 4.2 implies that for a.e. w, V and Tﬁ define distributions on

D X (0,2}, Now consider (5.5). For large t, the left~hand side vanishes, for ¢ has

compact support. The right-hand side then tells us that V(L¢$ + gg? + ™{¢) = 0 a.s.

In other words, for a.e. w, the distribution V(*,w) is a distribution solution of the

{non-stochastic) PDE

du = T
pr ~ W™
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Thus Theorem 5.1 follows from known non-stochastic theorems on PDE's. If T is the
identity, the same holds for 'Theorem 5.2. 1In general, the translation of (5.4} or
(5.5) into a PDE will introduce boundary terms. Still, we should keep in mind that
the theory of distribution solutions of deterministic PDE's has something to say

about SPDE's.



CHAPTER SIX

WEAK CONVERGENCE

Suppose E is a metric space with metric p. Let E be the class of Borel
gsets on E, and let (Pn) be a sequence of probability measures on E. What do we
really mean by "Pn > Po“? This is a non-mathematical guestion, of course. It is
asking us to make an intuitive idea precise. Since our intuition will depend on the
context, it has no unique answer. Still, we might begin with a reasonable first
approximation, see how it might be improved, and hope that our intuition agrees with
our mathematics at the end.

Suppose we say:

"Pn hd Po if Pn(A) hd PO(A), all A € E."
This looks promising, but it is too strong. Some sequences which should converge,
don't. For instance, consider

PROBLEM 1. Let Pn =38 the unit mass at 1/n, and let Po = 60. Certainly ) ought

1/n’
to converge to B but it doesn't. 1Indeed 0 = lim Pn{o} # P {0} = 1. sSimilar

things happen with sets like (=»,0] and (0,1).

CURE. The trouble occurs at the boundary of the sets, so let us smooth them out.
Identify a set A with its indicator function IA' Then P(A) = fIAdP‘ We “"smooth out
the boundary of A" by replacing IA by a continuous function f which approximates it,
and ask that ffdPn* ffdP. We may as well require this for all £, not just those

which approximate indicator functions.

This leads us to the following. Let C(E) be the set of bounded real valued

continuous functions on E.

DEFINITION. We say Pn converges weakly to P, and write Pn =» P, if, for all
£ € C(E),

[gap > [fap.
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PROBLEM 2. Our notion of convergence seems unconnected with a topology.

CURE. We prescribe two definitions:

def
E) = {P: P is a probability measure on Q}.

g

A fundamental system of neighborhoods is given by sets of the form
{pep(E): |[e£ap - [£ap | <e, i=1,.v.,n}, £, € C(E), i = 1,...,n.
= i io i

This notion of convergence may not appear to f£ill our needs - for we shall
be discussing convergence of processes, rather than of random variables - but it is
in fact exactly what we need. The reason why it is sufficient is itself extremely
interesting, and we shall go into it shortly, but let us first establish some facts.

The first, which gives a number of equivalent characterizations of weak

convergence, is sometimes called the Portmanteau Theorem.

THEOREM 6.1. The following are equivalent
(i) P =P ;
n
{ii) ffdPn + £4P, all bounded uniformly continous £;
(1ii) ffdPn > ffdP, all bounded functions which are continuous, P-a.e.;
{iv) lim sup Pn(F) £ P(F}, all closed F;

(v} lim inf Pn(G} > P(G), all open G;

(vi) lim Pn(A) = P(A), all A ¢ E such that P(dA) = 0.

Let E and F be metric spaces and h : E > F a measurable map. If P is a
1 -1 . sy
probability measure on E, then Ph is a probability measure on F, where

pha) = p(n N (a)).

THEOREM 6.2 If h : E > F is continuous {or just continuous P-a.e.) and if Pn => P on
=1 -1
E, then Pnh => Ph on F.

Let P_,P

3 s+++ be a sequence in P(E). When does such a sequence converge?

2

Here is one answer. Say that a set KC g(E) is relatively compact if every segquence

in A has a weakly convergent subsequence. (This should be “"relatively sequentially

compact,"” but we follow the common usage.)
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Then (Pn) converges weakly if
(i) there exists a relatively compact set K& P(E) such that Pn e K for
all n.
(ii) the sequence has at most one limit point in P(E).
Since (i) guarantees at least one limit point, (i) and (ii) together imply
convergence.
If this condition is to be useful ~ and it is -~ we will need an effective

criterion for relative compactness. This is supplied by Prohorov's Theorem.

DEFINITION. A set A ¢ B(E) is tight if for each € > 0 there exists a compact set

K C E such that for each P ¢ A, P{K} > 1 - ¢.

THEOREM 6.3. If A is tight, it is relatively compact. Conversely, if E is separable
and complete, then if A is relatively compact, it is tight.
Let us return to the question of the suitability of our definition of weak

convergence.

PROBLEM 3. We are interested in the behavior of processes, not random variables, so

this all seems irrelevant.

CURE. We already know the solution to this. We just have to stand back far enough
to recognize it. We often define a process canonically on a function space: if Q is
a gpace of, say, right continucus functions on [0,®), then a process {Xt: t>0} can be
defined on & by xt(w) = w(t), w & Q, for w, being an element of {, is itself a
function. X is then determined by its distribution P, which is a measure on . But
this means that we are regarding the whole process as a single random variable. The
random variable simply takes its values in a space of functions.

With this remark, the ocutline of the theory becomes clear. We must first
put a metric on the function space Q in some convenient way. The above definition
will then apply to measures on Q.

The Skorokhod space 2 = 2([0,1],3) is a convenient function space to use.

It is the space of all functions f : [0,1] » E which are right-continuous and have
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left limits at each t ¢ (0,1]. We will metrize D. The metric is a bit tricky. It
is much like a sup-norm, but the presence of jump discontinuities forces a
modification.

First, let A be the class of strictly increasing, continuous maps of

[0,1] onto itself. If A € A, then A(0) = 0 and A(1) = 1. Define

At)= X(s)|

IN = sup  |log A e A.

0<s<t<1
(We may have IAl = ». We don't worry about that.) If I\l is small, A must be close

to. the identity.
Next we define a distance on D by

do(f,g) = inf{IAN + supp(£(t),g(A(t))) : X € A}.
t

The functions A should be considered as time-changes. The reason we need

1[0,1/2+E](t) and g(t) = 1[0,1/2] t). Both

have a single jump of size one, and if ¢ is small, the jumps nearly coincide, and we

them can be seen by considering f(t)

would like d(f,g) to be small. Note that sup|f(t)-g(t)] = 1 however. The
t

time-change allows us to move the jump of g to coincide with that of f. After doing

this, we see that suplf(t)-g(l(t))l vanishes. (For an exercise, let
t

Alt) = (1+4e)t - 4et2 and show that d(f,g) < 4e/1-4e.)

Let us collect a few miscellaneous facts.

THEOREM 6.4. (i) do is a metric on D. If E is a complete separable metric space, so
is D.
(ii) do(fn,f) + 0 iff there exist Xn € A such that II)\n(t)—tIIm + 0 and

sup p(f(t), fn()\n(t)))m »> 0.
t

(iii) <¢([0,1],E) is a closed subspace of D.

We have to be able to characterize compact sets in D if we want to apply
Prohorov's Theorem. Remembering the Arzela-Ascoli Theorem, this should have
something to do with egquicontinuity. Let us introduce a "modulus of continuity™

which is tailored for right continuous processes.
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DEFINITION. ¥For £ £ D, let

(6.1) w(,£) = inf max sup plf(s), £(£)),

(e} 1t gsctcr, o

where the infimum is over all finite partitions 0 = t <t

<ees< £t = 1 such that
[ ] n

t, - t, > &, for all i < n-1.
i i-1 = -
This discounts the large jumps of f, for one can place the partition points
there. The effect is to find the modulus of continuity between the jumps. If f is

continuous, however, this reduces to the ordinary modulus of continuity.

The counterpart of the Arzéla-Ascoli theorem is:

THEOREM 6.5. ({Arzé@la-Ascoli theorem for D). Let E be a complete separable metric
space. A set A has compact closure in D iff
(i) for each rational t € [0,1] there is a compact set Kt‘: E such that
if £ £ A, then £(t) ¢ Kt’ all t e Qn [0,1];

(ii) lim sup w(£,56) = 0.
§+0 fea

Note: 1If E is locally compact, the compact sets Kt of (i) can be chosen to be
independent of t.

Let (Pn) [ag __lf(D) be weakly convergent. In order to identify its limit, one
often checks the convergence of the finite-dimensional distributions., If
h(x,,...,xn) is a bounded continuous function on E Xseex E, and if
0 i‘to §;°'§_tn £ 1, define a function H on D by

H(w) = h(w(t, ),...,0{t_)), w e D.
1 n =

We say that the finite dimensipnal distributions converge if, for each n and each

] 5_t1 Sj-'f_tn £ 1, there exists a measure By ¢ ©o° E Xesex E such that for each
1oty

such h and H

[nae_ > foap -
1 n

PROPOSITION 6.6. A sequence (Pn) C B(D) converges weakly iff
(i) (Pn) is tight;

(ii) the finite~dimensional distributions converge.
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All of this is convenient to describe in the language of processes. If

Xn = {Xn(t), 05@51} is a sequence of processes, we say that (Xn) converges weakly if

the corresponding distributions (Pn) on D converge weakly. Similarly, (Xn) is tight
if the (Pn) are.

To show the weak convergence of (Xn), we must show (Prop. 6.5) that

(a) (xn) is tight;

(b) the finite-dimensional distributions of the Xn converge weakly.

Of the two, tightness is often the most difficult to show. It is useful to
have easily~-checkable criteria. The following theorem, due primarily to Aldous,

gives two criteria which are useful in case there are martingales present.

ALDOUS' THEOREM

Let E be a complete separable metric space and let D = D{[0,1],E). Letp
be a bounded metric on E. Let (gt) be the canonical filtration on D, i.e.
E, = ofw(s), s<t, weD}. Let T be the class of finite-valued stopping times T such
that T < 1.

1f X is a process defined canonically on D, let

i

1w(8,X) = sup E{p(XT+6,XT)}
TeT

v(8,X) = sup pla,X).
agd

Results such as Prohorov's Theorem can be extended tc some non-metrizable

spaces. Here is one such extension due to Le Cam.

THEOREM 6.7. Iet E be a competely regular topological space such that all compact
sets are metrizable. If (Pn) is a sequence of probability measures on E which is

tight, then there exists a subsequence (nk) and a probability measure Q such that

THEOREM 6.8. Let (Xn) be a sequence of processes with paths in D. Suppose that for

each rational t g [0,1] the family of random variables {Xn(t), n=1,2,...} is tight.
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Then either of the following conditions implies that (Xn) is tight in D.
{a) {(Aldous). For every sequence (T ,8 )} where T € T and §_=» 0, §_ > 0,
n’'n n - = n n
p(Xn(Tn+6n), Xn(Tn)) + 0 in probability.
{(b) (Kurtz). There exists p > 0 and processes {An(é),0<6<1}, n=1,2,¢0-
such that
. P
X +
(1) Elpx (e+8), x (eDF|E} < (A (8)]E)
and

(ii) 1lim lim sup E{A (8)} =
50 nre

We will follow a proof of T. Kurtz. Most of the work is in establishing

the following three lemmas.

LEMMA 6.9. (a) is equivalent to

(6.2) lim 1lim sup v(§, X ) = .
5+0 nae

PROOF. If (6.2) holds, (a) follows on noticing that § » V(G,Xn) is increasing for

each n, and that E{p(X b vee X ).

T +6 ' *r
n n n
Conversely, if (6.2) does not hold, there is an ¢ > 0 such that for each
n and & > 0 there exists n > n and & < & such that v(§_, X ) > ¢/2. Then
o ) =~ "0 n— o n’ “n
E{p(X_(T_+8'),X(T ))} > £/2 for some T ¢ T and §' < § . Since p is bounded, this
n''n n n n = n—-n

implies (a) does not hold. Q.E.D.

LEMMA 6.10. If '1‘1 S_Tz e T and '1‘2 - T1 < 6, then

28
(1) E{p(XT1,XT2)} <z jo wlu,X)du < 4v(28,X);

, 26
(11) v(8,%) < 5 [ p(u,x)au.
0

PROOF. Clearly (i)=>(ii) (let T _=T +a) To prove (i), use the triangle inequality:

2
1
p (X —I (p1Xy Xy )+ p(Xy | /Xy ))dv .
T1 2 & 1 T2+v T2+v T
if v <6, Tz + v o= T1 + u for some u £ 28:
1 j26 1 fé
Ay p{X, .X Ydu + ¢+ o (X X )av
& 0 ‘1’1 T1+u 8 0 'r2+v '1-2
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Take expectations of both sides to see that

E{p(XT1,X

1 126 1,8
<+ [ pu,au + = [ piv,X)av
T 5% 5%

which implies (i). ' Q.E.D.

LEMMA 6.11. (a) implies that

(6.3) lim lim sup E{w(é,xn)} = 0 .
50 o

PROOF. Fix n, € > 0 and 0 < § < 1. Set SO = 0 and define

s = inf{t>s

k41 pIX, X

s ) 2 e} 1

k k

If t e [S ), p(X_,X_. ) < € so p(Xs,xt) < 2 if s,t £ [8

k’Sk+1 £ Sk ). If the (Sk)

k'sk+1
form a partition of mesh >§, w(&§,X) < 2e.

Fix K and notice that if SK = 1, there is some J < K for which
SJ < 1= sJ+1, and if Sk - Sk_1 > 6 for all k < J, {so,...,sj,1} forms a partition of
mesh >6, hence w{§,X) < 2¢. In any case, w(§,X) < 1. Thus, a very rough estimate of

w(b,X) is

w(d,%) < 2 + 1 a1
{s, -5, _,< 6 some k<J, J<K; § =1}

Let T = sk+1 A (sk+6):

k
K-1
<2+ ) ;1—p(xT g ) * Ig oqy

k=0 k k X
where we use the fact that if Sk+1 - Sk <68, Tk = Sk+1 and p(XTk,Xsk) > £ so the sum
is > €.

Thus
1 K=-1
E{w(8,Xx )} < 26 + < kgox{p(xn('rk),xn(sk)} + p{s <1}

ia

4K
4+ = +
2e + v (28,X ) p{sK<1}
by Lemma 6.10.
The final probability is independent of §, and it converges to zero as

K + o, 1In fact, the convergence is even uniform in n. To see this, fix 60 and note

1-s 1-s

p{s <1} = ple 5> 1) < E{e K

}
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n
- %(Sk+1—sk)
< e E{e }
k=1 =(S_ .~S )
emlD o XTOK,
k=0
K-1 ~K(S, . =8 )
<el e k+1 "k
k=0

by Hélder's inequality. The integrand is bounded by e © on {Sk+ -sk><5o} and by one

1

otherwise, so this is

K~-1 ~K&
0= 1/%
<e Eo (e +P{sk+1 sk<60})
K-1 )
<e U (e °+£v(26 .4 ))VK
- -0 € 0" n
by Lemma 6.10.
Thus
1-K&
4K 0 4e
E{w(é,xn)} L2+ TS V(26,X ) e + g VI28.x ).

Let n» » and 6§ + 0 in that order and use {a). Then let K » =, 60 + 0 and finally

€ > 0 to get (6.3).

PROOF (of Theorem 6.8). We first show that (b} => (6.2), which implies (a) by Lemma
6.9, and then we show that (a) implies tightness.

If0<a<dandp >0

P P
E{p" (X_(T+a),X_(T))} < E{E{p" (X (T+a),Xn(T))|£T}}

IA

e{e{a (a)|E}

E{An(a)}

hence p.(a,xn) < E{An(a)}. By the lemma

o, 2
vs,x ) < F IOE{An(u)}du .

Let n > @ and § > 0 and use Fatou's lemma and (ii) to see that (6.2) holds.
To prove tightness, note that w(é,xn) ¥+ 0as & ¥ 0, so Lemma 6.11 implies

lim sup E{w(é,xn)) = 0
&+0 n

Let (tj) be an ordering of Q N [0,1] and let € » 0. For each j there is a compact

ch £ such that
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PIX (t.) e K.} » 1 - e/23%t,
n j j

€
Choose 6k ¥ 0 such that sgp E{w(ék,xn)} < e . Thus

+
sup p{w(&k,xn) > -3(— < e/2"". et A c D be
n

1
A={wepD: wlt,) €K, w(w,ék) RS k=1,2,.04}.

Now lim sup w(6,w)
§+0 weh

0. Thus A has a compact closure in D by Theorem 6.5. Moreover

P{X eA} > 1 Z P{x (£) e K}

EP{“(ék'xn’ > 1/kx}

>1-¢e/2-¢/2=1-¢,

hence (Xn) is tight.

MITOMA'S THEOREM

The subject of SPDE's involves distributions in a fundamental way. We will
need to know about the weak convergence of processes with values in S'. Since §' is
not metrizable, the preceeding theory does not apply directly.

However, weak convergence of distribution-wvalued processes is almost as
simple as that of real-valued processes. According to a theorem of Mitoma, in order
to show that a sequence (Xn) of processes tight, one merely needs to verify that for
each ¢, the real-valued processes (Xn(¢)) are tight.

Rather than restrict ourselves to §', we will use the somewhat more general
setting of Chapter Four. Let

B = \;: Hn’_j oooDH_1g HOD H1D .‘.DQ Hn= E

where Hn is a separable Hilbert space with norm | ﬁn, E is dense in each Hn,

PN < and for each n there is a p > n such that I | < I 0 _. E has the
n -~ n+1 noe P

topology determined by the norms I Hn, and E' has the strong topology which is
determined by the semi norms

pp(£) = sup{|£(o)], ¢ea)
where A is a bounded set in E.

Let D({0,1],E') be the space of E'-valued right continuous functions which
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have left limits in E', and let C([0,1],E'} be the space of continuous E'-valued
functions. C([O,1},Hn) and 2([0,1],Hn) are the corresponding spaces of Hn-valued
functions.
If £f,9 € g([O,i],E’), let
d,(£,9) = inf{IMl + s:p pp(£{E)=g(A(£)), X & A},
and

3, (£,9) = S\;p p, (£(£)-g(t)).

Give 2([0,1],E') (resp. C([0,1],E")) the topology determined by the dA (resp. EA) for
bounded A E. They both become complete, separable, completely regular spaces. The
2([0,11,Hn) have already been defined, for Hn is a metric space.

We will need two "moduli of continuity". For w € 2([0,1],E'), ¢ € E, set

w(d,w;¢) = inf max sup [<w(t) - wis),o>]
i <
(e} 1 g gscece,
where the infimum is over all finite partitions 0 = t0<t1<-°-<tn = 1 such that
t,1 - ti—1 >8 for i = 1,...,n-1.

gimilarly, for w ¢ 2([0,1],Hn), let

wn(é,w) = inf max sup Hw(t)—w(s)ﬂn.
{£.} i &£ <s<t<t,
i i i+1

We will define w and W, on ¢([0,1]1,E') as the ordinary moduli of continuity.
There is a metatheorem which says that anything that happens in E' already
happens in one of the Hn. The regularity theorem of Chapter Four is one instance of

this. Here is another.

THEOREM 6.12. Let A be compact in D = D([0,1],E") {resp. C([0,11,E')). Then there

is an n such that A is compact in 2([0'1]’H~n) (resp. C([0,1],H_ ).

PROOF. We will only prove this for c{{0,11,E'). The proof for b involves the same
ideas, but is considerably more technical.

Let ¢ € E and map C([0,1],E") » c([0,1], R) by w > {<w(t),6> : 0<tc1}. It
is easy to see that this map is continuous, so that the image of A is compact in

c{[0,1], R). By the Arzela~Ascoli Theorem {see Theorem 6.5)
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(i) sup sup |<w(t),6>] < », and
wedh  te(0,1]

(ii) 1lim sup w(d,w,$) = O.
5+0 wehA

From (i), we see that the linear functionals ant defined by
Fwt(Q) = <w{t),$> are bounded at each ¢, and hence equicontinuous by the
Banach-Steinhaus theorem. Thus there is a neighborhood V of zero such that
$ gV => IFwt(¢)] < 1, allwea te [0,1]. V contains a basis element, say
W : H¢Hm<e}.
Thus if ¢ = 1/g,
(6.4) [<wit),¢>] < clol , all ¢ e E.
There exists p > m such that, if (ej) is a CONS relative to |l Hp,

;ﬂe.ﬂz = 2 <=, Then
i m
3
sup supﬁm(t)ﬁf = sup sup y<w(t),ej>2 5_c21.

weR t wed t 3
set X = {weH__ : ol <c8}. There exists n > p such that 1 I < I I_, so K will
-p -p— Py P
be compact in H»n by Exercise 4.1. Thus
(') we A =>we K and XK is compact in c([0,1],H_n).
Moreover, (6.4) implies that
sup w(é,m,ej) 5~2c"ejﬂm,
WeR
s0
. : 2.1/2
lim sup w_mfé,w) = lim sup (E(w(t)-w(s},ev> H / .
550 wed 540 0<s<t<t J

lt-sl<s
. 2 2
The sum is bounded by 2c¢ Xﬂejﬂm‘< ©, so that it converges uniformly in s, t and §,
3
and it is

< lim () sup w(é,w,ej)z)v2

&0 j weA

fi

(Z lim sup w(b,w,e 2)1/2

.)
3 86+0 weA J

0.

L]

Since 1 1 <t K,
-n o~ -m

(ii') lim sup w_ (5,0} =0
6+0 weA

Thus A is compact in c([0,1],H_n) by the Arzela~Ascoli theorem. Q.E.D.
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THEOREM 6.13 {Mitoma). Let {X:, 0<t<1}, n = 1,2,... be a sequence of processes whose
sample paths are in D([0,1],E') a.s. Then the seguence x™y is tight iff for each

¢ € E, the sequence of real-valued processes {XZ(@}, t20} n=1,2,... is tight in
p([o,1], RJ).

All the work in the proof comes in establishing the following lemma.

LEMMA 6.14. Suppose (Xn(¢)) is tight for each ¢& € E. Then for each &£ » 0 there

exist p and M > 0 such that

n

sup P{ sup Xy

> M <e.
n o<t P

PROOF. We will do this in stages.
1) Let £ > 0. We claim that there exist an m and § > 0 such that

(6.5) Rl <6 => sup msupix:(m(m <e
n t

where WX = E{|X|A1}.

To see this, consider the function

F(¢) = sup sup Xt(¢)M R ¢ € E.
n t

Then
(1) F(0) = 0;
(ii) F($) > 0 and F($) = F(~-¢);
(1i1)  [a] < |b] => Flad) < F(bo):
{iv) F is lower-semi~-continuous on E;

(v) lim F(¢/n) = 0.
nr
Indeed (i)-(iii) are clear. If 45> ¢ in E, x:(¢j) > x:(¢) in 1%, hence
|x2(¢j)|A1 + |X](¢)|A1 in probability, and lim inf[sup]x:(¢j)|A1] Z'sup|X2(¢j)]A1
3 t €
a«.s. Thus

F{$) = sup E{supiXi(@)[A?} < sup lim inf E{supix?¢)IA1}
n t n 3 t

S

lim inf sup E{supEXi(¢)lA1}
h] n t

lim inf F(¢.),
. 3
3

proving (iv).
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To see (v), note that (X:(¢)) is tight, so, given ¢ and £ > 0 there exists

an M such that P{sup|X2(¢)|>M} < g/2.
t

Choose k large enough so that M/k < £/2. Then

F(¢/k) = sup E{sup|X](¢/K)| A1}
n t
n M
< sup [P{sup{xt<¢/k>{>m} + 5
n t
< £

Let Vv = {¢: F(¢) < €}. V is a closed (by (iv)), symmetric (by (ii)),

absorbing (by (v)) set. We claim it is a neighborhood of 0. Indeed, E = {J nV, so
n

by the Baire category theorem, one, hence all, of the nV must have a non-empty
interior. 1In particular, %-V does. Then V %«V - %-V must contain a neighborhood
of zero. This in turn must contain an element of the basis, say {¢: §¢Hm<6}. This
proves (6.5).

The next stages of the argument use the same techniques used in proving
Theorem 4.1. (We called them "tricks" there. Now we are using them a second time,
we call them “"techniques".) However, the presence of the supremum over t makes this

proof more delicate than the other.

2} We claim that for all n

iX2(¢) 2,2

(6.6) Re E{sup(1-e )} < 2e(1 + lon /87)s ¢ € E.
t
ix2‘¢) n 1 2

Indeed, Re{l-e } = 1= cos X ($) <= (X, ($) A2). 1If I¢l_ < &, then

t -2 t m

n
iX, (4)
Re E{sup(l-e = )} S_%-E{Sup x2(¢)2A2}
t t

|A

2E{sup}XZ(¢){A1I}
t

2h sup|x (o) [0 < 2.
t

on the other hand, if ﬁ¢ﬁm > 8, replace ¢ by ¢ = 6¢/ﬂ¢ﬂm:

iX, (¢) Ho12

Re E{1-e } o< 2 p(—2
=252

n 2
Xt(¢) a2}

2
1 Il n, . .2
<55 E{xt(¢) 22}

< 2el012/52
-— m
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since 41 < 6.
m =

3) We claim that for M > 0 there is p > m and constant K such that for

all n,
- am supux:ufp
(6.7) E{(1 - e £ }o< 261+ x/me2).
Indeed, there exists p > m such that § Hm < § k_. Let {e.) be a CONS in E, relative
HS P J
2 N
to I "n' Let Y1,Y2,... be iid N(O,ﬁ) random variables, and put ¢ = % Yjej.
ix2(6) X0(0)
Re E{sup(1 - e 3} = rRe E{E{sup(1 - e Y
t t
<E(2e(1 + 101257}
N @ def
2 2 2 2 2 X
! = = = K¢ w.
But E{10l "} E{§ Yj“ej“RQ <5 ; e 4 < ®. On the other hand,
¥ on
ix:(¢) i Eijt(ej)
Re E{sup(1 - e )} = Re E{sup{1 - e )}
t t
N
iZY.xt(e.)

1

{v

Re E{sup E{(1 ~ e

EMIE
£ t

But, given X , the conditional distribution of Eijt(ej) is W(0,

=N

¥ n 2
? X. (e} ). We
1 303

know the characteristic function of a normal random variable, so we see this is

N
1 n 2
- zxt(ej}

= E{sup(1 - e ’}.

t

n 2 n
Let N » o, th(ej) = "xt"—p’ so we can combine these inequalities to get

(6.7).

supHXtHEp

2 t e-1
4) If supllxtll_p >M, 1~ e > T, 80

t

I

1 2
v supﬂXtN_P

1 plsuplx 12 > M} < E{1 - e }
e £ t -p -

26 (1 + x/M82).

|A

If M Z_K/&z, then

2
P Ax > < —— g.
{s:p e M} Ll

Q.E.D.
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PROOF (of Theorem 6.13). Fix € > 0. Choose M and p as in Lemma 6.14. With
probability 1 - €, xt lies in B = {x: an_p < M} for all t. There exists g > p such

that 1 < B %, hence I 1 < I # . Then A is compact in H . Let
P HS q ~q HS - -q

K ¢ p([0,1],E') be the set {w : w(t) e A, 0<t<1}.

Let (e;) be a CONS relative to I I . Since (x“(ej)) is tight by
hypothesis, there exists a compact set K,j c 2([0,1], R) such that
P{x?(ej)eKj} >1- E/Zj for all n. Let K; be the inverse image of Kj in D([0,1],E")
under the map & > {<w(t),ej> : 0<t<1}. By the Arzela-Ascoli Theorem,

lim sup w(d,w;e.} = 0;
8+0 wek! 3

moreQvexr
P{x. € K} 21 - es27.
Set K' = K n ﬂx:','. Then
3
P{x] e K'} > 1 - - Jes2? =1 - 2.

Now,
s . ; 2,172
lim sup w(é,w,H__ ) = lim sup (E inf max sup Wwlt)-w(s),e.>")
550 wek' T g0 wek' 3 {t.} i t,<s<i<t, J
i i~ i+1
< lim sup () w(6,w,e.)2)1/2-
8+0 wek' j J
But if w £ K', ﬂw(t)ﬂ_P < M so the sum is dominated by 2M Xuejﬂz < o
3 i
(since # RP < 1 ﬁq). Thus we can go to the limit inside the sum. It is
HS
< {} 1lim sup w(&.w;e.)2)1/2
j 640 wek' J
= 0.

A is compact in H_q, so Theorem 6.5 tells us that K' is relatively compact
in 2([0,1],H_q). The inclusion map of H*q into E' is continuous, so that K' is also
relatively compact in B ([0,1],E'), and hence (xn) is tight.

Q.E.D.

This brings us to the convergence theorem.

n
THEOREM 6.15. Let (X') be a sequence of processes with paths in g([0,1],E‘).

Suppose
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(i) for each ¢ £ E, (X"(¢}) is tight;

(ii) for each ¢1,...,¢P in E and t ,...,tp ¢ [0,1], the distribution of

1
(xn (b ),...,Xn (¢ _)) converges weakly on Rp.
t1 1 tp p

n [)
Then there exists a process Xo with paths in 2([0,1],E‘) such that X => X .

PROO¥F. (x“) is tight by Theorem 6.13. The space D([0,1],E') is completely regular
and each compact subset is in some H-n and is therefore metrizable. By Theorem 6.7,
some subsequence converges weakly. But (ii) shows that there is only one possible
limit. We conclude by the usual argument that the whole sequence converges.

Q.E.D.

Note: The index p of Lemma 6.14 may depend on €. If it does not, and if

T 9 < 10, then (X") then will be tight in D([0,1],H ), and we get the
P oy 4 = -q

following.

COROLLARY 6.16. Suppose that the hypotheses of Theorem 6.15 hold. Let p < g and

suppose 1 np < Hq. Suppose that for € > 0 and M > 0 there exists § > 0 such that
HS

for all n

Plsup |<x,6>] > M} < & if 16 < &.
t t - P

Then (Xn) converges weakly in 2([0,1],H_q).



CHAPTER SEVEN

APPLICATIONS OF WEAK CONVERGENCE

Does the weak convergence of a sequence of martingale measures imply the
weak convergence of their stochastic integrals? That is, if Mt o=> M, does
foM” => femz Moreover, do the convolution integrals - which give the solutions of
SPDE's - also converge?

We will give the beginnings of the answers to these questions in this
chapter. We will show that the answer to both is ves, if one is willing to impose
strong hypotheses on the integrands. Luckily these conditions are satisfied in many
cases of interest.

We will confine ourselves to measures on Rd and on sub-domains of Rd,
where we have already discussed the theory of distributions. We will view martingale

measures as distribution-valued processes, so that weak convergence means convergence

in distribution on the Skorokhod space D = D{ [0,1], §'(Rd)}.
Cur martingale measures may have infinite total mass, but we will require
that they not blow up too rapidly at infinity.

Py .
Fix p, > 0 and define h (x) = (1 + |x] 0, xer?. 1EMisa worthy

martingale measure with dominating measure K, define an increasing process k by

(7-1) k(t) = f h(x) hy(y) K(ax dy ds),
2% (0,t]
and
(7.2) Y(8) = sup (k(t+8) - k(t))
£<1

We will assume throughout this chapter that E{k(1)} < ». Note that this means that
for any ¢ € g(nd), Mt(¢) is defined for all t < 1, since ¢ tends to zero at infinity

faster than ho. Thus Mt is a tempered distribution (Corollary 4.2).

For a function f on Rd , define

Hf ||°° = gup |f(x)|:
_ -1
”f{{h - ”f ho ”m .

Note that H¢ ”h < = for any ¢G~§(Rd), and, moreover, if I]f”h < ®, then Mt(f) is

defined.
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LEMMA 7.1. Let S < T be stopping times for M, and let f €& gﬁ. Then

T
2
(7.3) <E*M(E)>, = <E*M(E)>o < £ lees) [l dkis).

Consequently, if ¢ € g(Rd),

(7.4) SETM(9)>, = <EM(6)> |¢|| j l£¢s) || ak(s).

PROOF. The left-hand side of (7.3) is

| fx,s)E(y,s)K(ax dy ds) = [ f£(x,5)h] (x)E(y,s)hy (y)h(x)h,(y)K(dx dy ds)
24, (s, r2% (s,
< l£es) 1|2 myomg(y) xiax ay as)
R dx(S‘T]

T 2
= [ gt ||h dk(s).
s

Then (7.4) follows since ||£(s)¢ ||, < |lo ]}, Il£ts)[l,- Q.E.D.

LEMMA 7.2. Let T be a predictable stopping time. If k is a.s. continuous at T then

for any bounded Borel set A C Rd and f € EM, P{f*M(A) is continuous at t} =

PROOF. The graph [T] of T is predictable, hence so is f£(x,t) I{ (t)IA(x)- By

T}
(7.3), if £ is bounded

E((gemya) - £om,_(an?) < E( [ g1 (01 |12 ke

(]
e |[£em [|20eem) = k(r-))}

a.

The result follows for all f & gM by approximation. 2.E.D.

0 2
Let M, M, M ,... be a sequence of worthy martingale measures and let kn

and Yor B < 0,1,2,... be the corresponding guantities defined in (7.1) and (7.2}.

PROPOSITION 7.3. Suppose that

(7.5) lim limsup E{Y (8)} =
8+0 noo

Then the sequence o) is tight on 2{[0,1], §'(Rd)}.
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PROOF, By Mitoma's Theorem, we need only show that (Mn(w)) is tight for each

¢ e g'(Rd). By (7.4)
n n 2 2
Bl (M, (0) - M (4)) !gt} < Hlelly Blx (e+8) - kn(tﬂgt}
< o l1Z ety (9)]E)-

The result now follows from Theorem 6.8(b). Q.E.D.

COROLLARY 7.4. Suppose %) is a sequence of worthy martingale measures satisfying

(7.5). Let fn EP n be a sequence of uniformly bounded functions. Then (fn-Mn) is
M

tight.

PROOF. K (ax ay ds) = |£ (x,8)f (y,s)] K (dx dy ds)
_— n n n n
£ oM N
n
2
<b K n(dx dy ds)
M

where b is the uniform bound for the fn' Then the fn .Mt satisfy (7.5) and the

result follows from Proposition 7.3. Q.E.D.

WEAK CONVERGENCE OF STOCHASTIC INTEGRALS

In order to talk of the convergence of a sequence of stochastic integrals
f°Mn, we must be able to define the integrand £ for each of the M®. We can do this
by defining all of the Mn on the same probability space. The most convenient spate
for this is the Skorokhod space D. Thus we will define all our martingale measures
canonically on g, so0 that once we define f£(x,t,w) on Rd X R+ X D, we can define all
the f'Mn.

The stochastic integral is not in general a continuous function on D, so
that it is not always true that Mn => M implies that f-Mn =» feM, even for classical

martingales. Two examples, both of real valued martingales, will illustrate some of

the pitfalls.

and Mt = ; where X = %1

0 ift <1+ 1/n 0 if £ < 1
Example 7.1. Define Mz =

X if £ > 1+ i/n X ift> 1
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i

with probability 1/2 each. ILet f(t) = I ). Then M™ => M, but feM" = 0,

o,

n=12,... while f.“t =X I[1 m)(t), so the integrals don'’t converge to the right
14 E

limit.

Example 7.2. Let Bt be a standard real-valued Brownian motion from zero and put
Mt = MD + Bt and M: = Mg + Bt’ where M0 is a random variable uniformly distributed on

{0,1), independent of B, and Mg is uniformly distributed on {1/n, 2/n,+ee,1} . Define

these canonically on 2{[0,1],R}, and let f(t,w) = I{m(O) e o) (i.e. £ 10r £2 0
depending on whether the initial value of the martingale is rational or not.)
Then Mn => M, but f-Mn = Bt for all n while f*M = 0 a.s., so once again the integrals

don't converge to the right limit.

REMARKS 1. In Example 7.1, the integrand was deterministic, and the trouble came
from the jumps of M. In Example 7.2, the integrand was simply a badly discontinuous
function of w on D. Although it might seem that the trouble in Example 7.2 comes
because the distribution of M is orthogonal to the distribution of the Mn, one can
modify it slightly to make the distributions of the Mn and M all equivalent, and
still get the same result.

2. It is easy to get examples in which the f'Mn do not just converge to
the wrong limit but fail to converge entirely. Just replace every second M in
either of the examples above by the limit martingale M.

Let M be a martingale measure defined canonically on D, relative to a
probability measure P. Let k be defined by (7.1). Let TQ(M) be the class of

functions £ on Rg * R %D of the form

N
{7.6) flx,t,w) = ) a T o
n=1 n' n

NOLNESP

® -4
where 0 5_sn < tn' ¢ne C (R7), and an is bounded and gs ~measurable, n = 1,...,N,
n

such that
(1) a, is continuous P -a.s. on D;

(ii) t ~> £(x,t,w) is continuous at each point of discontinuity of k.
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If £ is given by (7.6) and if ¢ ¢ g(Rd) and w € D, define

N
F ) ($) = | a (o)1

£ ](t) (wt/\t (¢n¢) T WA (¢n¢))-
n=1 n n n

(sn,
Hote that wt(') is a distribution and ¢n¢ € g(Rd). so wt(¢n¢) is defined. The map
w > {Ft(w), t 3_0} maps D + D. It is continucus at w if w is a point of continuity
of each of the a, and if t » wt is itself continuous at each of the sn and tn. Thus
if £ € T;(M), f is P -a.e. continuous in w. Moreover, if M is canonically defined on
D, then

Ft(m)(¢) = f'Mt(¢).

By the continuity theorem (Theorem 6.1 {(iii)} we have:

PROPOSITION 7.5. Let MO, M1,... be a sequence of worthy martingale measures such
that M* = u'. 1f £6 P ') then (", o) o> (o, £en’).

This is too restrictive to be of any real use, so we must extend the class
of £f. We will do this by approximating more general f by £ in Té(ﬁo) and using the
fagt that L2 convergence implies convergence in distribution.

The class of £ we can treat depends on the sequence (Mn), and, in
particular, on the sequence (Kn) of dominating measures. The more we are willing to
assume about the Kn, the better description we can give of the class of £. We will
start with minimal assumptions on the Kn. This will allow us to give a simple
treatment which is sufficient to handle the convergence of the solutions of the
SPDE's in Chapter 5. We will then give a slightly deeper treatment under stronger

hypotheses on the Kn'

DEFINITION. Let ?E(M) be the closure of ?Q(M) in the norm
Mell = sw llecesr i -

lA)E=D
0<txt

Note: We will suppress variables from our notation when possible. Thus, we write
][f(t,w)l{ in place of }]f(‘,t,m)kl-

n 0 . 3 n 0
If M =>M, we are interested not only in the convergence of f£*M to f*M ,

but also in the joint convergence of (Mn, f-Mn) to (MO, f-MO). We may also want to
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know about the simultaneous convergence of a number of martingale measures and
integrals. This means we will want to state a convergence theorem for martingale

: : m . ; :
measures with values in R, and integrands which are rxm matrices. Weak convergence

in this context is convergence in the Skorokhod space pm = D{[0,1], s'(Rmd)}-

1 .
If M= (M ,...,Mn) and if £ = (fij) is matrix valued, we will say £ € 1PS(M)

(resp. £€ B(M)) if for each i, j, £, & T;(MJ), (resp. £, € p(7)).

0 1 2
PROPOSITION 7.6+ Let M , M, M ,... be a sequence of Rm -valued worthy martingale

measures and suppose that each coordinate satisfies (7.5). Let fn(x,t,w) =

0 = 0
(fzj(x,t,w)) be rxm matrices such that fn € E(Mn), n=1,2,+.., and £ ¢ 1?S(M )

Suppose that M => MO (on gm) and that H kzj- fgj i | > 0. Then £hem® => fO-M0 on

™
D .

oo
REMARK. We can choose £7 of the form (In) where I is the mxm identity and F is
F

1
diagonal with F’j‘j = f’j‘. Then £oM = (M° ... M, f?'Mn1,...,f;°Mnm) and the

n4
proposition gives the joint convergence of the an and the f?om 3.

n
PROOF. Each coordinate of (£ eM") is tight by Corollary 7.4, so (£ *M') is tight.

To show it converges, we need only show convergence of the distributions of

(€M) ,oon £7eM] ), where £, < £

0
£ e 5_tk are continuity points of M . Note that
1

1 2

this vector can be realized by taking another, larger matrix f and looking only at

t = 1, For instance, if t < t_ < 1, (f-Mn R f*Mn ) = E-Mn, where f = (E ' ¥ ) and
1 2 - t1 t2 1 1 2

N £lx,t), t<t,
gt =, >t , i=1,2.

Since £ E'?é(Mo) and the ti are continuity points of MD, %i € f;(MO).

1

By Mitoma's theorem, then, it is enough to check the convergence of
f“'nt(¢) for a single test function ¢ and for t = 1. By Theorem 6.1, it is enocugh to
show that

n 0
E{h(£+M (4))} » E{n(£-M ($))}

for any uniformly continucous bounded h on r .
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choose £°. ¢ P (%) such that i E9.~ £5.1] | < €2 for each i, j and let
ij s ij ij

£ = (fij). Then
[Etn(£™m(6))) - B{h(e Mo} |
< B{|nee"em (o)) - h(fO-MI:(M)I}
+ s{lh(f"-n’;w)) - n(eS ol on |
+ |5 ewl (913} - E{£5 M) (00} ]

+ 5{|n(e%end(62) - ne%eulon |}

+ + +E,.
By, *E,*E; + By

Since h is uniformly continuous, given p > 0 there exists § > 0 such that
[h(y) = n(x)| < p if |y - x| < 6. Then
0
By <o+ 2]nll, O£ N (0) - £ ou(8)] > 8)

<o+ 2lnll 872 (] %)) D)

2 0

e+ 2lmli ™oy TN el £, I P sy
)

by Lemma 7.1. Now it follows from (7.5) that E{yn(1)} is bounded by, say, C, so that

lim sup En £ p. Moreover, the same type of calculation, with fn‘ f0 replaced by
n > «

fs- fo, gives

-2 2
By <o+ [[[In]l] 87 Jlellj ce,
and E4 satisfies the same inequality since the calculation is valid for n = 0.
Finally E3 + 0 by Proposition 7.5. Since p and € are arbitrary, we conclude that
E ,fv.et E, > 0. .E.D.
1 4 Q-E.D
Let us now congider the SPDE (5.4). Its solution is

v is) = | T* G (¢,y) M(dy ds)
(7.7 t px{o,£] ©°°

t
T* { f GuuS(L¢,y)du + 4(y)) M(dy ds)
Dx[0,t] s
t u
M o(r*e) + [ [ [ [ 16 (Lé,y) M(dy ds)]du,
t 0 0D u=s

where we have used (5.7), the fundamental equation of the Green's function, and then

changed the order of integration.

LEMMA 7.7. E{ sup vt(¢)2} < (8 ||T*¢||i + 2 sup ||T*Gt(L¢)||§)E{k(1)}.
£<1 t<1
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t
PROOF. Sup V ()2 < 2 sup M2(T*¢) + 2 sup FI(
£ ° T et t 0

Qo

[ m__(zemiay as))?au]
D
by Schwartz. By Doob's inequality

1
E{sup Vt(¢)2} <8 E{M?(T*dw)} +2 [E{
t 0

Q=g

f TG _ (Lo)IM(dy ds)]z}du,
D

and the conclusion follows by Lemma 7.1.
Q.E.D.
4] 2 s ;
Let M , M , M ,... be a gsequence of worthy martingale measures and define

v by (7.7).

PROPOSITION 7.8. If (Mn) satisfies (7.5), then (Vn) is tight. 1If, in addition,

M® = M0, then (M, V) = ®, v¥).

PROOF. 1In order to prove (Vn) is tight, it is enough by Mitoma's theorem to show

that (Vi(&)) is tight for any ¢ € g(Rd). The {Mn) are tight by Proposition 7.3, so

we must show that the sequence (Un) defined by

t

u

n

= [ [ f [ c__(té.y)May ds)du
t o 6 D uss

is tight. Let

u
S_ = sup 1 f f ™ G _(Ld,yIM{dy ds)I.
" w1 o0 oD u-s

If T, is a stopping time for M, 6n > 0, and if Tt 6n < 1, then

n n
U, o5~ Uy | <6,.8 -
n n n

2
By Lemma 7.7, E{Sn} <c E{kn(1)}. By (7.5), this expectation is bounded in n, so

: 1 . iqs

Ui 8 " Uﬁ + 0 in L , hence in probability. Moreover, E{(Ui)z} S_E{Si}, so that (U:)
n n n

is tight for fixed t. By Aldous' Theorem, (Un) is tight.

We need only check the convergence of the finite-dimensional distributions

0 0
in order to see that (Mn, Vn) => (M, V). But for each t, T*Gt_s(¢,y) is

st s fo s a N . : s
deterministic, is in S(R") as a function of y, and is a continuous function of s for

s # t. Thus if t is not a discontinuity point of MO, (s,y) + T*G _s(o,y) is in

t

540 . ; : e
P(M'). The finite-dimensional convergence now follows from Proposition 7.6.

Q.E.D.
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If ¢ is in the Sobolev space HP(D) of Example 1, Chapter 4, and if p > 4/2,

then there is a constant C such that H¢||m £~C||¢I|H « Since h_ is bounded away

0

from zero on the bounded domain D, 1}¢[Ih < CII¢IIH for another constant C. If ¢ is

the order of T (and hence of T*) and if ¢ € H for all 0 < £t < 1, then

pta+2
]lT*Gt(L¢)llh S.Cl}¢liﬂ for all 0 < t < 1 (and in particular for t = 0) so that
pra+2
Lemma 7.7 implies that
n 2
E{sup v (93} < clllo E{k (1},
<1 pta+2

Suppose that g > p + 2 + 4/2. Now E(kn(1)} is bounded if (7.5) holds, and
Hp+a+2 és Hq. By Corollary 6.16, Vn =>» V, as processes with values in H_q. Thus
COROLLARY 7.2, If (Mn) is a sequence of worthy martingale measures which satisfies

(7.5) and if ¥=> M, then V" => v° in p{[0,1), H }.

-(d+a+3)

AN APPLICATION

In many applications - the neurophysiological example of Chapter 3, for
instance -~ the driving noise is basically impulsive, of a Poisson type, but the
impulses are so small and so closely spaced that, after centering, they look very
much like a white noise. The following results show that for some purposes at least,
one can approximate the impulsive model by a continuous model driven by a white
noise. One might think of this as a diffusion approximation.

Let us return to the setting of Chapter 5. Let D be a bounded domain in
R@ with a smooth boundary, and consider the initial-boundary value problem (5.3)
with two changes: we will allow an initial value given by a measure on Rd , and we
will replace the martingale measure M by a Poisson point procesgs II.

Let Hn be a sequence of time-homogeneous Poisson point processes on D with
characterigtic meagures By (Recall that this means that Hn is a random og-finite
signed measure on DX [0,») which is a sum of point masses. If A C D is Borel and
K ¢ R is compact with 0 ¢ ¥, let NE(AXK) be the counting process: N:(AXK) is the

number of points in AX[0,t] whose masses are in K. Then {N:(AXK), t > 0} is a
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XK, n A XK

Poisson process with parameter un(AxK), and if A1 1 7%,

= ¢, then Nn(A1XK1) and
Nn(Azsz) are independent.) Let

m (A) = [ rop (dx dr)
n DXR n

and

Gn(A) = I rzun(dx dr)
DXR
be the mean and intensity measures, respectively, of Hn. For § > 0, let
248
Q (8) = if) £ (ax ay).

Let L, T and B be as in (5.3), let vn be a finite measure on D and consider

the initial-boundary value problem

dV °n
3t LV + TI

(7.8) BV = 0 on 3D
vO = Vn

Note that Mi(A)dgf Hn(A x [0,t]) - t mn(A) is an orthogonal martingale

measure. The solution to (7.8) is, by Theorem 5.2,

-

n
(7.9) Vo) = [ G (d,y)v (ay) + G, _{¢,y)m_{(dy)ds
t 5 t n DX [0,t] 5 n

+ [ T*Gt_s(¢,y)Mn(dy ds).
Dx[0,t]

THEOREM 7.10. Suppose that there exist finite (signed) measures v, m, and 02 on D
such that vn => v, mn => m, and on => ¢, in the sense of weak convergence of measures
on D. Suppose further that for some § > 0, Qn(é) + 0. Then there exists a white
noise W on DX[0,t), based on do 4t, such that (Mn, Vn) => {W, V), where V is defined

by

(7.10) v (@) = [ e (4yiviay) + [ G, _ (,yIm(ay)ds + [ TG

_sw,y)wtdy ds)
Dx [0,t] Dx[0,t]

t

PROOF. The first two terms of {(7.9) are deterministic and an elementary analysis
shows that they converge uniformly in t, 0 < t < 1, to the corresponding terms of
{7.10}. {(Indeed, y > Gt(¢,y) ig continuous so the integrals with respect to vn and

m converge; one gets the requisite uniform convergence by noticing that the same

3G
holds for the integrals of SEE (d,¥3.}
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It remains to show that the third term converges weakly. Note that the
sequences (Mn(D)) and (Gn(D)), being convergent, are bounded by, say, XK. Thus if
0 <s <t <1

™ (p)>, - <M (D)>_ = (t-s)o (D) < K(t-s).
t s n -
It follows that (Mn) is of class (p,Kp) for all p > 0 and that (7.5) holds, for
¥(8) = K§. Thus ) is tight by Proposition 7.3. We claim that u® => W. Note that
once we establish this claim, the theorem follows by Proposition 7.8.

It is enough to show that the finite-dimensional distributions of Mn(¢)
tend to those of W(¢) for one ¢, and, since M:(¢) and Wt(¢) are processes of
stationary independent increments, we need only check the convergence for one value
of t, say £t = 1. Thus we have reduced the theorem to a special case of the classical
central limit theorem.

Since we know the characteristic functions for the Mn explicitly, we can do
this by a direct calculation rather than applying, say, Liapounov's central limit
theorem.,

Write eix—1 = ix - % x2 + £(x). Then certainly |£(x)] S_Zx2 and

lim f(x)/x2 = 0. Let

%>0
ik M(8)
¢ (\) = log Efe
AT (6)
= log Ele } - ik mn(¢),
where 0 (¢) = | ${(x)T"{ax ds). Let us also write m ($) = | $(x)m (ax),
1 DX [0, 1] n n

2 2
Un(¢ ) = f ] (x)cn(dx). From the properties of Poisson processes the above is

% f (ei ${x)r
Dx [0, 1]

in $(x) rp (dx dr) ~ iAm (§)
DX [0,1]

-1) g (dx dr) - ir m ($)

#

_%)\2 / xz(x)rzun(dx ar) + | £ (x)T)u_(ax dar)
px[0,1] px [0,1]

- —;-kzonwzp + £A ¢ 0x)r)p (@x ar) .
DX [0, 1]

i

The first term converges to - %'k20(¢2) as n + « gince Un => ¢+ We claim the second
term tends to zero.
Choose € > 0 and let 1 > 0 be such that if |x| < 7, then lf(x)l j_exz. The

second integral is bounded by
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e A2¢2(x)r2pn(dx ary + [ 2 o200 fr})zﬁun(dx ar)
{Aztonr_<n} {xrret >}

<e 2% 0% + T je |1 2% (6).

Since (Un(¢2)) is bounded and Qn(é) + 0, we conclude that

2
A 2
¢n(K) -5 Gn(¢ )
which is the log characteristic func¢tion of W1(¢).

Q.E.D.

REMARKS. Let o be the degree of T. By Corollary 7.9, we see that v? = v in

p{[o,1], ® }. One can doubtless improve the exponent of the Sobolev space by

-{d+a+3)

a more careful analysis.

AN EXTENSION

Propositions 7.6 and 7.8 are sufficient for many of our needs, but they are
basically designed to handle deterministic integrands, and we need to extend them if
we are to handle any reasonably large class of random integrands.

We will look at the case in which the functions kn(t) of (7.1) are all
absolutely continuous. The treatment unfortunately becomes more complicated. Any
reader without a morbid interest in Holder's inequalities should skip this section
until he needs it.

Let M be a worthy martingale measure on Rd . Set

AM*($) = sup|M _(¢) - M__(¢)| and AM* = sup AM*(I h_).
rar t t negd £ AT

Note that for any f ¢ gM such that ||f(t)||h < 1 for all t, we have

sup [E°M_(A) - £+M_ (A)] < 2 AM*.
t £~ =
t,A

P
We say M has L ~dominated jumps if AM* ¢ LP.

Let us recall Burkholder's inequalities for the predictable square function

<M(¢}>t.

THEOREM 7.11. (Burkholder-Davis-Gundy) Suppose & is a continuous increasing

function on [0,») with $(0) = 0, such that for some constant ¢, &(2x) < ¢ &(x), for
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all x > 6. Then
(i) there exists a constant C such that

E(@( sup | M_(0) )} < ce(@cane)>)’?)) + crloan (4}
s<t

{ii) if & is concave

E{® (sup |MS(¢)|2} <5 E(@((M(@D;/z)}.
s<t

We will usually apply this to &(x) = ]xfp for p > 0. If 0 < p < 1, we are in
case (ii).
0 2 . .
In what follows, M , M , M, ... is a sequence of worthy martingale

measures and ko,k1,k are the increasing processes of (7.1). We will assume, as

PYARE
n . : : n

we may, that all the M are defined canonically on D and we will use P" and E” for

the distribution and expectation relative to M®. When there is no danger of

confusion we will simply write P and E respectively.

DEFINITION. ILet p > 0, K > 0. The sequence (Mn) is of class (p,X) if for all n
there exists a random variable Xn on D such that
(7.11a) kn(t) - kn(s) S-Xn k—s] if0<s<t<1, n=20,12,...;
{7.11b) E“{xﬁ} <K n=0,1,2,.00 .

If the Mn are m—dimensional, we say that (Mn) is of class (p,X} if for each
n there exists an Xn satisfying (ii) such that (i) holds for each coordinate. (In

particular, each coordinate is itself of class (p,K).)

REMARK. If (Mn) is of class (p,X}), than each Mn is quasi-left continuous, i.e. Mn

has no predictable jumps. This is immediate from Lemma 7.2.

1]
Just as in Proposition 7.6, we want to close 7;(M ) in gome suitable norm.

In this case, the norm depends on the sequence M = .

@®

DEFINITION. 1§S(M) is the class of f ¢ M P n such that for each ¢ > 0 there exists
n=0 M

fa € 1;(M0) such that

1
(7.12) sup {1 A [ [if(s) - £5(s) des} < €.
n 0
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Note that ¥ + E{14 |Y|} gives a distance compatible with convergence in
n iqs
probability, so that the above says that f can be approximated in P ~-probability for
each n, and that the approximation is uniform in n. It is this uniformity which is

important. Without it, the condition is trivial, as the following exercise shows.

: N n
Exercise 7.1. Let fe M P o Then for any N and £ > 0 there exists e 'pS(M )
n M n

such that

1
e [ llees) - 5N o) || 2as} <.
0

PROPOSITION 7.12. Ilet Mn, n=20,1,2,... be a sequence of m-dimensional worthy

martingale measures which is of class (p,k) for some p > 0, K > 0. For each n, let

fn(x;t,w) = (fzj(x;t.w)) be an r¥m matrix such that £ € B - We suppose that there
M

1
exists an € > 0 such that En{| f ||f2:(’s) ||j+€ds|5}, n=20,1,2,... is bounded.
0

(i) Then (£7+M™) is tight on D';

(ii) if, further, ™" => M* in D", and if
0 _ 5 s
a) fij € ‘?S(M), all i,3;

1
A n n 0 2 €
b) lim B'{] ‘g Hfij(s) - £5408) [loas]®} = o,

then fn°Mn =» f0°M0 on gr.

PROOF. If the hypotheses hold for a given &, they also hold for any &' < £, so we
may assume that €¢ < p A 1. Thus if Xn, n=290,1,2,... are the random variables of

(7.11), then En{x::l} < &/P by Jensen's inequality. Notice also that for £ € P 0’
M

(7.13) [ () |S = | T (§ 230?57 < § e )€
p PR % | s 13
i 3 1:3

since ¢ < 1.

Let Tn be a stopping time for M" and let én > 0 be such that 'l‘n + 6n < 1.

By Burkholder's inequality, (7.13), and (7.4}, for any test function ¢
2 n n .n € € n Tn+6n n 2 %
{1e '»fr‘n,rénm Sy @) <s el 1El 7 Pl eer lloan, o017

1
[ n
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£

€ n Tn*{)n n 2 2
<sllelly 1 ={/ ll€35¢s) [17a)%} -
i3 Tn

Apply Holder's ineguality to the integral with p =1+ /2, g = 1 + 2/g, then apply

Schwartz' ineguality:

1 2
ﬁ.s ”¢ ni En{x§}1/2 z En{} f Hfzj(s) ”2+£ds 128/(2*6)}1/258 /(4+8).
0

i, 3
2
Now E§E‘< € 80 the expectations are bounded, and the above is then
52/(4+e)
< ch
— n
, n.n n .n . i1
for some constant C. Thus, if 6n + 0, £ Mg +5 ($) - £ oM {($) » 0 in probability.
n n n

Take Tn= 0 and 5n= t to see that for each t the sequence (fn-M:(w)) of random
variables is bounded in Le, hence tight. Aldous' theorem then implies that the
sequence (fn-Mn(¢)) of real-valued processes is tight, and Mitoma's theorem implies
that (£7+M") is tight on D'.

As in Proposition 7.5 we need only show that (fn'M?(¢)) converges weakly to
prove {ii). Let h be bounded and uniformly continuous on R® . Then if Y > 0 there

exist EY,E 17(M0) such that
i3 s

(7.14) En{}ﬂ\g }}f‘i'j(s) - fgj(s) II2as} <y, n=10,1,2,... .
Now
lE*{ne™ 00} - e%{nce Mo} |
< 2 |n(e"u o)) - h(fG'M?M)))” + En{]h(fo'MX;M)) - h(f”-M’:(@))[}
+ | o0} - e {neeTemdion}]
+ B{|n(e¥em o)) - neelemdion |}
dgf E1 + E2 + E3 + E4.
Fix p > 0 and let n > 0 be such that [n(y) - hi{x)] < p if |y-x| < n. Then
B <o+ 2 [Inllp{lce™ £%) « wSer] 21}
<o+ 2|nll, 0 S ™% o |}

By (7.13) and Burkholder's inequality (Theorem 7.11 (ii)) this is

-€ n ! n 0 2 e/2
<p+rrofnl_ac] {]J el - €500 [l ax ()] }
i3 0

1
< e+ 10 In ™ T2 T e - £20s) [|2as] /2
ij 0
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1
- 2 1/2
<o+ 0 |In I a5 (Y2 T M| [ (e e - e [|2as ]}
i3 o
where we have used the fact that (M") is of class (p,K) and Schwartz' equality. But

En{xi} is bounded, and the last expectation tends to zero, so lim sup E, <P

n-+*
Similarly,
By <0+ 2|l B a LT €% - w5
Now P(x) = 1 A |x|€ is concave so by Burkholder's inequality and (7.4)
1
<p+ 0l 0L E1A (S Nl - £2(s) H: dkn(s)s/z}
ij 0
1
<o+ 10 |nll 0 2T A [ €6 - 20 Jlas)®y 2
ij 0
Apply Jensen's ineguality to this last expectation, and use (7.14):

< p + 10mr ||h]§mK€/2n-€yE/2

This is valid for n = 0 too, so E4 has the same bound. Finally, E3 »> 0 as
n + ® by Proposition 7.5. Since p and Y can be made as small as we wish, it follows
n.n 0 .0 ,
that E1 F oeset E4 + 0. Thus £ 'M}(¢) => f °M1(¢) and, by Mitoma'’s theorem, we are

done.
Q.E.D.

We now look at the convolution integrals. In order to prove convergence of
distribution-valued processes such as v® oof {7.9), we usually prove that the
real-valued processes (Vn(¢)) converge weakly and appeal to Mitoma's theorem. This
means that we only need to deal with the convergence of real-valued processes.

In the interest of simplicity - relative simplicity, that is - we will
limit ourselves to the case where the integrand does not depend on n. The extension
to the case where it does depend on n requires an additional condition on the order
of {ii) of Proposition 7.12, but is relatively straightforward. We will be dealing
with processes of the form

vl = [ otx,s,t)M(ax as).
2% [0,

i} 1
Let M, M ,... be a family of worthy martingale measures of class (p,K) for

some p > 0, K » 0. Iet g(x,s,t,w) be a function on Rd x {(s,t): 0 < 8 < t} x D such

that
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©

(i) for each t,., g(*,*,t ,*)I e N ;
0 0 {sﬁpo} =0 M

(ii) there exist functions Yn on D and positive constants 8, q, and C such

that if 0 < s ¢ t < t*,
v B n

a) ’lg(s,t ) - g(s,t)‘lh i'Yn(w) !t'-t‘ P'-a.s., all n;

by lgts,t [l < ¥ (@) pP-a.s., all n;

o) EMYY} < ¢, all n.
DEFINITION. If g satisfies (i) and (ii) above we say g is of Holder class (8,q,C)

relative to (Mn).

THEOREM 7.13. Let (Mn) be of class {p,K), where p > 2 and X > 0. Let g be of HOlder

class (B,q,C), where 1—< g < 1and q >

< . Suppose further that the jumps of T

22

Bp-1

are sz-dominated, uniformly in n. Then
(1) {Uz, 0 < t < 1} has a version which is right continuous and has left

limits;

(ii) there exists a constant A, depending only on p, g, C and X such that

E{ sup U]} <2 if 1 cr <R,
<1

(iii) if £ » M: is continuous, Un is Holder continuous. Moreover there
exists a random variable Z_with E{Zr} < ® gsuch that if r = 323—,
n n 2p+q

1
~AB -~ 2/r
P-ul <z s o093 ,04¢s t<1;

‘Ut+s- t' — n s

(iv) the family (U") is tight on D{[0,t], R}.
{v)} Suppose further that Mn => MO on 2 and that for a dense set of

= n n 0 0
t € [0,t], g(x,s,t)I(sst}e 'PS(M). Then (U, M) => (U, M ).

PROOF. By replacing C and XK by max(C,K) if necessary, we may assume C = K. By
. n* 2p
enlarging K further, we may assume that E{IAM | } < X for all n.
-1 - -
Set r = 2pg{2p+q) ; since q > 2p{Bg-1} 1, 8 ! <p<r«<2p If Xn and Yn
are the random variables from (7.11) and from the definition of Holder class (B.q.C)

respectively, then

(7.15) (x*%"} < x.
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Indeed the left-hand side is bounded by

2p~-r 2p-r
*/2p 2 /2 2
ez} E(y©) 4 " Fx P,
n n =

let us extend the domain of definition of ¢ to include values of s > t by

setting
g{x,s,t) = g(x,s,tvs), 0 <s <1 0<Lt< 1.

Then t * g(x,s,t} is constant on [0,s], so g remains predictable in s and still

satisfies (i) and (ii). Define

Vo= | gtx,s,em(ax ds).
Ex[0,1]

s . : : r
Let us first show that V" has a continuous version for which sup V:e L.
t

Note that A{(g(t') - g(t))'Mn) is bounded by

2 3 n* n* 6 *
sup ‘”g(s,t } = gis,t) Hh A M < 2Y AM (t'- t)". By (7.4) and Burkholder's
s

inequality (Thm 7.11 (ii))

| /] (glx,s,t") - glx,s, £ (ax as) |7}

E{ 1Vn'__ vn‘r}
v EX (0,1]

1
<c B [ lgts,en) = gis.0) || 2ax_ ()] ™2 + |2nad™ (er-0)f 9

0
<c, E“{f(xi/z + o™y Ty er-n)fE,

/2

*
Then (7.15) and a similar calculation with x; replaced by AM"" shows this

is
<or K (14 25) (e 0P,

By the same argument

n|xr

n r
B |v, } e x(+ 2.

Since Br > 1, Corollary 1.2 implies that v" has a continuous version. More exactly,
there exists a random variable Zn and a constant A', which does not depend on n, such

that for 0 <y < 8 - 1/r

n

om Vol <z et

sup |V
0<t<t <1

and

B{ sup|Vl|"} < a', E{zF} <A,
et © T =

n . :
Now by the general theory the optional projection of V will be right

continuous and have left limits. But
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(7.16) E{vilgt} = [ glx.s,0)M (ax ds) = Uz P -a.s.,
Rx {0,t]
so the optional projection of V is a version of U, and U indeed does have a right
continuous version.
Note that

n n def
ol < =llvilley < steuplv(] lgg™'s,

Thus

2
el suwp [UT]"} < Bl sup s} < E— E{sT)
£ t - £ £ — xr-1 1

by Doob's inequality. But this is
r2
e AV = B,
Rl S
which proves (ii).
Let us skip (iii) for the moment, and prove (iv). Let 6n> 0 and let Tn be

a stopping time for M such that Tn+ 6n < 1.

E{IU; +8 Ug b= lE{v; s 1B w8 )" E{V; g 3
n n n n n n n n n
<E{(|VE -v_ | |r }o+ [BVE F } - B{V" |r, }|
Tn+6n T :Tn+6n T —Tn+6n T UET

=E(|v) - Vo |E Yo+ | g(x,s, M (ax ds) |
Tn+6n Tn —Tn+6n RX (T _+5 1] n
n n
Similarly,
T,
2,1/2 2,1/2 2 1/2
vy 5 -0 D2 cmvy o~ IDYP et [ flatsir) || 2ax ()"
non n n n n Tn

We can estimate the increment of vt by {(ii) and use the hypotheses on g and kn in the

second term:

1 2 1/2.1/2
< 6YEn{zz} /2, c EMy°x ) / ) 2,
- n X n n
Since both expectations are bounded, we see that if 6n + 0, then U; % U; + 0 in
n n n

Lz, hence in probability. Since the " are bounded in LY by (ii), the family (Un) is

tight by Aldous' theorem. This proves {iv).

0 . :
If now M° => M , then Proposition 7.12 implies that the finite-dimensiocnal
distributions of U: converge to those of U:. Since the (Un) are tight, this implies

that U" => U.
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It remains to prove (iii). Suppose M is continuous, and compute
n nr,1/r n r.1/r
E{|Ut+s- utl yV/ <kl [ (g(x,u,t+s) - g(x,u,t))M (dx du)| } /
Rx{0,t]
r, 1/
+ 6] [ gix,u,t+s)M(ax aui} } .
R (t,t+s]

By Burkholder's inequality and (7.4) - and this time M is continuous, so

AM* £ 0 - this is

t

<cBl] [ Jlgtu,t+s) - g(u,t)||2dk (u)|r/2}1/r
- Y 0 h'n

t+s
2 2,1
reptl [ llswen Il a7 V7

Since g is of Holder class (B,q,K) and M® is of class (p,K):

<c, E{vrx§/2}1/r(sﬁt1/2+ s

By (7.14) we conclude that there is a constant B such that for 0 < s < 1

E'ABI‘
n n|r 2
E{|Ut+s_ Utl } s .

But Br > t and r/2 > p/2 > 1 go that (iii) follows by Corollary 1.2.

Q.E.D.



CHAPTER EIGHT

THE BROWNIAN DENSITY PROCESS

Imagine a large but finite number ~ say 6 x 1023— of Brownian particles B1,
52,..., BN diffusing through a region D C Rd .« Consider the density of particles at
a point x at time t. This is of course just the number of particles per unit volume.
We can approximate it by counting the number in, say, a small cube centered at x and
dividing by the volume. But is this a good approximation? Not really. If we let
the cube shrink to the point {x}, the limit will either be zero, if there is no
particle at x, or infinity, if there is one. So we can't take a limit. We'll have
to stick to finite sizes of cubes. Since there seems to be no reason to prefer one
size cube to another, perhaps we should do it for all cubes. Once that is admitted,
one might ask why we should restrict ourselves to cubes, and whether other forms of
averaging might be equally relevant. For instance, if ¢ is a positive function of’

compact support such that f ¢(x)ax = 1, one could define the ¢-average as

N :
(8.1) n.(e) = ] ¢(s§).
i=1

Finally, we might as well go all the way and compute (8.1) for all test functions ¢.
This will give us a Schwartz distribution. In short we will describe the density of
particles by the Schwartz distribution (8.1).

It is usually easier to deal with a continuous process than a discrete
process such as this, so we might let N » «, re normalize, and see if the process nt

goes to a limit. It does, and this limit is what we call the Brownian density

process.

From what we have said above, one might think that we should describe the

particle density by a measure, rather than a distribution, for (8.1) defines both.

It is only when we take the limit as N > o that the reason for the choice becomes
clear. 1In general, the limit will be a pure distribution, not a measure.

We will add one complication: we will consider branching Brownian motions,
rather than just Brownian motions. The presence of branching gives us a more
interesting class of limit processes. However, aside from that, we shall operate in

the simplest possible setting. It is possible to generalize to branching diffusions,
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or even branching Hunt processes, but mogt of the ideas needed in the gegneral case
are already present in this elementary sgituation.

A branching Brownian motion with parameter y can be described as follows.
A particle performs Brownian motion in some region of Rd . In a time interval
{(t, t+h) the particle has a probability ph + o(h) of branching. If it does branch,
it either splits into two identical particles, or it dies out, with probability 1/2
each. If it splits, the two daughters begin their life at the branching point. They
continue independently as Brownian motions until the time they themselves branch,
and so on.

If we start with a single particle and let Nt be the total number of
particles at time t, then Nt is an ordinary branching process, and also a martingale.
Note that we are in the critical case, E{Nt} =1,

We are going to assume that the initial distribution of particles is a
Poisson point process on Rd of parameter A: the number of particles in a set A is a
Poisson random variable with parameter A}A!, and the numbers in disjoint sets are
independent. This means that the initial number of particles is infinite, but that
will not bother us; the Poisson initial distribution makes things easier rather than
harder.

Let us first give an explicit construction of branching Brownian motion.
There are numerous constructions in the literature, most of which are more
sophisticated than this, which is done entirely by bhand, but it sets up the process
in a useful form.

Let A be the set of all multi indices, i.e. of strings of the form
@ = nmn,...n where the nj are non-negative integers. Let |a| be the length of a.

k

We provide A with the arboreal ordering: m1...mp~< n1...nq iff p £ q and

Mg = ngseee, mo=n. 1f |a] = p, then a has exactly p-1 predecessors, which we
shall denote respectively by a~1, a=2,..., a—[a|+1. That is, if a = 2341, then
a~1 = 234, =2 = 23 and =3 = 2.
A , , 4a .
Let [I' be a Poisson point process on R of parameter A. The probability
that any two points of Hx lie exactly the same distance from the origin is zero, so

that we can order them by magnitude. Thus the initial values can be denoted by

{x*(0), a € a, |a] = 1}.
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Define three families

a o o
{B, £20, ae n}, {s_,aecp}l and {§, ae a},

a .
where the B are independent standard Brownian motions in R with Bg = 0, all a; the

s¥ are i.i.d. exponential random variables with parameter u, which will serve as

lifetimes; and the N° are i.i.d. random variables with p{§* = 0} = p{x® = 2} = 1/2.
s a a a a .

The families (B), (8), (N ), and (X (0)) are independent.

The birth time B(a) of ¥ is

if ¥%0= 2, 9 =1,.., 0@ -1

Bla) = .
@ otherwise

The death time [ {a) of x“ is
gla) = pla) + s%.

a
Define h (t) = I 3 which is the indicator function of the lifespan of .

{Bla)<t<t(a)

If @ = nyny.eon (S0 @ = ptl = ny) then the birthplace % (B(a)) is

12
n {a%—? : :
x-i a-i

1
X (0) + b3 (B (4mt)” BB iani)

x*(Blan) ).

Now let d - the cemetary - be a point disjoint from Rd , and put

a ] if t < fla) or t > C{a)
X (t) =

t
x*(Ba)) + [ n"(s)as] otherwise.
0
Note that since n® = 1 between f and [, z* is a Brownian motion on the interval
o . . . :
[Bla), Tla)), and X~ = D outside it. We make the convention that any function £
4 . d
on R is extended to R U {3} by £(3) = 0.
Finally, define

(8.2) e (0) = ] exD
xed

for any ¢ on Rd for which the sum makes sense.
The branching process nz starting at the single point Xn(D) is constructed

from the xa for n=< a. That is,

(8.3) npe)r = § el vl = ] n%o.
aeh aeA
na n<a

n .
Note that Nt is the number of particles alive at time t, and it is a classical

branching process of the critical case - we leave it to the reader to verify that
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this does indeed follow from our construction - hence E{NZ} = 1. 1In particular,
nZ(&) is finite for all t.

Furthermore, a symmetry argument shows that, given ha(t) =1 (so x* is
alive at t),
P{X: € AIXn(G) = x} = P{x + Bt € A}, where n < a. (This relies on the fact that all

birth and death times are independent of the Bg.) Thus

B ] oxD[x™0) = x} = ] BloxD[x"(0) = x, (&) = 1} p(n%() = 1x"(0) = )
n<a n<a

E{o( + 1)} ] p(n%(t) = 1}
n<a

E{¢(Bt+ x}}.

Suppose now that ¢ > 0. We can integrate over the initial values, which

are Poisson(A), to see that

B ] @(x:)} [ A ax Blotx + B))
o

- Lyxt
=n Jf V2% % piyyax ay -
Since Lebesque measure is invariant this is
= afo(xrax .
Thus, for any positive §,
(8.4) E{n (6)} =} [ ¢(x)ax.

This makes it clear that nt(¢) makes sense for any integrable ¢.

THE FUNDAMENTAL NOISES

Thexre are two distinct sources of randomness for our branching Brownian
motion. The first comes from the diffusion, and the second comes from the branching.
We will treat these separately.

Recall that A is the parameter of the initial distribution and y is the

s . d
branching rate. Define, for a Borel set A C R ,

~-1/2 £ a (i1
WA x {0,t]) = A V[ n%ex . 3B
agh O {xse a}

(8.5)

z(a x (0,e1) = (Y2 ¥ @f-n1 .
aeh {cla)<t, X (G(a)=-)€ A}
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(If 4= 0, 2 E 0).

These take some explanation. 1In the expression for W, n® = 1 when x¥ is
alive so dBa = dxa, and the integral gives us the total amount that Xa diffuses while
in A; the sum over a gives the total diffusion of all the particles while they are in
A. Thus W keeps track of the diffusion and ignores the branching.

7z does just the opposite. N is the size of family foaled by & when it
branches, at time ((a). Na— 1 counts +1 if Xa splits in two, =1 if it dies without
progeny. Thus Z(A x (0,t]) is the number of births minus the number of deaths
occurring in A up to time t.

Let us put

Wt(A) = W(A x (0,t]); Zt(A) = Zt(A x (0,t]1).

PROPOSITION 8.1 W and Z are orthogonal martingale measures. W is continuous

a : R . .
and R =-valued while Z is purely discontinuous and real-valued. Moreover,

(i) <W(A)>t = <Z(A))tI =

>1a

t
¢ [ n (as)z;
0

(ii) <Wij(A), Z(C)>t =0 for all Borel A and C of finite measure and all
i, jJ £ n;
{iii) both W and Z have the same mean and covariance as white noises (based
on lLebesgue measure).
Note. Wt has values in Rd ;s BO <W>t is a dxd matrix whose ijth component is

i3
W, W .
! t

PROOF. We must first show W and Z are square integrable. This done, the rest is

n .
easy. First look at the branching diffusion starting from one of the X (0). Define

t
) =22 e el
™a O {x e a}
Since the Ba are independent, hence orthogonal,
-1 t 14
atmpy =2 0] [ e as)z
™a O {x_j ¢ a}
-1 £ n
=A" (f nltmyas)t .
s
[}
t

n X
The interchange is justified since the sum is dominated by f Nsds which has
0
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expectation t. (I is the dxd identity matrix.)
n 2 n
It follows that E{lwt(a)l } = e{{w (a)» |} < tan.
Turning to %, let

e 4 4 4
MY = (N - 1)I ()1 N
t Ll@)=) " ix* 2 (a)-) € B}

Note that this is adapted to the natural o-fields (gt). since N'~1 has mean zero and
is independent of the indicator functions, Ha is a martingale. WNoticing that

Cla) = Bla) + Sa, where s% is exponential(p), it is easy to see that
a v o
M= [ ¥z pds.
0 {x_ €}

The Na are independent, so the Ma are orthogonal for different a and

<z (a)> = Loy a%-=

A n<a n

>|=

£
Z J ¥ (s) 1 ds
< 0 {x: ¢ A}

1 t n
x g n (A)ds.

The processes nn, n= 0,12,.. are conditionally independent given 50’ so
ifm#n
<W(a), Wn(A)>t = <z™a), z“(A)>t = o.
Then
1 n
(8.6) WA =T Y <w (ay,
n
1 t n
=5 Y [ nla)ds)t
s
n 0
1 t
=2 (] n(m)as)1.
o s

If A has finite Lebesgue measure, this is finite and even integrable by (8.4). The
same reasoning applies to Zt(A).

Now that we know wt(A) and Zt(A) are square-integrable, we can read off
their properties directly from the definition. If An C = ¢ and if they have finite

measure,
t
@@y, wep, = § [ pfenle v acs”, B> .
arvepr O {x_e a, x e c}
Now <Ba, BY>t = 0 unless a« = y, and if a = y, the indicator function vanishes, so

<W(a), W(C)>t = 0. sSimilarly, <z(A), Z(C)>t = 0. Furthermore both A -» Wt(A) and

A > Zt(A) are Lz-valued measures. Thisg is clear for Z from {8.5) and almost clear
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for W, so we leave the verification to the reader. This proves (i).

If A and C are two sets of finite Lebesgue measure, Wt(A) is a continuous
martingale while Zt(A) is purely discontinuous, so the two are orthogonal, proving
(ii).

To see (iii), recall W and 2 have mean zerc and note that by (i)

T
e{w_(n)w, ()7} = E{<W(a), W(C)>sht}1

1 s t
(i- g E{nS(A n C)las)t

]

(s ty|lanclz
by (8.4). Exactly the same calculation holds for %, except that I = 1 since Z is
real=valued. This is the covariance of white noise.

Q.E.D.

Corollary 8.2 If ¢(x) is deterministic
t 2 £ 2 2
B{( [ [4e00w@xasnN?} = el [ [, (e0x)z(axds)} =t [, ¢"(x)ax .
¢ R 0 R R
It is clear how to integrate with respect to Z. Here is a fundamental

identity for integrals with respect to W.

PROPOSITION 8.3 Let ¢{x) & Lz(Rd). Then

t t
(8.7) [ ex®m%sraB® = /A [ [, #(x) w(axds) .
s 0 Rd

aeh 0 8
PROOF. If ¢{x) = IA(x), thig is true by the definition of W, for both sides equal
wt(A)' It follows that (8.7) holds for finite sums of such processes, hence for all

¢ € Lz(Rd) by the usual argument. Q.E.D.

AN INTEGRAL EQUATION FOR 1

(2}

Iet ¢ be a real—-valued C function on Rd . By convention, ¢(Xi) =0

unless t ¢ [f{a}, L(x)}; for t in this interval we can apply Ito's formula:

t

t
%y + [ 0% vex®) - as® + 1 [ 1%s) a0 (x%)as.
0 s s 2 0 8

a -
¢(Xt) = ¢(XB
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(If t > {({a), we must subtract Q(Xg_) from this.) Thus for any test function ¢:

o
C—)I{C(a)gp}

ﬂt(Q) = Nyld) - d(X
[a]=1

(14 (¢4
+|a 52 (¢(xﬁ)1{ﬁ(a)5;} ¢(XC_)I{C(a)SF})
t
+ 7 [ 2¥evex®yeas®
« o S 8
1 t
+ 1 5 ] e sexdhas .
o 0 s

We can identify all these terms. no(o) is of course the initial value. The next two

t
sums give all the births and deaths, and combine into VYAu f fd ${x)Z(dxds).
Proposition 8.3 applies to the stochastic integral, which equals

t t
iy f fd Vé(x)*W(dxds). The final integral is %— f nS(A¢)ds. Thus we have proved
0 R [+]

PROPOSITION 8.4. ULet ¢ ¢ g(ad). Then

¢ (%)% (dxds)

t t
1
(8.8) n.(6) = (4) + 3 (f) 1, (Ad)ds * /ﬂ?{) {zd

t
+/n [4 Vo(x)+W(axds) .
0 R

If we check equations (5.3) and (5.4), we see this translates into the SPDE

{ on Lo+ /g 5+ /N vew
ot 2
(8.9) \
= II
o
2
o Ly=xl®
If Gt(x,y) = (2nt)-d/2e 2t , Theorem 5.1 tells us the solution of (8.8) and
(8.9) is
X t
(8.10) 0, () = £§ G, (6,0 (ay) + /i g id 6,_{¢,¥)7(ayas)
ot
+ /A g £d VG, __(4,y)*W(dyds).

3 :
Note that in the last integral the ith component of VGt(¢,y) is Gt(€%7 y) so we will

write VGt(¢,y) = G*}V¢,y} below.
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WEAK CONVERGENCE IN THE GAUSSIAN CASE

1f ¢ ¢ LURY), let <> = jd ¢(x)dx. From (8.4)
R

E{ntW)} = A<¢>, t > O.
We want to estimate the higher moments -~ at least the second moments - of n.

*
Let 10 (¢) = sup lns(¢)i.
s<t

PROPOSITION 8.5. There exist continuous functions C1(¢,t) and cz(¢,t) such that

(8.11) Eln, ()%} < A%c (6,8) + A(u + 1)C,(0,0)

PROOF. Note that the three terms on the right~hand side of (8.10) are orthogonal,
s0, remembering that Z and N have the same covariance as white noige, (Cor. 8.2) we

have
Bn (®)% = 500 [ 6 (6,01 (ay)?)
R

It [y o
+ Ap G __(¢,y)dyds
o gd s
£ 2
+ A fa1Gt~s‘V¢'y’1 dyds
0 R

2 2 t o2
= M<GL(0,0)> + A<G (6,00>7) + \p g <Gp_ (6,4)>as

t

+n f <1Gt_s(v¢,-)12
4]

>ds .

Now <Gi(¢,')> is bounded uniformly in t, so the above is bounded by
2
(8.12) E{n,(6)°) §‘A2c1(¢) +En G+ e, (0)

for some c1 and c2. From (8.8)

t
E(n (0%} < 9 5lng ()% + Bl [ n_(]o]ras)?)
o

8 s
+9 8{ sup (VAp [ fd paz + /N [ [ PR an?y .
s<t 0 R 0 R

Now B (6% = £{(J o0x) MM (ax))

)3 <¢2> + 12<¢>2.

[}

Apply Schwartz' inequality and (8.12) to the second term:

t 2 ® 2
([ n#)a)) <t [ E{n_(¢)}as
0 0
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3
2.2 t
ST (0) + Ap D) 5y ().

Apply Doob's inequality to see the third term is bounded by
t t 2
36 50/ [ [, ea+ /A [ [ veean) .
0 R [4] Rd

The two stochastic integrals are orthogonal, so by Cor.8.2:

= 36 (t xp<¢2> + At <|V¢|2>).

Put these three estimates together to get (8.11).

*
Exercise 8.1. Show nt is bounded in 1¥ for all p > 0. {(Hint: By Prop. 8.1 and

Burkholder's inequality, nt LP => W and 2 are in sz. Use induction on p = 2n to

see n, 1F for a1 p, then use (8.8} and Doob's 4 inequality as above.)

THEOREM 8.6, Let (un, Xn) be sequence of parameter values and let (Wn, z") be the

X

—1/2(H n(dx) - Xndx) be the normalized

corresponding processes. Let Vn(dx) = Kn

initial measure. If the sequence ((u _+1)/A ) is bounded, then v*, W, 2% is tight

d2+2d

on D{ (0,1}, S"(R 3.

PROOF. We regard Vn ag a constant process: V: = Vn, in order to define it on

d2+2d

p{flo,1], §"(R }}. It is enough to prove the three are individually tight.

By Mitoma's theorem it is enough to show that (Vn(¢)), (wn(¢)), and (Zn(¢))

are each tight for each $ ¢ §(Rd).

In the case of Vn, which is constant in t, it is enough to notice that
n 2 2. . :
E{V ()"} = <¢“> is uniformly bounded in n.
We will use Xurtz' criterion (Theorem 6.8b) for the other two. Set
8 sa/n ™ 0<5 <1
An( } = {84/ n)ﬂ1 (o), Lo £ .

Then sup (| < Wn(¢)>

n
<W (9)> |) < A (8) and
§£1 t n

t+85

sup (<Zn(¢)>

n
Z($)>_ ) < A (5)
<1 t n

8

by Proposition 8.1. By Jensen's inequality and (8.11),
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*
lim lim sup E{A (§)} < lim lim sup ég-E{n" (¢)2}1/2
n - A 1
&0 n¥w §+0 nie n
pn+1
< Lim 8a(cy + —— ¢,)
540 n

[

0
since (pn + 1)/7\n is bounded. Furthermore
E{Iw:(¢)|2} =q E{Z:(¢)2} = td < %>
for all n so that for each t, (W:(¢)) and (z:(¢)) are tight on RO and R
respectively. By Theorem 6.8 the processes (Wn(¢)) and (Zn(¢)) are each tight.

Q.E.D.

THEOREM 8.7. If A > @, u A >, and p /A > 0, then w®, 2%, W = 0, 2%, WY,

0 0 (| . a d
where V', 2" and W are white noises based on Lebesgue measure on R, R X R+, and

Rd x R+ respectively; V0 and ZO are real-valued and WO has values in Rd . If

n n 0 0
An»wandun/)\n-> 0, (V, W) => (V, W).

PROOF. Suppose kn is an integer. Modifications for non-integral A are trivial.
To show weak convergence, we merely need to show convergence of the finite~
dimensional distributions and invoke Theorem 6.15.

The initial distribution is Poisson (kn) and can thus be written as a sum

of Xn independent Poisson (1) point processes.

1 2
Let ﬁ ' ﬁ y+e+ be a sequence of iid copies with A = 1, u = Bpe (We have

AN

changed notation: these are not the 7 used in constructing the branching Brownian

motion.) Then the branching Brownian motion corresponding to An, B has the same

a2 A Al A2

. . s 1 , 1 2
distribution as ﬁ + 1 4+ .. + ﬂ n. Define 6 ’ 6 seves W , W ,s4s and %1

»2 .
¢+ 2 ,ees in

the obvious way. Then

A
A A AN A A''n
1 4440 H +aoot
V=¥ + .. +9" w1 LI .
. .
n n

We have written everything as sums of independent random variables. To finish the
proof, we will call on the classical Lindeberg theorem.

Let ¢1, ¢;, ¢¥,...,¢P, ¢é, ¢; € S'(R), £k, £ . f_tp. We must show weak

convergence of the vector
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v® de(v“(¢1),.,.,v“(¢p), (¢'),-.-,w (¢ Vo Zg (85),eneizy (07))

£ p
This can be written as a sum of iid vectors, and the mean and covariance of

the vectors are independent of n (Prop. 8.1}.

It is enough to check the Lindeberg condition for each coordinate. The

distribution of V' does not depend on H,r SO we leave this to the reader.

A
172 " Ak Ak .
) W (61). Now (W _(¢1)) is

Fix i and look at W- (¢!) = A
t, i
k=1 i

d . : .
an R ~valued continuous martingale, so by Burkholder's inequality

Ak .14
E{}wti(¢i)1}

in

ak 2
c, B{ | <W (¢i)>l }

i~

t
td c, | E{ﬂk(Qz) tas .
0

Now t < 1 so by Proposition 8.5 with A = 1, there is a C independent of k and ln such

that this is
ﬁ'C(un+ 1)

For e > G,

V250K (4 222y 12
1

ak 4 ak 2 ak
E{iwt‘mi)l SRUANCI I R -‘-E{lwt“"‘i” p{lw,_ |7 2"}
i i i
by Schwartz. Use Chebyshev with the above bound:

1/2 2.2.1/2

< e+ pl [Cer + p I/ e”]

< Cc(1 + pn)/kne.

Thus
k

2 E{lh 1/2*k

1/2Ak

(¢ )} <¢> )}

Ay

= E{lwt,(¢i)| : th,‘¢i)! > xn e }
kS 1

£ C (1 + vy Y/A a7 0.

Thus the Lindeberg condition holds for each of the w (¢ ). The same argument holds

for the Z (¢ }. In this case, while (%:(¢;)) is not a continuous martingale, its

-1/2

jumps are uniformly bounded by (lnpn) , which goes to zero, and we can apply
Burkholder's inequality in the form of Theorem 7.11(i). Thus the finite-dimensional

distributions converge by Lindeberg's theorem, implying weak convergence.



398

The only place we used the hypothesis that kn B, > = was in this last
: n
statement, so that if we only have hn »> w, pn/kn + 0, we still have (V,

Wy = (v0,u%).

Q.E.D.

We have done the hard work and have arrived where we wanted to be, out of
the woods and in the cherry orchard. We can now reach out and pick our results from
the nearby boughs.

Define, for n =0, 1, ...

G (V¢,y) » Wiy ds)

/
R
ULy = [ [ 6, (6,y)2"(ay ds).
0 R -8

Recall from Proposition 7.8 that convergence of the martingale measures
implies convergence of the integrals. It thus follows immediately from Theorem 8,7

that

COROLLARY 8.8. Suppose kn + ® and pn/kn +> 0. Then

] 0
, R )

(W W, R e o0,
(ii) if, in addition, ann > ®,

0
o, W, 2%, /Y, v = w0, w0, 20, )Y, W9,

Rewrite (8.10) as

nt(d:} - h<H> =
(8.13) —-—/}\T———= V(G (4,°)) + /b U (¢) + R (¢).

In view of Corollary 8.6 we can read off all the weak limits for which %‘+ 0.

n
”t(¢) - xn<¢>
THEOREM 8.9 (i) 1If kn + o and B 0, then —————————— converges in

YA
n
D{{0,1], 8*(R )} to a solution of the SPDE
on 1 o
3 —"2231‘}+VW

0
n,=v .
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(ii) 1I1f hné ®, pn +> @ and pn/hn + 0, then

ﬂ:(¢) - xn<¢> ad
—————=—— converges in 2{[0,1], g'(R )} to a solution of the SPDE

/hnun
on 1 3
{ pt 2 Mnt 2
Ny = 0 »
2 np(e) = A _<o>
(iii) If A_+ o, A p » ® and p_ + ¢~ » 0, then —————————— converges in
n nn n — V/}\—.—
n

(s}
p{{o,1], 8'(R)} to a solution of the SPDE
0 _ ) .y op 4 Vel
ot P An cZ Vew
no = VO'
Theorem 8.9 covers the interesting limits in which A + « and u/A + 0.
These are all Gaussian. The remaining limits are in general non Gaussian. those in
which u and A both tend to finite limits are trivial enough to pass over here, which
leaves us two cases
: 2
(iv) A % o and p/A » c” > 0;
(v) p+»> and u/A > o,
The limits in case (v) turn out to be zero, as we will show below. Thus
the only non-trivial, non~Gaussian limit is case (iv), which leads to measure-valued

processes.

A MEASURE DIFFUSION

THEOREM 8.10 Suppose Kn + o and un/kn * c2 > 0. Then %-nz converges weakly in
n
d
p{[0,1], 8'(R )} to a process {nt, t € [0,1]1} which is continuous and has

measure-values.

There are a number of proofs of this theorem in the literature (see the
Notes), but all those we know of use specific properties of branching processes which
we don't want to develop here, so we refer the reader to the references for the
proof, and limit ourselves to some formal remarks.

We can get some idea of the behavior of the limiting process by rewriting
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{8.13) in the form

1 - i . 1
(8.14) X‘nt(¢) = <¢> + cUt(¢) + /x'(V(Gt(¢' )y + X Rt(Q))-
If (kn,un) is any sequence satisfying (iv), {(Vn,wn,zn,Rn,U“, % nn)} is tight by
n

Theorem 8.6 and Proposition 7.8, hence we may choose a subsequence along which it

converges weakly to a limit (V, W, 2, R, U, ). From (8.14)

(8.15) ﬂt(¢) <4> + cUt(¢)

t
<> +c [ [, (6,y)5(dy,as).
0 R

In SPDE form this is

§€-= cAn + Z
{8.16)
nD(dx) = dx

We can see several things from this. For one thing, nn is positive, hence
so is n. Consequently, N being a positive distribution, is a measure. It must be
non~Gaussian - Gaussian processes aren't positive - so Z itself must be non-Gaussian.
In particular, it is not a white noise.

Now no is Lebesgue measure, but if d > 1, Dawson and Hochberg have shown

that nt is purely singular with respect to lLebesgue measure for t > 0. If 4@ = 1,

Roelly~Coppoletta has shown that nt is absolutely continuous.

To get some idea of what the orthogonal martingale measure Z is like, note

from Proposition 8.1 that
<P = [ = nt;as,
S
0
which suggests that in the limit
<z(a)>, = [ n_(n)ds,
t o s

or, in terms of the measure v of Corollary 2.8,
(8.17) v(dx,ds) = ns(dx)ds.

This indicates why the SPDE (8.16) is not very useful for studying n: the
statistics of Z are simply too closely connected with those of n, for % vanishes
wherever n does, and n vanishes on large sets - in fact on a set of full Lebesgue
measure if 4 > 2. In fact, it seems easier to study n, which is a continuous state

branching process, than Z, so (B.16) effectively expresses 7n in terms of a process
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which is even less understood. This contrasts with cases (i)=(iii), in which Z and W
were white noises, processes which we understand rather well.

Nevertheless, there is a heuristic transformation of (8.16) into an SPDE
involving a white noise which is worthwhile giving. This has been used by Dawson to
give some intuitive understanding of 1, but which has never, to our knowledge, been
made rigorous. And which, we hasten to add, will certainly not be made rigorous
here.

Let W be a real-valued white noise on Rd X R_ . Then (8.17) indicates

that Z has the game mean and covariance as 2', where
t
z2' (a) = [ [ /n_(y) wdy ds).
t 0 Rd E:

{(If 4 = 1, ns(dy) = ns(y)dy, so ins(y) makes sense. If 4 > 1, ns is a

singular measure, so it is hard to see what /;; means, but let's not worry about

it.)

In derivative form, é' = /ﬁ;ﬁ , which makes it tempting to rewrite the SPDE
(8.16) as
(8.18) —2—%=cm+/§v} .

It is not clear that this equation has any meaning if 4 > 2, and even if
d = 1, it is not clear what its connection is with the process n which is the weak
limit of the infinite particle system, so it remains one of the curiosities of the

subject.

THE CASE p/A +> =

REMARKS. One of the features of Theorem 8.9 is that it allows us to see which of the
three sources - initial measure, diffusion, or branching - drives the limit process.
In case (i), the branching is negligeable and the noise comes from the initial
distribution and the diffusion. In case {(ii) the initial distribution washes out
completely, the diffusion becomes deterministic and only contributes to the drift
term %-A M, while the noise comes entirely from the branching. In case (iii), all

three effects contribute to the noise term. In case (iv), the measure~-valued
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diffusion, we see from (8.16) that the initial distribution and diffusion both become
deterministic, while the randomness comes entirely from the branching.

In case (v), which we will analyze now, it turns out that all the sources
wash out. Notice that Theorem 8.6 doesn't apply when p/A'» », and in fact we can't
affirm that the family is tight. Nevertheless, 7m tends to zero in a rather strong

way. In fact the unnormalized process tends to zero.

d
THEOREM 8.11. Let A + = and u/A » =. Then for any compact set KC R and ¢ > 0

(i) P)Hp {nt(x) =0, all t ¢ [e,1/e1} » 1

and, if 4 = 1,

(ii) Px,u{“t(K) =0, all t > g} » 1.

Before proving this we need to look at first-hitting times for branching
Brownian motions. This discussion is complicated by the profusion of particles: many
of them may hit a given set. To which belongs the honor of first entry?

The type of first hitting time we have in mind uses the implicit partial
ordering of the branching process - its paths form a tree, after all - and those
familiar with two parameter martingales might be interested to compare these with

stopping lines.

Suppose that {Xa, a € 5} is the family of processes we constructed at the
beginning of the chapter, and let A C Rd be a Borel set. For each g, let
x: = inf{t > 0: x: € A}, and define Ty by
a B
T if ©. = for all B < a, B # a;
A A
® otherwise .

The time Tg is our analogue of a first hitting time. Notice that T: may be
finite for many different o, but if a < B, TZ and Ti can’t both be finite. Consider,
for example, the first entrance TE of the British citizenery to an earldom, If an
individual - call him @ - is created the first Earl of Emsworth, some of his
descendants may inherit the title, but his elevation is the vital one, so only T; is

finite. On the other hand, a first cousin ~ call him f - may be created the first

Earl of Ickenham; then Tg will also be finite.
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In general, if ¢ # B and if T: and Ti are both finite, then the descendants
of x* and of X8 form disjoint families. {Why?) By the strong Markov property and the

independence of the different particles, the post—T: and post-TB

a processes are

conditionally independent given Xa(T:) and XB(Ti).

X
Let Pp be the distribution of the branching Brownian motion with branching
: s : : 1 1.,

rate U which starts with a single particle X at x. Under Pz, then, Xt is an

ordinary (non-branching) Brownian motion.

The following result is a fancy version of (8.4). While it is true for the

same reason (symmetry), it is more complicated and rates a detailed proof.

PROPOSITION 8.12. Let ¢(x,t) be a bounded Borel function R° x R, . with ¢(x,») = 0,

X Rd . For any Borel set A C‘Rg

1, 1 1
Eﬁ{ z ¢(x“(r§), T;)} = E?{@(x (£} -

PROOF. By standard capacity arguments it is enough to prove this for the case where
A is compact and ¢ has compact support in Rd x {0,2). We will drop the subscript

and write Ta and Ta instead of Ti and ti.

1 1 1
Define u(x,t) = E:{¢(X et T1)). Note that {u(X prtacT ). £ > 0}
T t A<

(2)

c
is a martingale, so that we can conclude that u €& C on the open set A X R, and

2. 1y = '
vy u + 3 Au 0. Thus by Ito's formula
Ytdgf 7 ux® o EA %)
o tAT
t }4 o a
= u(x,0) + )} [ h'(s) I o Vu(x ) o aB_
a O {s<T}
+73 u(Xg(a)_, ClanI . %= 1y,
« {Cla)ct T}

where ha, Ba. C{a), and N are the quantitites used to define the branching process.
Note that Yt = nt(u(°,t)) as long as t < inf Ta. Since u is bounded, Y has all

a
moments. We claim it is a martingale.

Certainly the stochastic integrals are martingales, hence so is their sum.

To see that the second sum is also a martingale, put
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v: = u(x¥(Cla) =), (e 11 w“
{Cla) <t A T}

Then vz =0 if t < {(a), it is constant on [{(a), «), and it is identically zero on
the set {Ta < C(a)}. Thus if s < t, E{vzlgt} vanishes on {t < {(a)}, and equals v: =
v: on {s > C(a), * > Z(a)}. One can use the fact that 8%~ 1 has mean zero and is
independent of (Xa, Ca) to see that the expectation also vanishes on the set {s <

Lla), £ > Lla), b > C{a)}. Thus in all cases E{vi{gs} = vg, proving the claim.

3
If x is a regular point of A, i.e. if P;{T = 0} = 1, then u(x,t) = ¢{x,t)

for all t > 0. A Brownian motion hitting A must do so at a regular point, so

u(Xaa, Ta) = ¢(xaa, Ta}. {(This even holds if Ta = «, gsince both sides vanish then.)
T

Thus
X, . X a o
u{x,0) = E“{llm Yt} = EN{ Z ¢(XTa, T} .

Q.E.D.

REMARKS. This implies that the hitting probabilities of the branching Brownian
motion are dominated by those of Brownian motion - just take ¢ = 1 and note that the

left hand side of (8.14) dominates z:{sup o(X a,'r“)} = Pi{*r"% ®, some a}. It also
[+4 T

implies that the left hand side of (8.14) is independent of p.

We need several results before we can prove Theorem 8.11. Let us first
1
treat the case d = 1. Let D be the unit interval in R and put

X, Q
Hu(x) = Pu{TD < w, some a}.

PROPOSITION 8.14. Hu(x) R Y I > 1.

o

PROOF. This will follow once we show that Hu is the unique solution of

(8.19) o= pul oon (1,0)

a(1) = 1

0<ug< on (1,»),
since it is easily verified that the given expression satisfies (8.19).

: 43 fes : X
Let T = inf T . If x > 1, Proposition 8.12 implies
a
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{8.20) p:{'r <h} = P;{T <h} =of(h) ash=+ 0.
Let { be the first branching time of the process. Then
X X
H(x) =P {T <CAh+P{L>h LAh<CT <}
[ [E. [
+ pz{c <h, L Aah<T <},
The first probability is o(h) by (8.20). Apply the strong Markov property at { A h
1
to the latter two. If { > h, there is still only one particle, X1, alive, so T = T
and the probability equals E;{C » h, Hu(xgﬂh)} + o(h), where the o(h) comes from

1
ignoring the possibility that T < L A h. X either dies or splits into two

; s 11 2
independent particles, X and X1 , at {, so if [ < h,

11 12
I = I + I -1 « Since T and T are independent given
{T<>} (1w} {(2'%<w} {T:1<m,T12<w}

EC' we see the second term is

1 _x 1 1 .X 2,1

- E < h, 28 (X )} - S E < h: H (X )} + o(h)

2 B0 < A ) - g E e e o ) '
where we have used the fact that x11 = X12 = x1

g g c-*
Add these terms together to see that

x 1 1 % 2,1
- = ; h).
Eu{ﬂp(xCAh-)} Hp(x) 3 Ep{c <h Hu(xCAh-)} + o(h)

X is Brownian motion up to [, which is exponential (p), so we can

calculate this. Divide by Ez{c A h} > (1 - e_uh)/p, let h + 0, and use Dynkin's

1

formula. The left had side tends to H;(x)/z while, since Hi(ch

2
h
h—) > HP(X)' the
right hand side tends to | Hi(x)/z. Thus Hp satisfies (8.19).

To see that the solution of (8.19) is unique, suppose that u, and a, are

both solutions and that u;(1) < ué(1). Let v = u, . Then v" = u(u1+ uz)v, which
is strictly positive on {x: v{x) > 0}. 'Thus v' is increasing on {v > 0}, while
v(1) = 0 and v'(1) > 0. This implies that v' is increasing on [1,0), hence v(x) » =

as x > @, contradicting the fact that 0 < u,, u, £ 1. Thus u‘(?) = ué(?),

1 2

u1(1) = u2(1), and the usual unigueness result for the initial value problem implies

= . +E.D.
that u, u, Q

Moving to the d-dimensional case, let Dr be the ball of radius r centered

at 0, let T = inf Tg , and put
a 1

X
£ (x,t) = P(T < ).
pr MU
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Let Q(x,r,ds) = P:(¢; ds} be the distribution of T for ordinary Brownian
r r

motion.

LEMMA 8.15. Let ¥ > 1 and let x, y € Rd be such that |x| > r and lyI = r. Then

€
£ (x,t) < [ 0(x,r,ds)E (y,t-s).
B =% b

PROCF. 1In order for a particle to reach D1 from x either it or one of its ancestors

must first reach Dr' Now

L]

X, O
£ {x,t) 1 -9 {T_ > t, all a}
u! V'D r

1

and

™

p:{'r; > t all o} = Pﬁ{for all a: T > t for all B > a if T_ < t}.

1 1 r

Let us apply the strong Markov property at Tg .+ Since !yl = r and fu(y,t)
T
is symmetric in y, the conditional probability that the particle - or some descendant

-~ reaches D1 before t given that Tg <t is £ (y,t~Tg ). 8ince the different post-Ta
r s r
processes are independent, the above probability equals
X
ELI - £ (v, €10 )},
L [ r

a . (:4
where fu(y, t—TD } = 0 if TD > t. Thus

r r
X o
£f(x,t) =1 -E{ 01 ~-Ff ( t=-T. ))
" ' u{ o B Y, Dr }
x a
<1 =-E{1~ £f (y, t-T_ }
X b g S D_ }
x (11
=E{) £ (y, t~1° )}
B « Y Dr
X
= Eo{fu(y' Ty 1}
r
by Proposition 8.12. Q.E.D.

This brings us to Theorem 8.11.

PROOF of Theorem 8.11. Suppose without loss of generality that K is the unit ball

. A -\ =\ —h s s . :
D,. Write nt = nt + nt where nt comes from those initial particles inside D,, and

2
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=2 _M_ 2
e = Mg T M
Now if we start a single particle from x, nt(1) is an ordinary branching
process hence (see e.g. Harris [28]).

x c
P {ﬁt(1) > 0} ~ T esBre for t > O.

Thus
A A
Pp{nt =0 all t > €} = Pu{nt(1) = 0}
= ﬁ; Adx ~ g—%—» 0.
D,
Next
P {(7MD.) > 0 some t < 1/€}
pt et
X¢ @ 1
= | pi{r < =n ax
Rd-D u D1 €
2
t 3
< jd / Q(x,5,d8)f (y,t-s)Ads
u
R=D, 0

by Lemma 8.15.

Now in order for a particle to hit 01, its first coordinate must hit
[-1,1]1, so that £,(y, t=s) iﬂu(]y|). Thus this is

3 3
<A E G fin Q(x, 3, [0,t])ax .

R

This integral is finite - indeed, it is bounded by

_ Ux]-3/2)?

3 2t

2} L Ce , 8o by Proposition 8.14, this is

Px{ sup |X1— x| < le -
0 g¢sct °

O
=C m (2 + Y6/py © > 0.

Putting these together gives (i). 1In case d = 1,

o

]

]
o]
>
&

=)\ 6
P{nt(D’) > 0 some t > 0} m (x -~ 1+

> 0

|~
-
N
T —-—

giving {(ii}.

Q.E.D.
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THE SQUARE OF THE BROWNIAN DENSITY PROCESS

Now that we have seen how the Brownian density process can be sgueezed out
of an infinite particle system, we can't resist the temptation to look at its square.
We renormalize during its construction, so that it is actually the square by analogy
rather than by algebra, but it is at least closely related.

We return to the system of discrete particles to set up the process and
then take a weak limit at the end. We will show that the limiting process satisfies
a stochastic partial differential equation whose solution can be written in terms of
multiple Wiener integrals. 1In particular, it is non-Gaussian. The end result is in
Theorem 8.18,

Let {Xa, @ € N} be a family of i.i.d. standard (i.e. non-branching)
Brownian motions in Rd, with initial distribution given by a Poisson point process

Hkof parameter A. Set, as before,
a, .
n,(6) = E o).

Now n:(@) = E ¢(Xi)¢(xi). We will first symmetrize this, then throw away the terms

o,B

with @ = B, to get a new process, Qt.

Let'{ga, o € N} be a sequence of i.i.d. random variables, independent of
o a o .
the X, such that P{{ = 1} = P{¥ = -1} = 1/2. Define

(8.21) A= 5 g% erx®
t t
ae N
: a 4
and, for any function ¢ on R X R, set

1

(8.22) 9o, @) =271 T gTPecxd 6.

a#B
Do s : R R 24 d

This is the process of interest. We define it on R rather than R ,;
to see its connection with %2, set ¢(x,y) = ¢(x)d(y). Then

-1 ~2 ~ 2
Qt(¢) = A (nt(¢) nt(¢ V).

. 24 a 4 ,

Notation: Let DC R be the set {(x,y): x ¢ R, ye R, x = y}. If p is a measure

2d by p @ p(a) = u x u(A~D), where 2 C RZd, and

on Rd, define a measure pu & p on R
R 24 ~h . s :

p X p is the product measure on R .+ If we let I = no, which is the symmetrized

version of Hh, then Q0 = ﬁN& ﬁx and Qt = ﬁt@ ﬁt'

If we try to write Q in differential form, we would expect that dQ = Ht x
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;t + dﬁt G’%t. This is roughly what happens. To see exactly what happens, tho, we
must analyze the system from scratch.

Define W_ (a) =X -1/2 ¥ f I
a0

A(X )dX as before, and let its gymmetrized

version be
~ -1/2 a t a o
W (A) = A y et S I, (X )dx_.
+4 0
Since there is no branching, (8.10) becomes

t
= 1/2 .
n.(¢) = éd G (0,yIn (dy) + ) é £d VG, _ (0,y)+W(dy ds).

Its symmetrized version is

t
(8.23) 8 = [ e e ocay + a2 [ ve (6,y)Fayas).
R 0 R

Let us use V1 and VZ to indicate the gradients V’¢(x,y) = Vx¢(x,y) and

V2¢(x,y) = Vy¢(x,y). Similarly we define the Laplacians A1 = Ax and A2 = Ay’ so that
the Laplacian on R2d is A = A1 + Az-

2,..2
If ¢ = C{R d) has compact support, then by Ito's formula

L]

8.2a) 9 () =g @) +AT ] g% [ f v, o0 e v L0 5y

a#f 0
oy P I A¢<x“ x)as.
a#p

+ (2\)

Each of these sums can be identified in terms of 1, ¢ and the martingale

t
~ . X -t .
measures W and W. The last term, for instance, is just (2)) f QS(A¢)ds, while
0

§oe%ef f v q)(x )'dxz
atp 0

]

t
8 yo a @, 0
1€ f AR ,x a? - ] é v, 4 1) ax?

B a
t
1/2 8 8 ~ 1/2
A DR f [V 0, xyed® =277 [ [, 9. @e(x,x)eaw
8 0 Rd 1 s 34 a0 Rd 1 sx
t 4
1/2 ~ a4 172 .
N g éd N AV 4k, ))edi - A g idv1¢(x,x> aw_ -

Let x(x) = (V1¢)(x,x) + (V2¢)(x,x). Then (8.24) becomes

1t -1/2 ~ -
0. (4) = 9 () + 5—£ 0 (Ap)ds + A [ NV ol e AW

R x[0,t]
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-1/2 f X(X)'dwsx-

+a7V2 fd v o.¢]
ROx[0,t

5 2

$le,y))edW_ = A
R x[0,t] Y

Let us write Q = 5 + R where

t
~ 1 ~ -1/2 ~ ~
(8.25) 0. (b)Y =Q (¢) += [ D (Adras + A f RV, Glx, o )edW
t 0 2 o S 23 10,t] s 1 sx
-1/2 ~ ~
+ A | N AV G(e,y))edW_ ;
R *[0,t] s 2 sY
1 jt -1/2 j
(8.26) R () == [ R (Ap)ds + A x(x)edw__.
t 2 o s R%[0,t] sX

These are integral forms of SPDE's which we can solve by Theorem 5.1. To

get them in the form (5.4), define a pair of martingale measures on RZd by

1 ~ ~
M (G) = | ], ¢,y (ax) )aw
t RdX[O,t] Rd f s sy
and
2 ~ ~
M () = ] ( Jq ety (ap))av_ .

4
R x[0,t] R
1
Note that these are worthy martingale measures. The covariance measure for M , for

instance, is %s(dx)%s(dx')éy(y')dydy’dsI, hence its dominating measure is

K1(dx dy dx'dy'ds) = ns(dx)ns(dx')éy(y')dydy'ds,
which is clearly positive definite.
Notice also that the Mi are neither orthogonal nor of nuclear covariance. M1 and Mz
have values in Rd {since W does) and, if we abuse notation by writing

f Vi¢(x,y)-Mt(dx dy) = Mi(Vi¢), (8.25) becomes

R4
(8.27) 8, (0) = 9 @) + 2 [ B_(aeras + A7 2wl (@ ) + ATV 2w 0.
o S 1 2
By Theorem 5.1
~ 2
Q. (¢ =g (G ¢y + [ V.G, __{($)x,y,s) M (dx dy ds)
t 0 't RdX[O,t] 17 t-s
1
+ 7.6, __(d)(x,¥y,8)*M (dx @y ds).
RdX[O,t]2 t-s
If we write M1(¢) as f ns(¢(°,y))dﬁ;y this becomes
(8.28) Q. (@) = g6 4y + [, NV G, blx,0))edW
R x[0,t]
+ 4 Mg (V58 g r¥)) o .

R x[0,t]
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t
Next, define Nt(¢) = f ¢(x,x)d§sx. ¥ is an orthogonal Rd—valued
0

martingale measure on RZd, and (8.26) becomes

t

- =172
R () = 3 g R_(Ap)ds + ) N (V447,00
_Lyexl?
-d/2 2t . .
Let Pt(x,y) = (27t) e and let G (x,yix 'Y = Pt(x,y)Pt(x y')-

Then G is the Green's function on RZd for this problem, so that, by Theorem 5.1 it

is
A2 / (V,6,_bix,y) + 9,6 ¢(x,y)*N(dx dy ds)
ROx[0,t] s s
or
-1
(8.29) R (4) = A £dx[0 tgvist_s(¢)(y'y) + Y, (6, ($)(y,y) ]+ Wdyds)

If we let A » », we will see that 5 and R have weak limits, and in fact
R => 0. Most of the work has already been done. Let us make the dependence on A
explicit, writing WA, nx, QA etc. Note that WK and ﬁk have the same distribution,
and thus both have the same means and covariances as a white noise, independent of \.
They are orthogonal, hence WA and Wx must converge weakly to independent white noises
by Theorem 8.7. We know about the moments of n from (8.4), (8.12), Proposition 8.5
and Exercise 8.1. In the case of %.
~ ~2 2
(8.30) E{n_($)} = 0, E{n_(8)} = A<d™>,
the latter following since the left hand side is
[o4 a 2, a
(] e%Poxiocdy = 5 ] o7y
atﬁ [+4

-1/2 ~h
/ n

Once can show as in Exercise 8.1 that A is Lp bounded, independent of A, for

all p < =,

In order to establish that Q converges weakly, we need to show that R => 0
and that the various terms of (8.28) converge weakly. Let us dispatch the easy parts
of the convergence argument first.

PROPOSITION 8.16. The processes K~1/2 ﬁx, K-1ﬁN8 ﬁk, ﬁx, h-1ﬁk, R% and Qx are tight

on the appropropriate space D{([0,1],8'(R,}}. Moreover, if V5 and Wy are independent
2 £ R’y 0 0
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4 4 . : 4
white noises on R and R X R+ respectively, with values in R and R

respectively, then, ags A »

()\‘1/2ﬁ)‘, }\-1ﬁ}\® ﬁ?x, G}\, )\-1/2n>\, R}\) . (VO’ VO®V0, WO, n,0),
where m is a solution of the SPDE

o L Xan + vewd

ot ~ o An + VoW

0
no =V .

0 0 0 4]
Note. V @V is a multiple Wiener integral. We can define V. ® V (a) =
v vl if A= a

x A and A, n A

4 5 1 5 = ¢, and extend it to all Borel A by the

usual approximation arguments.
1/2

PROOF. As remarked above Wk => WD, and we have proved N converges weakly. We

=1/2h _ 0

leave it as an exercise to show that A > V' . If ¢ and ¢ are test functions of

. a
disjoint support in R,

(K-1/2HK =1/2.A

(), A2 = o, V.
Multiplication is continuous on Rz, so this implies that

AN e oL = AT o) > o) = v Vi
This holds for finite sums of such functions, hence for all ¢{x,y) & ngzd) by
approximation.

1/2 ~i

In view of (8.23), the convergence of A ; to 1 follow from Proposition

7.8, and the limit is identified as in Theorem 8.9(i).

The tightness of RK follows from (8.29) and Proposition 7.8, and, from

(8.29)

hence RA => 0.
We leave it to the reader to use Proposition 7.6 to show joint convergence

of these processes. Q.E.D.

This leaves us the guestion of the weak convergence of Q or, equivalently,
of §. In view of (8.28), it is enough to show the convergence of the stochastic
integrals there.

-1/2 ~A "
Let U" = A f TNTLG. Glx,e))edi .
+ RdX{O,t] s 1 t-s xs
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If ¢{x,y) = ${x)x{y), then

]

Uh fd k-1/2 g:(x) V1Gt-s¢(x).dﬁis'
R x[0,t]

Let (Kn) be a sequence tending to infinity.

~kn -1/2 ~An kn 0 g
PROPOSITION 8.17. (W ', A nhu )y W, Uu)

where

0 0 2d
u )= N AV G, _ b(x,*))eaW,_, b€ S(R™)
t RdXIO,t]s 1 t~s XS =

.

A A
~ -1/2 0

PROOF. We already know from Proposition 8.16 that (w B / n n) => (W B n). it
remains to treat U. The idea of the proof is the same: the martingale measure
converges, hence so does the stochastic integral. However, we can't use Propositions

7.6 and 7.8, for the integrand is not in f;. we will use 7.12 and 7.13 instead.
4] 0 ~Kn ~n 24
Define (V , W ) and (V , W ) canonically on D = D([0,1], S§'(R )}, and
denote their probability distributions by PO and P respectively. By (8.23) we can

: ~n . :
define nt on D simultaneously for n = 0,1,2,... as a continuous process. That is,
. ; . n
the stochastic integrals in (8.23) are consistent up to sets which are of P -measure

zero for all n > 0. Thus we can also define

A
~ 1
glx,s,t) = [ n_($IVP,_ x(x)edW
! RdX[O,t]s t-s xS

for each s,t and X, independent of n. You can do better.

Exercise 8.2. 8Show g(-,',to)l

{s<t.} € ;S(W), where W is the sequence
—0

1y A
0 1 2
W, " , W ,eee,

Hint. It is not quite enough to approximate ns(¢) by the step function n[mS](¢)
m

where [t] is the greatest integer in t, since it is not clear that this will be a

continuous function of w on D. Go back one step further and approximate n[ms](Q)

m
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itself by the integral of a deterministic step function with respect to dwxs. This

will be continuous in w.

Now apply Theorem 7.13 with p = q = 4 and B = 1. Note that g is of HOlder
class (1,4,C) for some C. Indeed (i) of the definition was verified in the above
exercise; if we take Y (w) = sup[llVPtxllm + IIPtxl'w] then parts (a) and (b) of

<1

-1/2
(ii) hold, while (c¢) follows from the uniform tP-boundedness of A / nl.

A
The family (W n) is of class (4,X) (see Chapter 7) for some X, and B, p,

and g satisfy the necessary inequalities, so that Theorem 7.13 (v) implies that

U:(¢) => Ut(¢) for ¢ of the form y%(x)¢{y). It follows that there is also convergence
for finite sums of such functions. Since any ¢ € §(R2d) can be approximated
uniformly and in P by such sums, it is easy to see that Un(¢) => U(¢) for all

[ g(RZd). We leave the details to the reader. It now follows from Mitoma's

kn 0 24
theorem that U = => U on D{[0,1], S'(R" )},

To show that the triple converges jointly, let fn(x,t,w) be the 3x2 matrix
6., P (6,078, W
1’ t—s¢2’ Mgty VP _gX
0 .o, 0
A A A A
and let M" = (@ %, v ™7, in which case (%o = (W0, n "0, Ut“(¢3x))T, and

£ M = f0°M0 by Proposition 7.12, which implies joint convergence. Q.E.D

REMARK. We took p = ¢ = 4 in the above proof, but as W and n are £ bounded for all
p, we could let p and q + ® with p = q. In that case, Theorem 7.13(iii) tells us
that U is LP bounded for ali p, and HSlder continuous with exponent % - ¢ for any

£ > 0.

The second integral in (8.28) also converges, so, combining Propostions

8.16 and 8.17, we have

THEOREM 8.18. The process Qx converges weakly in D{[0,1], §‘(32d)} to a solution of

the SPDE
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89 =L s oWl
(8.31) Fry (x,y) = 3 AQ(x,y) + nixIV, wys + niy)v, Weo

0 0
Q =V RV

PROOF. There is very little to prove. {8.31) is just the differential form of
(8.25) (with W replaced by wo and % by n) and (8.28) is the unique solution of
(8.25). By Propositions 8.16 and 8.17, all the stochastic integrals converge to the

right limits, so equation {8.28) is valid for the limiting process, hence so is

(8.25).

Q.E.D.

If we plug (8.23) - which remains valid if we replace %0 by V0 and W by wo—
into (8.25) we get Q in all its glory. For simplicity's sake we will only write it
for ¢ of the form ¢(x,y) = x(x) ${y).

0 0
Q0 (¢) = 1fzm_DPt_sx(x)rt_s«»<y>v (@0 (dy)

+ 1y [ g0 vo@ + | Ve__ x(x)+%” (dxaw) ]76 (y) +w’ (ayds)
R x[0,t] R R x[0,t]

+ jd [ fd>ps¢(x>v°(dx> + fd VPS_u¢(x)~w°(dxdu)}vx(y>-w°(dyds).
R Xx[0.t] R R X[0.t]

The first integral is a classical multiple Wiener integral. The next two
could also be called multiple Wiener integrals, as they are iterated stochastic

integrals with respect to white noise.



CHAPTER NINE

We have spent most of our time on parabolic equations; non-parabolic
equations have made only token appearances, such as at the beginning of these
notes when we took a brief glance at the wave equation, which is hyperbolic.
It is fitting to end with a brief glance at a token elliptic, Laplace's
equation.

We will give one existence and unigueness theorem for bounded regions,
and then see how such equations arise as the limits of parabolic equations.
In particular, we will look at the limits of the Brownian density process as
t > o,

Let D be a bounded domain in Rd with a smooth boundary. Consider

(9.1) { Au = £ in D

u=0 on 3D .

If £ is bounded and continuous, the solution to (9.15 is
(9.2) w(y) = [ K(x,y) £(x)dx = K(£,y),
where K is the Green's function for (9.1). HNotice that in particular,
AK(E,y) =£(y).

Let M be an Lz-vaiued measure on Rd (not a martingale measure, for
there is no t in the problem!) set Q(A,B) = E{M{A)M{B)} and suppose that
there exists a positive definite measure 5 on Rd x Rd such that
lota,s)| S.E(AXB) for all Borel A, BC Bd . This assures us of a good

integration theory. We also assume for convenience that M(3dD) = 0.

Let T be a kth order differential operator on Rd with smooth

coefficients (0 < k < @) and consider the SPDE

(9.3) AU = ™ in b
u=20 in 3D .

Let us get the weak form of (9.3). Multiply by a test function ¢ and
da .
integrate over R , pretending M is smooth. Suppose ¢ = 0 on 3D. We can
then do two integrations by parts to get

(9.4) J utx)ad(x)ax = [ T M(x)é(x)ax.
D

Let T* be the formal adjoint of T. If T is a zeroth or first order
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operator, or if ¢ has compact support in D, we can integrate by parts on the
right to get

(9.5} UAP) = [ T*e(x) M{ax).
D

Let Hn be the Sobolev space introduced in Example 1, Chapter 4. We say
U is an Hn solution of (9.3} if for a.e.w, U{+*,w) takes values in H-n and

(9.5) holds for all ¢ e Hn- We say U is a weak solution if U e g'(Rd) a.e.

and if (9.5) holds for all ¢ ¢ 50, where

s, = {6¢e s®Y: 0 = 0 on 3D}.

2g

PROPOSITION 9.1. Let k = order of T. If n > 4 + k, then (9.3) has a unique
Hn-solution, defined by
(9.6) U($) = [ T*R(¢,yIM(dy).

This alsoc defines a weak solution of (9.3).

PROOF. Uniqueness. By the general theory of PDE, ¢ € Hn =>
R{p,*) € H < H. If U is any Hn~solution, apply (9.5) to ¢{y) = K{¢,y):

U($) = U(ad) = [ TH(y)M(dy) = [ T*R($,y)M(dy)-.
D D

Existence. Define U by (9.6). If e C (RY),

E{[ [ T*K(6,y)M(ay) ]’}
D

= [ [ 7 R($,x)T*R($,y)Q(ax dy)
DD

e{|ue) D)

In

2
C,"T*KW"”LQ

where C. = 9{D x D}. By the Sobolev embedding theorem, if q > d/2 this is

2
S CITHR(G,

2

T is a differential operator of order k, hence it is bounded from Hq+k *> Hq,

boundedly. Thus the above is

2
qt+k=2

while K maps Hq+k-2 » Hq+k

REALY

It follows that U is continuous in probability on H and, by Theorem

q+k=-2

4.1, it is a random linear functional on Hp for any p > g+ k - 2 + 4/2. Fix

ap>d+k=-2and letn=p+ 2. Then U ¢ H—n' (It is much easier to see
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a
that U e §'(Bg)- Just note that T*K(¢,*) is bounded if ¢ ¢ g(R ) and apply

Corollary 4.2).

UAd) = [ T*KR(AG,y)M(dy)
D

[ reo(yIm(ay).
D

On the other hand, d:(: 20' and C: is dense in all the Ht. U is
continuous on HP so the map ¢ + AP + U(Ad) of Hn > HP + R is continuous,

while on the right~hand side of (9.5)

(| [, ™ oam| %) _<_cﬂ'r*cpn2m icMM; ,
R

L q
which tells us the right-hand side is continuous in probability on Hk+q'
hence, by Theorem 4.1, it is a linear functional on Hd+k = Hn. Thus (9.5)
holds for ¢ € Hn' Q.E.D.

LIMITS OF THE BROWNIAN DENSITY PROCESS

The Brownian density process nt satisfies the equation

(9.7) %:1=-;-An+av-&+bé

where W is a d-dimensional white noise and Z is an independent
one-dimensional white noise, both on Rd X R+, and the coefficients a and b
are constants. (They depend on the limiting behavior of p and A.)

Let us ask if the process has a weak limit as t » ®. It is not too hard
to see that the process blows up in dimensions d = 1 and 2, so suppose 4 > 3.
The Green's function Gt for the heat equation on Rd is related to the

Green's function K for Laplace's equation by
o©

(9.8) K{x,y} = - | G, (x,y)at
0

and K itself is given by

Ca
- ’
[y-x| 472

where Cd is a constant. The solution of (9.7) is

X(x,y) =
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t t
N {0) = NG () + a é [q 96,6,y eWidy @s) + b é / (¢,y)2(dyds)

G
R Rd t~s
+ + .
def MG, (6) + a R (¢) +bU(6)
Rt and Ut are mean—zero Gaussian processes. The covariance of Rt is
t

E{R_($)R ($)} = g fRa‘Vth—s"¢'Y"‘Vx6t-s"¢'y’dy ds .

Now VxG = —VyG; if we then integrate by parts

t

== g £d AyGt‘S(¢'y)Gt~s{q"y)dy ds
t

= - g £d G, _(80,¥)G__(y,4)dy ds
t

= - (f) Gppopg (B0,4)aS

1 2t
=-5 Jq¥») | G (8e,y)as ay
R 0
1
=-3 éa $Ly) [=6(x) + G, (x,4)1dy

by (5.7). since d > 3, G, * 0 ast>e> so0
1
(9.9) E{Rt(¢)Rt(¢)} ML 2
The calculation for U is easier since we don't need to integrate by

parts:

t
E{(U_()U ()} = g £d G,_g(4,¥)G,__(¢,y)dy ds

t

2

1 1

=5 | Gppoy (Prb)au > = SK(6,4)
0

as t + », Taking this and (9.9) into account, we see:

PROPOSITION 9.3. Suppose d > 3. BAs t * =, /E.Rt converges weakly to a white
noise and /2 Ut converges to a random Gaussian tempered distribution with

covariance function
(9.10) E{U($)U($)} = -K($,¢).
In particular, nt converges weakly as t *+ ». The convergence is weak

da
convergence of 8'(R )-~valued random variables in all cases.
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Exercise 9.1. Fill in the details of the convergence argument.

DEFINITION. The mean zero Gaussian process {U{(¢): ¢ € §(Rd)} with covariance

(9.10) is called the Euclidean free field.

CONNECTION WITH SPDE's

We can get an integral representation of the free field U from

Proposition 9.3, for the weak limit of /2 Ut has the same distribution as

[, 6_té,v)ztay as).
o & ¢

This is not enlightening; we would prefer a representation independent
of time. This is not hard to find. Let W be a d-dimensional white noise

on Rd {not on Rd x R} as before) and, for ¢ € g(nﬁ), define

(9.11) u(e) = [ JK(b,y)-W(dy).
R

1 ¢, be s,

E{(U(O)UWI} = [ VK(4,¥)VK(4,y)dy
R

=- f 4 KO, )KL, y)ay
R

- [ 4 Kb.biy)ay
R

- K(¢,¢).

(This shows a posteriori that U(¢) is defined!) Thus, as U(¢) is a mean zero

Gaussian process, it is a free field.

PROPOSITION 9.4. U satisfies the SPDE
(9.12) AU = Vew

PROOF. U(A$) = | VK(A$,y)«W(dy)
R

= [ Vé(y)ew(ay)
R
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since for 4§ € S(Rd), K(Ad,y) = $(y). But this is the weak form of (9.12}.

Q.E.D.

Exercise 9.1. Convince yourself that for a.e.w, (9.12) is an egquation in

distributions.

SMOOTHNESS

Since we are working on Rd, we can use the Fourier transform. Let Ht

be the Sobolev space defined in Example la, Chapter 4. If u is any

distribution, we say u € Htoc if for any ¢ € C:, du e Ht'

PROPOSITION 9.5. Let € > 0. Then with probability one, W € HEZ;Z_E and
Ue Hloc where U is the free field
1-a/2-¢’ )

PROOF. The Fourier transform of ¢W is a function:

P - iF e
WE) = [ e T owiax)

R
and
([ + E1DY2RE 1 = (04 181D S e0fne ™ Y Ty,
BO
s} = Ja+ [g]H%0@) ) Pa

2.t
<cf 1+ [EiS%x
which is finite if 2t < ~d, in which case n¢wat is evidently finite a.s.
loc . s Ed L] P
Now V*W € H—d/2—1-e so, since U satisfies AU = VoW, the elliptic

loc

*
regularity theorem of PDE's tells us U € H1~€-d/2'

Q.E.D.

THE MARKOV PROPERTY OF THE FREE FIELD

We discussed Lévy's Markov and sharp Markov properties in Chapter One,

in connection with the Brownian sheet. They make sense for general
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distribution~valued processes, but one must first define the c-fields gD and
gg. This involves extending the distribution.

Since U takes values on a Scbolev space, the Sobolev embedding theorem
tells us that it has a trace on certain lower-dimensional manifolds. But
since we want to talk about its values on rather irreqular sets, we will use

a more direct method.

If p is a measure on Rd, let us define U(p) by (9.11). This certainly
works if p is of the form p(dx) = ¢(x)dx, and it will continue to work if
is suffciently nice. By the calculation following (9.11), "sufficiently

nice" means that

2
(9.13) Tl = - I [ wtao)kix,y)ptay) < =.
Let E+ be the class of measures on Rd which satisfy (2.13), and let E = E+ -
E+'

If B C.Rd is Borel, one version of the restriction of U to B would be

{Uur: p e E, U(a) > 0, all Ac:Rd

- B}.

Of course, this requires that there be measures in E which sit on B. This
will always be true if B has positive capacity, for if B is bounded and has
positive capacity, its equilibrium measure has a bounded potential and is

thus in E. (For the potential of p is K(u,*) and Hpﬂi = f K{p,ylu(dy).

Thus, define

(<3

gB = o{U{p): p e E, p(a) = 0, all Ac R =~ B}
gr= M g, -

ADB

A open

PROPOSITION 9.6. The free field U satisfies Lévy's sharp Markov property

relative to bounded open sets in Rd.

PROOF. This follows easily from the balayage property of X: if DC Rd is an
open set and if y is supported by Dc, there exists a measure v on 3D such

“K(v,y) £ =K(p,y) for all y, and K(v,y) = K{u,y) for all y & D, and all but a

set of capacity zero in OD. We call v the balayage of u on 8D.
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Suppose U g E and supp p C Dc. If Vv is the balayage of p on 3D, we
claim that

(3.14) E{uu)|g } = v(v).
D

This will do it since, as U(v) is G D——measurable, the left-hand side of

o]
{9.14) must be E{u(p)lgbb}.
Note that v & E (for p is and -K(v,*) < -K(i,*)) so if A€ E,

supp(A) ¢ D,

E{(U(R) - TVHUM} = JIK(p,y) - K(v,y)]A(dy)

=0
since K(u,x) = X(v,x) on D, except possibly for a set of capacity zero, and
A, being of finite energy, does not charge sets of capacity zero. Thus the

integrand vanishes A-a.e. But we are dealing with Gaussian processes, so

this implies (9.14). Q.E.D.



NOTES

We omitted most references from the body of the text - a consequence of
putting off the bibliography till last - and we will try to remedy that here. Our
references will be rather sketchy - you may put that down to a lack of scholarship -
and we list the sources from which we personally have learned things, which may not
be the sources in which they originally appeared. We apologize in advance to the

many whose work we have slighted in this way.

CHAPTER ONE

The Brownian sheet was introduced by Kitagawa in [37], though it is usually
credited to others, perhaps because he failed to prove the underlying measure was
countably additive. This omission looks less serious now than it did then.

The Garsia-Rodemich-Rumsey Theorem {Theorem 1.1) was proved for
one-parameter processes in [23], and was proved in general in the brief and elegant
article [22], which is the source of this proof. This commonly gives the right order
of magnitude for the modulus of continuity of a process, but doesn't necessarily give
the best constant, as, for example, in Proposition 1.4. The exact modulus of
continuity there, as well as many other interesting sample-path properties of the

Brownian sheet, may be found in Orey and Pruitt [49].

Kolmogorov's Theorem is usually stated more simply than in Corollary 1.2.
In particular, the extra log terms there are a bit of an affectation. We just were
curious to see how far one can go with non~Gaussian processes. Our version is only

valid for real-valued processes, but the theorem holds for metric-space valued

processes. 8ee for example ([44, p.519].

The Markov property of the Brownian sheet was proved by L. Pitt [52]. The
splitting field is identified in ({59]; the proof there is due to S. Orey (private

communication.)
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The propagation of singularities in the Brownlian sheet is studied in detail
in [56]. Orey and Taylor showed the existence of singular points of the Brownian
path and determined their Hausdorff dimension in [50]. Proposition 1.7 is due to G.
Zimmerman [63], with a quite different proof.

The connection of the vibrating string and the Brownian sheet is due to E.
Caba;a [8], who worked it out in the case of a finite string, which is harder than

the infinite string we treat. He also discusses the energy of the string.

CHAPTER TWO

In terms of the mathematical techniques involved, one can split up much
of the study of SPDE's into two parts: that in which the underlying noise has
nuclear covariance, and that in which it is a white noise. The former leads
naturally to Hilbert space methods; these don't suffice to handle white noise, which
leads to some fairly exotic functional analysis. This chapter is an attempt to
combine the two in a (nearly) real variable setting. The integral constructed here
may be technically new, but all the important cases can also be handled by previous
integrals.

{We should explain that we did not have time or space in these notes to
cover SPDE's driven by martingale measures with nuclear covariance, so that we never
take advantage of the integral's full generality).

Integration with respect to orthogonal martingale measures, which include
white noise, goes back at least to Gihman and Skorohod [25}. (They assumed as part
of their definition that the measures are worthy, but this assumption is unnecessary;
c.f. Corollary 2.9.)

Integrals with respect to martingale measures having nuclear covariance
have been well-studied, though not in those terms. An excellent account can be found
in Métivier and Pellaumeil [46]. They handle the case of "cylindrical processes",
{which include white noise) separately.

The measure v of Corollary 2.8 is a Doléans measure at heart, although we

haven't put it in the usual form. True Doléans measures for such processes have been
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constructed by Huang, [31].
Proposition 2.10 is due to J. Watkins [61]. Bakry's example can be found

in [2].

CHAPTER THREE

The linear wave and cable equations driven by white and colored noise have
been treated numerous times. Dawson [13] gives an account of these and similar
equations.

The existence and uniqueness of the solution of (3.5) were established by
Dawson [14}. The tP-boundednes and Hilder continuity of the paths are new. See [57]
for a detailed account of the sample path behavior in the linear case and for more on

the barrier problem.

The wave eqguation has been treated in the literature of two-parameter
processes, going back to R. Cairoli's 1972 article [9]. The setting there is special
because of the nature of the domain: on these domains, only the initial position need

be specified, not the velocity.

As indicated in Exercises 3.4 and 3.5, one can extend Theorem 3.2 and
Corollary 3.4, with virtually the same proof, to the equation

2
W _3 ¥, qv,e) + £(V,000,
3t 2
dx
where both £ and g satisfy Lipschitz conditions. Such equations can model physical
systems in which g is potential term. Faris and Jona-Lasinio [19] have used similar
equations to model the "tunnelling" of a system from one stable state to another.

We chose reflecting boundary conditions in (3.5) and (3.5b) for

convenience. They can be replaced by general linear homogeneous boundary conditions;

the important point is that the Green's funciton satisfies (3.6) and (3.7), which

hold in general [27].
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CHAPTER FOUR

We follow some unpublished lecture notes of the Ito here. See also [24]

and [34].

CHAPTER FIVE

The techniques used to solve (5.1) also work when L is a higher order
elliptic operator. In fact the Green's function for higher order operators has a
lower order pole, so that the solutions are better behaved than in the second-order
case.

We suspect that Theorem 5.1 goes back to the mists of antiquity. Ito
studies a special case in {33]. Theorem 5.4 and other results on the sample paths of
the solution can be found in [58]. See Da Prato [12] for another point of view on

these and similar theorems.

CHAPTER SIX

The basic reference on weak convergence remains Billingsley's book [5].
Aldous' theorem is in [1], and Kurtz' criterion is in [42]. We follow Kurtz'
treatment here. Mitoma's theorem is proved in [47], but the article is not
self-contained. Fougque [21] has generalized this to a larger class of spaces of
distributions, which includes the familiar spaces D(Q). His proof is close to that

of Mitoma.

CHAPTER SEVEN

It may not be obvious from the exposition - in fact we took care to hide it
= but the first part of the chapter is designed to handle deterministic integrands.
The accounts for its relatively elementary character.

Theorems general enough to handle the random integrands met in practice
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seem to be delicate; we were surprised to find out how little is known, even in the
classical case. Our work in the section "an extension"™ is just a first attempt in
that direction.

Peter Kotelenez showed us the proof of Proposition 7.8. Theorem 7.10 is
due to Kallianpur and Wolpert [36]. An earlier, clumsier version can be found in
{57). The Burkholder-Davis-Gundy theorem is summarized in its most highly developed

form in [7].

CHAPTER EIGHT

This chapter completes a cycle of results on weak limits of Poisson systems
of branching Brownian motion due to a number of authors. "Completes" is perhaps too
strong a word, for these point in many directions and we have only followed one: to
find all possible weak limits of a certain class of infinite particle systems, and to
connect them with SPDE’s.

These systems were investigated by Martin-LSf [45] who considered
non~branching particles (4 = 0 in our terminology) and by Holley and Stroock [29],
who considered branching Brownian motions in Rd with parameters A = p = 1; their
results look superficially different since, instead of letting p and A tend to
infinity, they rescale the process in both space and time by replacing x by x/a and t
by azt. Because of the Brownian scaling, this has the same effect as replacing A by
ad and y by az, and leaving x and t unscaled. The critical parameter is then
uw/A = azad, so their results depend on the dimension d of the space. If d > 3, they
find a Gaussian limit (case (ii) of Theorem 8.9}, if 4 = 2 they have the
measure~valued diffusion (case (iv})) and if 4 = 1, the process tends to zero (Theorem
8.11). The case i = 0, investigated by Martin-Lof and, with some differences, by Ito

[33], [34]), also leads to a Gaussian limit (Theorem 8.9 (i)).

Gorostitza [26] treated the case where y is fixed and A + ® (Theorem
8.9(iii) if p > 0). He also gets a decomposition of the noise into two parts, but it
is different from ours; he has pointed out [26, Correction] that the two parts are

not in fact independent.
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The non-Gaussian case (case {(iv)) is extremely interesting and has been
investigated by numerous authors. S. Watanabe [60] proved the convergence of the
system to a measure-valued diffusion. Different proofs have been given by Dawson
[13], Kurtz [42], and Roelly-Copoletta [53]. Dawson and Hochberg [15] have looked at
the Hausdorff dimension of the support of the measure and showed it is singular with
respect to Lebesgue measure if 4 > 2. It is absolutely continuous if & = 1

(Roelly-Copoletta ([53]). A related equation which can be written suggestively as

on
ot

has been studied by Fleming and Viot [20].

1 .
= E—An + N (1-n)W

The case in which p/A > = comes up in Holley and Stroock's paper if d = 1.
The results presented here, which are stronger, are joint work with E. Perkins and J.
Watkins, and appear here with their permission. The noise W of Proposition 8.1 is
due to E. Perkins who used it to translate Ito's work into the setting of SPDE's
relative to martingale measures {private communication.}

A more general and more sophisticated construction of branching diffusions
can be found in Ikeda, Nagasawa, and Watanabe [32). Holley and Stroock also give a

construction.

The sgquare process @ is connected with U statistics. Dynkin and Mandelbaum
[17] showed that certain central limit theorems involving U statistics lead to
multiple Wiener integrals, and we wish to thank Dynkin for suggesting that our
methods might handle the case when the particles were diffusing in time. 1In fact
Theorem 8.18 might be viewed as a central limit theorem for certain U-statistics

evolving in time.

We should say a word about generalizations here. We have treated only the
simplest settings for the sake of clarity, but there is surprisingly little
change if we move to more complex systems. We can replace the Brownian particles by
branching diffusions, or even branching Hunt processes, for instance, without
changing the character of the limiting process. (Roelly-Copoletta [Thesis, U. of

Paris, 1984]1). One can treat more general branching schemes. If the family size N
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has a finite variance, Gorostitza [26] has shown that one gets limiting eguations of

1
the form g%-= E‘Aﬂ + an + B2 + yVeW, where a = 0 if E{N - 1} = 0, so that the only
new effect is to add a growth term, amn.
2
if E{N"} = », however, things do change. For example, n can tend to zero

in certain cases when p/A has a finite limit. This needs further study.
CHAPTER NINE

The term "random field" is a portmanteau word. At one time or another, it
has been used to cover almost any process having more than one parameter - and some
one-parameter processes, too. It seems to be used particularly for elliptic systems,
though why it should be used more often for elliptic than parabolic or hyperbolic
systems is something of a mystery. {(As is the term itself, for that matter). At any
rate, this chapter is about random fields.

We have used some heavy technical machinery here. Frankly, we were under
deadline pressure and didn’t have time to work out an easier approach. For Sobolev
spaces, see Adams [64]; for the PDE theorems, see Folland [67] and Hormander [30].
The classical potential theory and the energy of measures can be found in Doob [66].

The exponent n of the Sobolev space in Proposition 7.1 can doubtless be

improved. If ﬁ is a white noise, one can bypass the Sobolev embedding in the proof
and get n > k + 4/2 rather than n > k + 4.

The free field was introduced by Nelson in [48]. He proved the sharp
Markov property, and used it to construct the gquantum field which describes
non-interacting particles. He also showed that it can be modified to describe
certain interacting systems.

Rozanov's book [54] is a good reference for Lévy's Markov property. See
Evstigneev for a strong Markov property, and Kusuoka [43] for results which also
apply to parabolic systems in which, contrary to the claim in [57], one commonly

finds that Lévy's Markov property holds but the sharp Markov property does not.
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CHAPTER TEN

There is no Chapter Ten in these notes. For some reason that hasn't
stopped us from having notes on Chapter Ten. We will use this space to collect some
remarks which didn't fit in elsewhere. Since the chapter under discussion doesn’'t
exist, no one can accuse us of digressing.

We did not have a chance to discuss equations relative to martingale
measures with a nuclear covariance. These can arise when the underlying noise is
smoother than a white noise or, as often happens, it is white noise which one has
approximated by a smoothed out version. If one thinks of a white noise, as we did in
the introduction, as coming from storm-driven grains of sand bombarding a guitar
string, one might think of nuclear covariance noise as coming from a storm of
ping~pong balls. The solutions of such systems tend to be better-behaved, and in
particular, they often give function sgolutions rather than distributions. This makes
it possible to treat non-linear equations, something rather awkward to do otherwise
(how does one take a non-linear function of a distribution?) Mathematically, these
equations are usually treated in a Hilbert-gpace setting. See for instance Curtain
and Falb [11], Da Prato [12], and Ichikawa [68].

There have been a variety of approaches devised to cope with SPDE's driven
by white noise and related processes. See Kuo [41] and Dawson [13] for a treatment
based on the theory of abstract Wiener spaces. The latter paper reviews the subject
of SPDE's up to 1975 and has extensive references. Balakrishnan [3] and Kallianpur
and Karandikar [35] have used cylindrical Brownian motions and finitely additive
measures. See also Métivier and Pellaumail {46], which gives an account of the
integration theory of cylindrical processes. Gihman and Skorohod [25] introduced
orthogonal martingale measures. See also Watkins [61]. Ustunel [55] has studied
nuclear space valued semi-martingales with applications to SPDE's and stochastic
flows. The martingale problem method can be adapted to SPDE's as well as ordinary
SDE's. It has had succes in handling non-linear equations intractable to other
methods. See Dawson [65] and Fleming and Viot [20], and Holley and Stroock [29] for

the linear case.
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Another type of equation which has generated considerable research is the
SPDE driven by a single one-parameter Brownian motion. (One could get such an
equation from (5.1) by letting T be an integral operator rather than a differential
operator.) An example of this is the Zakai eguation which arises in filtering
theory. See Pardoux [51] and Krylov and Rosovski [39].

Let us finish by mentioning a few more subjects which might interest the
reader: fluid flow and the stochastic Navier-Stokes eqguation (e.g. Bensoussan and
Temam [4]); measure-valued diffusions and their application to population growth
(Dawson [65], Fleming and Viot [20]); reaction diffusion equations in chemistry

{Kotelenz [38]) and guantum fields {Wolpert [70] and Dynkin [18]).
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