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Summary. A long range contact process and a long range voter process are
scaled so that the distance between sites decreases and the number of neigh-
bors of each site increases. The approximate densities of occupied sites, un-
der suitable time scaling, converge to continuous space time densities which
solve stochastic p.d.e.’s. For the contact process the limiting equation is the
Kolmogorov—Petrovskii—Piscuinov equation driven by branching white noise.
For the voter process the limiting equation is the heat equation driven by
Fisher—Wright white noise.

Mathematics Subject Classification: 60H25, 35R60

1 Imtroduction

We define a sequence of one dimensional contact processes indexed by a
parameter n. In the nth model the sites are indexed by x € n=?Z. We la-
bel the state of site x by {/(x) where &'(x)=1 if the site is occupied
at time ¢t and &/(x) =0 if it is vacant. Two sites are neighbors, denoted
by x ~y, if |x—y| < n~'2 Thus each site has 2c;n*/* neighbors where
ci(n) — 1 as n — oo. Occupied sites become vacant at rate n. Occupied sites
also give birth at rate n + .. At the time of a birth at site x, a site is cho-
sen uniformly from the neighbors of x and, if vacant, becomes occupied. The
parameter 0, € R (where the subscript stands for contact process) is fixed
throughout and we consider only n = |26.].

An approximate density is defined by 4.(¢7) where for f: n°Z — R
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A()x) = Qen) 'S f(y) forxen?Z.
yox
We linearly interpolate between sites to obtain a function A.(&})(x) for x € IR.
Let e;(x) = exp(4]x|) for A € IR. The set

% ={f: R — [0, c0) continuous with | f(x)e;(x)] — 0 as |x| — o0
for all A < 0}

is the set of non-negative continuous functions with slower than exponential
growth. Define || /||, = sup,|f(x)e,(x)| and give ¥ the topology generated by
the norms (|| ||;; 4 < 0). Then the paths t — A.(&]') are % valued (since, for
instance, |4.(E7)(x)| = n) and cadlag. We consider the law of 4.(£") on the
space of cadlag & valued paths with the Skorokhod topology.

Theorem 1 Suppose that as n — oo the initial conditions (A.(E5)x): x € R)
converge (in €) to fo € €. Then the approximate densities (4. (E}): t =
0) converge in distribution as n — oo to a continuous € valued process
(ug: t = 0) which solves the stochastic p.d.e. driven by white noise

(1.1) S = (1/6)Au + Ocu — v + |2u|'*W

with initial condition uy = f.

For the voter processes the lattice scale is different. In the nth model the
voters are indexed by x € n~'Z. The voters can take two opinions, labeled
0 and 1. Two voters are neighbors, again denoted by x ~ y, if [x — y| <
n~ 2. Thus each voter has 2c,n'? neighbors where c(n) — 1 as n — oo.
Voters change their opinion at rate O(n) and adopt the opinion of one of their
neighbors. We allow a slight asymmetry where the opinion 1 is more dominant.
More precisely, for each of the O(n'”?) neighbors independently, they adopt
the opinion of that neighbor at rate #'/? if it is 0 and at rate n'/? + 8,n="2 if
it is 1. The parameter 6, = 0 (where the subscript stands for voter process) is
fixed througout and we consider only n = 20,.

The opinion of the voter at x at time ¢ is again labelled by &"(x) € {0, 1}. An
approximate density is defined by A4,(¢") where for 1> n7'Z — R

A()x) = Qean) ' f(y) forxen'Z.

yeox

We linearly interpolate between sites to obtain a function 4,(&7)(x) for x € R.
Again the paths 1 — A,(&V) are cadlag € valued.

Theorem 2 Suppose that as n — oo, the initial conditions, (4,({5)(x): x € IR)
converge (in €) to fo € €. Then the approximate densities (A,(): t = 0)
converge in distribution as n— oo to a continuous € valued process (u;: t 2 0)
which solves the stochastic p.d.e. driven by white noise

(1.2) S = (1/6)Au + 20,u(1 — u) + |4u(l — u)|"*W

with initial condition uy = fy.
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Equations (1.1) and (1.2), where W is a space time white noise, can be given
rigorous meaning in terms of an integral equation, as explained in Walsh [16,
Chap. 3]. Uniqueness in law holds for both equations. Equation (1.1) without
the overcrowding term —u? is the density of super Brownian motion with mass
creation at rate f.. Uniqueness for this process is well known [3]. Uniqueness
for (1.1) then follows from change of measure arguments (see [7] for the case
where uy is integrable and [14] for the case up € ¥). For (1.2) uniqueness
follows from the existence of a dual process [12]. Solutions to both equations
have been studied [8,9,14,15]. They show phenomena (phase transition and
travelling wave solutions) that are analogous to their underlying simple (not
long range) discrete versions.

Theorem 1 was conjectured by R. Durrett and partially proved by Perkins
[10] who showed that a discrete time process analogous to the long range con-
tact process also converges to the limit (1.1). The method of proof here is sim-
ilar. The models are shown to satisfy a martingale problem that approximates
the martingale problem for the limiting processes. Tightness of the approximate
densities is established. Passing to the limit in the approximate martingale prob-
lems, all limit points are shown to satisfy the limiting equations. The proof is
then concluded by the uniqueness for solutions to the limiting equations. A
stronger result is obtained here than in [10] which proved only convergence in
distribution as finite measure valued processes.

Tightness 1s proved by estimating moments of small increments for the
approximate densities and arguing as in the Kolmogorov tightness criterion.
For this an approximate Green’s function representation is established
(equation (2.11)) for the approximate densities A.(])(x) which is analogous
to the Green’s function representation for solutions to (1.1) but with certain
error terms. Such a representation was also used in [10]. The method for
estimating moments from the Green’s function representation is analogous
to that used for the limiting stochastic p.d.e.’s [13]. The extra work
involved is to control the error terms. The same method works for the voter
model and is considerably easier because the densities are known to be bounded
by 1.

Finally we note that these random limits are possible because of the pres-
ence of an asymptotically critical branching mechanism. In one dimension, this
allows a suitable rescaling to a stochastic p.d.e. driven by white noise. A well
known example of this kind of scaling is the super Brownian motion, which is
the limit of critical branching Brownian motions. In one dimension, the super
Brownian motion has a density which satisfies a stochastic p.d.e. similar to
those above. Super Brownian motion exists in higher dimensions. However it
exists as a singular measure valued process and possible higher dimensional
analogues for equations (1.1) and (1.2) are unclear.

The choice of uniform jumping mechanisms, although natural, is very spe-
cial and the result should carry over to a class of jumping mechanisms. For
instance symmetric jumps with the same variance and enough moments would
allow the approximation by the local limit theorem that is needed.

Notation. C will denote a non-negative quantity whose dependence will be
indicated but whose exact value is unimportant and may change from line to
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line. A point mass at x € R is denoted 6,. We write p(t, x) for the Brownian
transition density and P, for the Brownian semigroup.

2 Long range contact process

For f, g: n=?Z — R we write (f, g) for n_zzxf(x)g(x) (whenever this sum
is meaningful). If also v is a measure on n?Z we write (v, f) for [ fdv. We
write again (with a slight abuse of notation) || f||, for sup{|f(x)ei(x)|: x €
n?Z}. We also use the notation, for x € n7%Z, § > 0

D(f, 0)x) = sup{|/(») — f@)|: [y —x| S 6, y e n L},
A(f)x) = (n+ )2 D (f(r) — f(x)).

yox

The long range contact processes may be constructed by the graphical con-
struction [4] from two independent families of i.i.d. Poisson processes:

(Px): x € n*Z) with rate n,

(Pix, y): x, y €n" 2, x ~ y) with rate 2e1n*?) N n+6,),

where the processes are indexed over ¢ € [0, 00). At a jump time of P,(x) the
site x, if occupied, becomes vacant. At a jump time fo P,(x, y), if the site x
is occupied, there is a birth and the site y, if vacant, becomes occupied. The
dynamics of the contact process & € {0, 1} are captured in the equations

&) = &) — Of(fZ_(X)dPs(X)+ > [ = E_CNE_(»)dP(y, x) .

y~x 0

We define the measure valued process
V=01 S I(E(x) = 1)

For most of the proof we now drop the superscripts and write simply &,,v,.

Step I An approximate martingale problem
Take a test function ¢: [0, 0co) x n™2Z — R with ¢ — ¢,(x) continuously dif-
ferentiable and satisfying

T
(2.1) Of(lfbsl + @2 + 1055, 1ds < 0.

Then, applying integration by parts to &(x)¢(x) and summing over x, for
t =T
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(vt: ¢t) :(V07 ¢0) + f(vs: 63¢5)ds
0
— 'Y [ (x)s(x) dPs(x)
x 0

+n7 'S (1= E—(0))E— (1) ds(x)dP(, x)

X y~x 0

= (0, $o) + [0, Budhs) ds
4]

(22) + 07 Y [E (1) s(x) ((ZdPs(x,y)) ~ dPs(x))
x 0 yrx

(2.3) +n' Y g“g(y)(qbs(x) — ¢(»))dPy(y, x)
X yr~x

24) - n—lzz \Ofés*(x)‘fs~(y)¢s(x)dPs(ya x).
X yrx

We break term (2.2) into two parts, an average term and a fluctuation term:

Y jék(xm(x)

. ((Z(d?’s(x,y) — Qe (n + Gc)dS)> — (dPy(x) - ndS)>

yrx

10,y Of'fs(xm(x)ds

=Z(d) + Gbe(vs, ¢s)ds

where Z,(¢) is the martingale defined by

yovx

n=' Y [ & (x)s(x) ( (Z (dPs(x, y) — d{P(x, y)>s)> — (dPy(x) — d<P(x)>s)>
X0
and has predictable brackets process given by

(2.5) (Z(#)) =1L [& ()¢5 (x)(2n + 6.) ds
x 0

= @4 B[Oy ¢2)ds
g

We break term (2.3) into two parts, an average term and a fluctuation term:
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IS [E () @s(x) — ds(MNAP(, x) — d(P(,%))s)

X y~x 0

+r7' S [EDND(x) — ds(»)2erin¥) " Hn + 0,)ds

x y~x 0

= Et(l)((ﬁ) -+ j(Vs, Ac¢s)ds
0

where the error term

EN(@) =0T [E_(0(@s(x) = d(0NAP(, x) — d(P(y, x))5)

X yeox 0

is a martingale with predictable brackets process given by

(2.6) d(EN()), = n7* 32 E(r)u(x) — b:(»)P2erin®?) (n + 0,) dr

X y~x
< (L + Oen™"Yvi, Dy, n™ ) dt
< 2(vi, e_3:)||D(¢ps, 1Y) |3dr  (for any ).

Alternatively we may bound

EW($)),
272 2en?) " 0+ 0 DX GO illo( b )] -+ ()] dt

X yrox

Q7 d

~

fIA

= “‘/{)t“o(1 + Bc”ﬁl) <’1_IZ@(J’)|¢t(J’)| + HZZAC(f,)(x)I(f),(xN) dt
¥ x

< 2(|pello((ves [el) + (AeEe)s (Do) 2 -
We break term (2.4) into two parts, an average term and a fluctuation term:

nm 0N [E)E— (W) NPy, x) — d{P(y,x));)

x yox O

+17 Y [EG)E(V) s (x)2ern® ) (n + 0.)ds

x yrex 0

= ED(G) + (1 + 0n=) [ (s Au(E) )by s
0

where the error term

EA() = n7' S [EC(x)é— (9)hs(x)NdPy(p,x) — d(P(y.x))s)

X yrx 0

is a martingale with predictable brackets process given by
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2.8) (ED(@) =n"T2 ftés(X)és(y)qﬁ?(X) (2e17*2) ™" (n+ 6, )ds

X y~xQ

'Y Y [E)E()e—2)l|¢ill3ds

X y~x 0

A

or nREYY [E)ED e s@e—a(»)ll s l3ds

xyo

IA

t
= ¢l etn™ V2 [(vg, e, 2| sll5ds  (for any A).
0
Collecting terms we have the following semimartingale decomposition

(29) (i) = (vo, Po) + { (Vs, Osps + Ocps + Ac(9s)) ds

1

— (14 007" [ (v Ae(E) s ds + Z(d) + EV () — EP(¢).

0

Step 2 Green’s function representation

We now take a special test function in the above decomposition. For each
z € n™2Z define a test function Y#(x) = 0 (for ¢t = 0, x € n~2Z) as the unique
solution, satisfying the hypothesis (2.1), to

(2.10) o} = AV
Yo(x) = (n"?/2e)) I(x ~ 2) .

Note that 4. is the generator of a simple random walk X, jumping at rate
n+ 0. with symmetric steps of variance ((1/3) + o(1))n~!. Define

Yi(x) = P P(X; = x| Xy = 2).

Then ¥ (x) = (l//z,vﬁ’,‘). Also the local central limit theorem implies that (when
linearly interpolated) the functions ¥ (x),y%(x) converge to p(#/3,z —x). We
collect together the information we need about the test functions ¥,y below.

Lemma 3 There exists ng < oo such that for n 2 ny, T 2 0,z € n ?Z,
A=0
@) WD) =W, 1) =1 and ||, < Cn'2, il < Cn® for all t 2 0,
(b) (en W7 +¥2) < C(A,T)exz) for all t £ T,
() WEll, £ CU TR ANt7)eyz) for all t S T,
(d) (Yf —F) 1) < 6njt —s| for all s,t =2 0
and for n = no,n 3 < s <t £ T, y,z€n2Z, |y—z| £ 1,
(e) |lY¥f - l//tyIlA < C(4, T)el(z)(|z - J’P/Zt_l + n_l/zt\3/4),
() Wi —vill, £ COLDexz)(|t — s|/2s732 4 125734,
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(@) 1D, n=")]|, < C(A, Tex(z)n™ 417,

The proof of Lemma 3, which uses estimates from the local limit theorem, is
delayed until Sect. 4.

We apply (2.9) with the test function ¢, = e%*U=9y¥ _for s < ¢, (it is straight-
forward to check that hypothesis (2.1) is satisfied). This test function is chosen
so that the first drift term vanishes and the initial condition is chosen so that

(vis b¢) = (v, ) = Ac(&)(x). Thus we obtain an approximate Green’s function
representation for A.(&,), for a fixed value of 7.

(2.11) AEN®) =0 ¥) — (14 Oen ™) [ (v, Ac(E I, ) ds
0

FZOE ) FEDWE ) - EP ).

We now use this Green’s function representation to obtain some moment estj-
mates needed for the proof of tightness.

Lemma 4 Suppose that the initial conditions satisfy A.(&) — fo in € as
n—o0. Then for T 20, p=22,A>0

(a) E(SungT(Vt,e—l)p) é C(f():;”n €c> psT)
(b) E(E W )IP) < C(fo. 1 0c, p, TIn™ P, ,(2) for all t < T
(©) [EMEEN]_;p < C(f0:20e, p.T) for all t < T.

We shall need a technical lemma.

Lemma 5 For f:n?Z — [0,00) with (f,f) < o0, A€ R
(@) (v, ¥7) = (A &) 7).
(b) [(vis £) — (A& )] £ DU sn™ )|, (vise_s),

(©) (vude(E)S) £ CUANEN.S) + CID(f ™2 (A(E)es)

Proof of Lemma 5 Part (a) is straightforward and the proof is omitted. For
part (b) we have

U, 1) = 2ein) " 023 F(0)E()

X yrox

= 2an”) T I Y (S ) = SO EG) + (i f)

X yrox

and
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ein") " n TN (f) = SN &)

X yrox

< (2en"?)  nPSD (£, ) ()E)

X yrox
= (v,,D (f,n_l/z))

S IUD(fon™ )N, (ez) -
In the next argument C will denote a strictly positive constant,

(42, f)
= (4) ALY T FEDED)

X yrx y/ ~x

< (4d)”nT X U0)- D(f,n”"Y)E()EY)

z Cn_3Xy)y,{)};f(y)@(y)@(y’)l(x ~ yx ~ y) = (A2(E), D(f,n )
> Cn—3/2§y§yf<y)@(y)«:,<y') — (4(&), D(f,n™ %))

Z COvi, (&) ) = ID(fn™ )| (AP (&)

Rearranging gives the desired bound for part (¢). O
Proof of Lemma 4 Substituting ¢, = e_; into (2.9) gives

!
(2.12) (ve-)) = (vo,e—;) + [ (vs, 0ce—s + Ace_;) ds + M,
0

where M, is a martingale with brackets

<M>t =C ((Z(e_;))t + <E(1)(3—1)>t + <E(2)(e—)n)>t)

t t
=C (f(vs,e—zz)dSJr [(vsse_ap)||D(e—s,n™ )| 5ds
0 0

L
+n—1/2e’vf(vs,e_,z)2||€~2||ids>
0
t
< C(A)[1+ (vs,e—y)ds .
]

It is straightforward to check that d.e_; < C(A)e_;. Lemma 5 part (b) gives

(vo,e—;) < (14 ||D(e—p,n )|, )(e(Eo)se—z) < COYNALE), e—2)

which is bounded by C(fy,A) uniformly in n by the assumption on the initial
conditions. We now apply a Burkholder-Davis—Gundy inequality in the form

E(sup [X,|P) < C(p)E((X)P? + sup X, — X,_|?)
st

st
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for a cadlag martingale X with Xy = 0 (which may be derived from its discrete
time version [2, Theorem 21.1]). Note that the largest possible jump of the
martingales Z(e_;), EX(e_;), E®(e_;) is bounded by n~'. Then taking pth
powers in equation (2.12) and taking expectations, we have for t < T

E(sup(vs,e—1)")

st

lIA

t P
C(fo:4 p)+ C(4, 0, p)E ((f(vs,e—/z)ds) ) + C(P)E(SUIT’ |M:]7)
0 =

< C(f0, 700, p, T) (1 + ftE(<vs,e_g)p)ds>
0
+ C(PEWM) + C(pyn
< C(f0, 70, p, T) (1 o E((vs,e_m)ds) :
0

Gronwall’s inequality completes the proof of the part (a).

The largest possible jump of the martingales Z;(y;_.), Es(")(lp,i,) is bounded
(almost surely) by n~'sup.,,[l¥¢]l, < Cn~? by Lemma 3(a). Choose
t = T. Then by Burkholder’s inequality and (2.8)

(2.13)  E(EPWE)IP)

¢ p/2
C(pn PPE ((I (Vs e_onmz_sliids) ) + C(pyn+"
¢

AN

A

f (p/2)—1 t )
C(pyn~?"? (1 + (Oflllﬁ_sﬂfzdé“) OfE((vs,e—x)”)lIlﬁf_le;_dS)

IIA

f pl2
C(f0, 2, 0c, p, TYn™ P (1 + (fllll/fAsllidS> ) (by part a)
0

lIA

C(fo, 4,06, p, T)n_”/4e,1p(z) (using Lemma 3(c)).
Similarly using (2.7), Lemma 5(a) and Lemma 3(a-—c)

@14)  E(E W )P)

t p/2
< C(p)E ((f Wi sllo((vss W) + (Ae(&s), wf_s»ds) ) + C(p)nP?
0
¢ _ pl2
< C(p,T)E ((f (1 — ) PALE) Wy + wiﬁs)ds> ) + C(pyn 2
0
< C(p, T)f(t — Y BEUPPEN W + i yds + C(p)n P
0
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< T f _ )23 EAP/2 £ R 1z d C —p/2
< C(p, )f(t 5) H (4f (_s))|l_gp(e/.p’ t-s+!//z_s) s+ C(pn

0
t
< C(4, p.T)er, (2) [ (t = s) 2|1 + E(AZ(E )|y pds + CpIn "2 .
0

We return after proving part (c) to improve the bound on E().

(2.15) (vo, Y7 )P = (A(&), YE )P
< 14 (e ¥7)P
< C(fo, 4 p.T) ey, (2)

using the assumptions on the initial conditions and Lemma 3(b). Using
Burkholder’s inequality again and (2.5), we have

(216)  E(IZ(W-)1")

t p/2
< C(p)E ((f(vs,(l//f_s)z)dS) ) +C(py?"?
0

i

< C(4 p, T)eap(z)f’(t —5) BN+ E@EE))] _yds + C(pn™
0

arguing as in (2.14). To prove part (c) we shall take pth powers and expec-
tations in the Green’s function representation (2.11). Collecting together the
bounds (2.13-2.16) we have

I1E (42N _s,
= sup E (J4c(&)@)|P) e—ip(2)

< CGnnton) (14 [ - PlE@IE) ILspis) -
0

Then a slight modification of the usual Gronwall argument [16, Lemma 3.3]
completes the proof of part (c).

To improve the bound on E() and finish the proof of part (b) we apply
the same Burkholder argument but with a mixture of the two bounds (2.6 and
2.7) for the brackets process.

(2.17) E (|E§” (W) |P)

; pr2
§ C(P)E (( f ”'ﬁt—s“() ((VS’ l/]tz—s) + (A(és)y lﬁtz—s)) dS) )
(

i—n 38y,

(1—n38), -
+c<p>E(< J <vs,e_u)||D(wf_s,n—“2>llids> )
0

+C(pn~ P2,
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We may bound the first expectation on the right-hand side of (2.17) as above by

IV\

[ p/2
C(TE ( / (—S)’2/3(A(€s),l/ff_s+!;?_s)dS>
(t—n—3/8),

e

I

(¢—n—38),

(t — ) PEAPPHEN Wi, + &?ﬂ)dS)

¢ (p/2)—1
( G *S)'2/3(1,lﬁf_s+t/7§_s)ds)
(t—

n=308),

II/\

( / t = s) P PUEAPPEDN ;e i_swfﬂ)ds)
(t 738

(p/2)—1
( f (1 —S)_2/3(1,l//f_s+;5f_s)ds>

(t—n—38)y
< C(f0,4,0c, p, T)n ?'%¢;(z) (using part c).
We may bound the second expectation on the right-hand side of (2.17) by

(t—n"3),
C(p) < f E((Vs: €2, )p/Z)HD( t—s’nml/z) “ids>

0

([_ﬂ_3/g " (p/2)—1
z — 2
( [ D (,n'?) ||;~dS)

0

—n 38y,

pl2

(t—n

é C(f()’)"a 065 pa T) ( f HD( t— _S’ ~1/2) ||ids> (USing part a‘)
¢

(t—n"8),

P2
éC(fo,/l,é?c,p,T)eap(z)n“f’/“< f (t—s)_zds> (Lemma 3(f))
0

é C(f07 A’vec, p, T)EAP(Z)n-p/lé .
The two bounds together complete the proof of part (b). O

Step 3 Tightness

We now use the Green’s function representation to estimate moment differences
for the approximate densities. We assume throughout this section that 4(&p) —
fo in €. Define

Ac(E)z) = A(ENz) — (o, Y7

Note that this is natural given the Green’s function representation.

Lemma 6 For 0<s<t<T yzen?Zlt—s|=lly—zl£1,i>
0,p2z2

E([A(E)(z) — A(E)W)P) SCU, p,8e, T, fo)es, ()|t ~ 7/
+ |z — y|P 0Py,
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Proof. The idea in the proof is to mimic the similar moment estimates for the
solutions to equations like (1.1) (see for example [13]). Fix 5,4, 7, y,z, 4, p as in
the statement. We decompose the increment into a space increment A(E)z) —
c(é,)( y) and a time increment Ac(é,)( y)— Ac(és)( y). We shall subtract the
Green’s function representations for Ac(ft)(z) and 4.(&)(»), take pth moments
and then expectations. We then estimate individually the terms emerging. We
consider first the space difference. From the Green’s function representation

and the estimates already obtained in Lemma 4 for the error terms E®) we
have

(2.18) E(|4c(E)(z) — AL(EXIP)

é C(f(), ;La 06: D T)e};p(Z)n_p/16

+C(p)E< t
0

f—s - ‘sz—s))ds

)

+ C(PE(|Zii-. — )|

é C(fO’ Aa 969 P T)elp(z)nAP/lé

+C(p)E ( J Wi — ¥ ))ds

)

t p/2
+ C(p)E (((Jf(vs,(lﬁf_s - l//ty*s)z)ds) ) :

We break the first expectation on the right-hand side of (2.18) into two parts.
Set 6 = (|z — y|"* v n=1/2) A 1. If we restrict the integral to [0, # — ) we obtain
a part bounded by

t P
(2.19) C(p)E<<f(vs,Ac(és)e_a)dS> >sup(!|lﬁ§—¢!||§,’: s € 6,0])
0

t 14
= C(p)E ((f(Ag(fs),e—a)dS) )
0

x sup(j|Z — Y217 s € (8,4]) (Lemma 5(c))
< C( p,T) [ |EAZPNE | -2(esnre_s)ds
0

x sup(|ly5 — Y ll7: s € (8,1])
< C(4, p, Thes, (z)(|z — Y|PR6P 4 0= PR3P < 1)

x [IEZPWEN —i2(ern e—r)ds  (Lemma 3(e))
Q0
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< C(fos 4 0e, p, Tes (2 )|z — y|PR6TF 4 nmPRgT3PM4
x I(6 < t). (Lemma 4(c))

The integral over [t — 0,¢] gives a part bounded by

‘ p
(2.20) C(p)E (( féHlﬁfﬂs + tﬁ,y_sIl;h(vs,Ac(és)eh;.)dS> )

t—0o

. »
= C(p, T)e/z,,(Z)E<< J - S)_2/3(A§(fs),e—x)d5> )
(Lemmas 5(c) and 3(c))

!
< C(p, NI Ne; (2) f (1= s)yPEAEE)) e2)ds

t—0
< C(fo, 4 0c, p, T)6PPe;,(z) . (Lemma 4(c))

We break the second expectation on the right-hand side of (2.18) also into two
parts. The integral over [0,7 — J) is bounded by

(221)  C(p,THE (SHp(Vs, e~zz)”/2) sup([[y5 — ¥ 172 s € (4,1

< C(f0, 4,06, p. T)es (2)(|z — y|P267F + n=P267301)
x I(6 < t) (Lemmas4(a)and 3(e)).

The integral over {t — d,¢] is bounded by

. p/2
(222) C(p)E (( f(S IWi_s + ¥ lloCvs, Wi + ll/zy_s)dS) )

IIA

; _ p2
C(P)E<( J =) P bi s + l//ty_s)dS> >
=6
(Lemmas 5(a) and 3(c))

t
< C(p, T)5(1/3)((P/2)—1) f (t — S)—2/3
t—3o

x (EAPHENWins +¥i-,)ds
< C(f0.4 0e, p, T)5%¢; (z) (Lemmas 4(c) and 3(b)).

Combining the four parts and using the definition of ¢ leads to

E(4c(&)(2) = A(E)IFY < C(fo0: 4 p, Thes, (2)(Jz — y|PP* + P12y
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For the time differences we have again, by subtracting the two Green’s function
representations,

(2.23) E(JA(¢)(z) — AE))IP)
< C(fo, 4 0., p, T)egp(z)rfp/16

t p
+C(p)E ((f(vr,Ac(fr)*ﬁf_r)dr) )

P
+C(p)E< >

¢ p/2
+ C(p)E ((f(vr,(tp,i,)z)dr> )

N P/2
+C(p>E<(6r<vr,(wf_,— s_,)z)dr) )

The first expectation in the right-hand side of (2.23) is bounded by

JOm A ENWE, — Y2 ))dr
0

t 14
C(p)sglt)”l/jf”/{,]E<<f(vraAc(§r)e*/1)dr> )
t p
= C(p, 4, T)e;vp(z)E ((f(A%(C,), e_l)dr> ) (Lemmas 3(c) and 5(c))

< C(p. 4 Tea, (@)t — 5177 [(E(AP(E)), e_r)dr
< C(fo, 4 0c, p, Tes (2)|t — 5|7 (Lemma 4(c)) .

The third expectation in the right-hand side of (2.23) is bounded by

‘ P2
C(p,T)E (( [t =P, l,bf_,)dr) ) (Lemma 3(c))
i _ p/2
=C(p,T)E ((f(f —r)"BAE), Wfr)d”> ) Lemma 5(a))

t -
< C(p, Tt — |07 [ — )y 2B(EAPR(E,)), 5, )dr

< C(fo, 4,00, p, T)|t — 5|P€;,(z) (Lemmas 3(b) and 4(c)) .

We break the second expectation in the right-hand side of (2.23) into two
parts. Set & = (|t — 5|4V n= 12y As. If we restrict the integral to [0,s — &) we
obtain a part bounded, arguing as in (2.19) but using Lemma 3(f) in place of
Lemma 3(e), by
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- K P
C(pysup(|l;_, — i ||}: r €[0,s — O)E ((f(vr,Ac(ér)e—;.)dr> )
0
< C(for b Ber s Thes, (X[t — 517287 4 n= 257715 < ).

The integral over [s — 5,s] gives a part bounded, arguing as in (2.20), by

p
C(p,T)es,(2)E << J(s— r)”2/3(vr,Ac(§r)e—z)dr> )
§—8

< C(fo, 00, p, TN e (2) .

We break the fourth expectation on the right-hand side of (2.23) also into two
parts. The integral over [0,s — §) is bounded, arguing as in (2.21) but using
Lemma 3(f) in place of Lemma 3(¢), by

C(p, Tysup (I1;_, — ¥_,||7: r €[0,5 — 6))E (sgp(vr,e_mm)
rss
< C(fos e py en, (X[t = 1728 47257715 < ).

The integral over [s — 5,s] is bounded, arguing as in (2.22), by

P2
C(p,T)E ( [ =Py, + tﬁj-,)dr>
s—§

=(1/3)(p/2)-1) 3 - -
< c(p. 18TV [ BUAENEN T, + 0 dr
s—0
< Cfo, bl 1, TN e, (2)

Combining the six parts and using the definition of  leads to

E(|4c(&)(2) = A7) S C(fo, 4 0c, P Thez (@)([t — 5|7 + =712
completing the proof of Lemma. [

We now show that these moment estimates imply tightness of the approximate
densities. Define A.(&)(z) = A(&)(z) on the grid z € n=2Z, t € n>N. Lin-
early interpolate first in x and then in ¢ to obtain a continuous % valued process.
The next lemma shows that Zc(ét) and /ic(ét) remain close. The advantage of
using A.(&,) is that it is continuous and it is a straightforward exercise to use
the above moment estimates and the argument of Kolmogorov’s continuity cri-
terion to show that tightness holds for the processes (4.(&): € [0, T])p=12
as continuous ¥ valued processes. Then tightness of (4.(&): t € [0, T)n=12,..
as cadlag % valued processes and also the continuity of all limit points follow
from the next lemma.

.

Lemma 7 For any 4 > 0,T < o0
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(@) P(sup, < lAc(&) — A&l 2 2 Ty = 0asn — o0,
(b) sup, <7 l(vo, ¥, ) — Pz foll -1 — O as n — oc.
Proof. a) For 0 < s <t we have
Iv0, ) — (oY)l =2 = mll(Wy; — s |, Dllo < 6nr — 5]

from Lemma 3(d). So this changes only by O(n~!) between the grid points in
n>IN. Note that the value of 4.(¢;)(x) changes only at jump times of P,(x)
or P,(y,x) for some y ~ x and that each jump is bounded by Cn~'/2. Then
for k € Z, writing %#(a) for a Poisson variable with mean a,

P(Iz € n 2ZN (e k + 1), It £ T with |A(&) — A(&)| = Tn~ VAAHK=D)
<PEzen*ZN(kk+1],3t € n”2NN[0,T), Is € [t,t + n—>] with
le(E)(z) — AEN@)] V [Ac(E)(2) — Ac(Eyy -2 )2)| 2 A HI=D)

lIA

n‘P (Cn“/z(Prs(O) + 3 P3(0,9)) 2 n—l/“e*(lkl*”)
yr~0

1A

n*P(C(P2n~% + 0.n3))P = nPletrkl=Dy

Applying Chebychev (for p = 17) and summing over £ proves part (a). The
proof of part (b) is delayed until Sect.4. [

Step 4 Characterising limit points

Radon measures (uk);—1,2.. on R converge vaguely to another measure p if
J o(@)un(dz) — [ ¢(z)u(dz) for all continuous ¢: IR — IR with compact sup-
port. Taking such a ¢ we have '

(7, @) = (A&, §) + EX ()

where  E(sup,< 7 EC($)]) £ C(fo, 406, TH|D($,n~ )|, by Lemma 5(b).
Tightness of (A.(£7): t = 0) then implies the tightness of the cadlag real val-
ued processes ((v/, ¢): ¢ = 0). This in turn implies the tightness of (v/: ¢ = 0)
as cadlag Radon measure valued processes with the vague topology once a
compact containment condition is checked [3, Theorem 3.6.4]. Proposition 4(a)
implies this compact containment condition. Note that all limit points are again
continuous. ‘

We now fix a convergent subsequence for the pair (A4.()),V}))z0. By
a theorem of Skorokhod (a slight extension of [6, Theorem 2.1.8]) we may
find variables with the same distribution as (&'(z): t 2 0,z € n2Z, n = 0)
for which the convergence is almost sure. Since we are only interested in
identifying the distribution of the limit there is no danger in continuing to
label this almost sure convergent subsequence as (A(&7), V7 )):»o. Also, since
the limits are continuous, the almost sure convergence holds not only in the
Skorokhod topology but in the topology of uniform convergence on compacts
in [0,00] ([6, Lemma 2.10.1]). Thus we have that with probability one, for all
7 < 0o, 4 > 0, ¢ of compact support
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sup |[4c(E) — u]|—2 — 0 asn— oo,

(ST

sup | [ ¢()vi(dx) — [ ¢p(x)v(dx)] = 0 asn— .
(<T

It is easy to see that v(dx) = u,(x)dx for all = 0.
Take ¢ three times continuously differentiable and with compact support. From
{2.9) with ¢; = ¢ we have that

(2.24) Z($) = [ px)vi(dx) — [ $(x)Vi(dx)
— Jo J(6e(x) + A $)x))vi(dx) ds
+(1+0n7") [ [ $O)AL(E )i (dx)ds

—E() +ED(@)

is a martingale. From (2.6) and (2.8) and Burkholder’s inequality
£ (suls@)F + BV
=

< C(f 0,400, TYID(d,n™ )3 + 0= gI7) + Cn "

Dropping to a further subsequence if necessary the error terms then converge
to zero for all ¢ almost surely. Taylor’s theorem shows that, when linearly
interpolated, A.(¢) — (1/6)4¢ as n — oo uniformly on the support of ¢. If
measures U, — f vaguely and functions f, are all supported on one compact
and fn — f uniformly then [ f,(x)u.(dx) — [ f(x)u(dx). Using this all the
terms on the right-hand side of (2.24) converge for all ¢ > 0, almost surely.
Hence the left-hand side also converges to a local martingale z,(¢) where

(2.25) z(¢) = [ PO Yu(x)dx — [ $OYuo(x)dx
— J3 J0ecp(x) + (1/6) AP 0) us(x) — PO y(x)dx ds .

Note that since the right-hand side is continuous so is z(¢). Also from (2.5)
Z(6) - @+ 0™) | [ i) s
is a martingale. Letting n — oo we have almost surely, for all + = 0
(2.26) () -2 f [ $*(x)d(x)dxds
0

is a continuous local martingale. Equations (2.25) and (2.26) now hold simulta-
neously for a countable collection of such test functions (¢, ). We may choose
(¢,) so that for any twice continuously differentiable function ¥z R — R
of compact support, there is a subsequence (¢ur)) so that @uuy — ¥ and
APpry — Ay uniformly. Using this we find that (2.25) and (2.26) hold for
all such ¥ and thus that u, solves the martingale problem associated with the
stochastic p.d.e. (1.1). Tt is now straightforward to show that, with respect to
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some white noise, u; is actually a solution to (1.1) (see [11], V20 for the
similar argument in the case of stochastic o.d.e’s). Thus all limit points have
the same law and the convergence in Theorem 1 is proved.

3 Long range voter process

We risk a little confusion by redefining some of our notation. Although the
scaling is different, most of the steps for the voter process are the same as for
the contact process and we feel that to use different notation would obscure
the similarities. Indeed once the approximate martingale problem is established
almost all the remaining steps are left to the reader.

For f,gn'Z — R we write (f,g) for nﬁlzxf(x)g(x) and if v is a
measure of n~'Z we write (v, f) for [ fdv. Again || f |,= sup{|f(x)e;(x)|:
x€n Z} and for x € n7'Z,6 > 0

D(f,8)x) = sup{|f(») = f|: [y —x| £ 6, yen 'L},
A(N)x) = ' (f(9) ~ fx) .

yrx
The graphical construction uses independent families of i.i.d. Poisson processes:

(Px,y): x,ycn 'Z, x~y) iid. Poisson processes of rate n'/?

(Pix,y): x,y€n'Z, x~y) iid. Poisson processes of rate 6,n /2 .

At a jump time of P/(x,y) the voter at x adopts the opinion of the voter at
y. At-a jump of P«(x, y) the voter at x adopts the opinion of the voter at y
provided that it is the opinion 1.

We label the opinion of the voter at site x at time ¢ by £/(x). Define v/ =
1Y S (E0(x) = 1) so that (&7, ¢) = (v', ¢). We now derive the approximate
martingale problem. We again drop the superscript to simplify notation. The
dynamics of the voter model are captured in the equation

&) =Co(x) + 30 [(6— () — & (%)) dPs(x, y)

y~x 0

+ 3 [0 = &) (1) dPy(x, y) -

yx 0

Take a test function ¢: [0,00) x n71Z — R with t — ¢,(x) continuously dif-
ferentiable and satisfying (2.1). Apply integration by parts to &,{x)¢,(x) and
sum over x to obtain, for t £ T

(vt: ¢t) - (V(), ¢0) + f(vmas(f’s)ds
0

+07 S J(E-(¥) — E—(x))ds(x) dPy(x, »)

X px 0
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+1n7 Y [ = E (1)) (1) u(x) dPy(x, v)

X yx

— (0, $0) + [, Osbs) ds
0

3.1 +n7 Y {és~(y)(¢s<x> — ¢(¥))dPy(x, ¥)
X yp~x

(3-2) + n_l Z Z b[(l - ésd(x))és(y)d)s(x)dﬁs(xa )’)
X y~X

(3.3) +n7 Y [ E()hs(x)(dPs(y,x) — dPy(x, ¥)).
x y~xQ

We break term (3.1) into two parts, an average term and a fluctuation term:

YT [ E (0N ix) ~ dy(y)In' 2 ds

X yrx 0

+17 33 [E-(0)(s(x) ~ $(3)NAPs(x, y) — n'/2ds)

x y~x 9
t
= [(ve dotps)ds + EF($)
0
where

ED(@) =15 [ E— (N @s(x) — ¢s(NAPs(x, ¥) — d{(P(x, p))s)

X y~x 0

is a martingale with predictable brackets process given by

dECPY), =02 32 EyNdu(x) — dl )0 Pdr

X y~x
< 2e(D*(¢i,n™ ), 1) dt
< 26, ||D(r, 0 P) |31, €27 )t

Alternatively we may bound

d(E®(P)), < derl|dillo(in 1) .

We break term (3.2) into two parts, an average term and a fluctuation term:

" )3PY f(l — &= (D)) (1) Ps(x)0,n™ 1 2ds)

X y~xQ

+n7' Y S [ = e ))Ee- (1) (xNAP(x, y) — B,n™ ' ds)

X yr~x 0

- 20,0, Of’(Au(és), $5) — (e Au(E)bs)ds + E()
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where

EN@) =n'T 5 [(1 = & () (1)) dPs(x, y) — d(P(x, y))s)

X y~x

is a martingale with predictable brackets process given by

(ED(p): =n 23 Y fqﬁs(x)@ n=V2ds

X y~x (0
t
< 40,n7" [ || dsll3(e—2s,1)ds .
0

The last term (3.3) is a martingale which we write as Z,(¢) = n~! YL ZH9)
where

Zi($) := 30 [ E—()s(x)(dPs(y, x) — dPy(x, ¥)) .

yox 0

From the independence of (P;(x, y): x, vy € n~!Z) we conclude that

(P(x, ) —n't, P(x', ') - n1/2t> =n'tIx=x, y=y').

Therefore
(Z*($), Z° ()
= Z Z Offsf(x)fs—(x')%(x)%(x/)
yox y aox!

x2m'PU(y =y, x=x")~Ix =y, y =x))ds
= dneyd(x =x') f Ei(x)i(x)ds

= 201 (x ~ X) [ EEE )X )b ) s
0

Then
(3.4) (Z(d))e -222 (ZX(e), Z7 ()

=4c; f(és, $2) — (&sps, Ac(Esbs))ds
0

t
< 4o; [ || ¢sll3(e2s 1)ds .
0

Collecting terms we have the following approximate martingale decomposition
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(v, ¢t) = (vo, (b()) + f(Vsa as(bs + Au¢s)ds
0

2200 [(AE ) 5) — (v Ao )b) s + Zi()
0
+EDH) +EP(9) .

With this approximate decomposition established the proof now follows that for
the contact process. Note that since 4,(&;) € [0, 1] by definition, the moments
estimates in Lemma 4(a) and (c) are unnecessary.

We point out only one difference in deriving the limiting stochastic p.d.e.
As for the contact process it is established that (v, 4.(&})) are tight and we
write (u,(x)dx, u,) for a limit point. Then for ¢ three times continuously dif-
ferentiable and of compact support, Z,(¢) converges to a continuous martingale
z;(¢) as n — oo where

(3.5) 2(¢) = [ p(u(x)dx — [ $(x)uo(x)dx
= { J(B:p(x) + (1/6)A(d)(x)us(x)

+ 20, p(x Yu(x)(1 — ug(x))dx ds .

From (3.4)
(36) Z3(¢) - 4es 0](:;2 9) — (1, A1) ds
= 72(¢) - 46 Of(éz(l — A4, ¢)ds
+40, Of (&6, A1) — A(E)p)ds
= ZH($) - 4e; { Ja ~Av(5;’3<x)>¢2(x)vz<dx)ds +EC().
This defines a third error term EG) for which

ES()) < 4e; Of,fl 3 EX)Px)2en )T E(y)| () ~ P(x)|ds

yrox
< 4eyt(¢, D(¢, n~?)) = 0.

All terms in (3.6) again converge showing that
t

(3.7 Z(9) — [ [(1 — us(x))us(x)p*(x)dx ds
0

is a continuous martingale. Equations (3.5) and (3.7) together imply that u, is
a solution of the stochastic p.d.e. (1.2) with respect to some white noise.
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4 Estimates from the local limit theorem

The purpose of this section is to prove Lemmas 3 and 7(b). We need an error
bound in the local limit theorem. Since our distribution changes with n we
have not been able to plug directly into a result from the literature but, as we
see below, the usual characteristic function proof gives a suitable error bound.
Let (¥:)i=1,2.. be iid. and uniformly distributed on (jn=2: |j| < n*/?).
Set p(t) = E(exp(itYy)) and S; = Zf.;l Y;. Note that E(Y?) = ¢3/3n, E(Y{) =
ca/5n® where c3(n), c4(n) — 1 as n — oco.
The relation between the test functions 7, ¢ defined in (2.10) and S; is

@1) Y = 3 exp(—(n + 0)0)((n + 00 (k) WP(Sesy = x — 2),
k=0

(42) )= § exp(—(n + 0))((n + )Y (k) 'n*P(S; =x —z) .
k=0

We let (%), be a Poisson process with rate (n + 0.). We shall use the bound
E(Z:+ 1)) £ C(a)(nt)® for all a < 0. The following lemma and corollary
give an error bound in the local limit theorem for Sj.

Lemma 8 There exists ny < oo such that for all n = ng, k =2 1
(a) |p* (1) — exp(—csk*/6m)| < Ck~'exp(—cskt?/12n) for t < (n/3)'?,
(b) |p(0)] = exp(—c3i?/12n) for t < (2n)'2,
©) |p®)| £ 3/4 for t € [(2n)'2, nn?] .

Proof. (a) This bound is obtained by substituting the moments of ¥; into
Theorem 8.5 from Bhattacharya and Rao [1].
(b) From Durrett [4, Chap. 2], (3.7) and the moments of X;

(4.3) p(t) = 1 — (c3/6n)t* — (ca/120n)t*e

where |e| = 1. First choose ng such that ci(n) € [1/2,2] fori=1,...,4, n =
ng. Then |p(¢)] £ 1 — (c3/12n)? when ¢t < (2n)"2, n = ny and the first bound
follows from the inequality 1 —x < e™*.

(c) Let m = sup(j € N: j < n*?). Then

m
()] = |@a??y 3 e

j=—m
. 2 N 12
— |(201n3/2)—](ett(m+1)/n _ e—n‘m/n2 )(ezt/n _ l)—l|
< () Vsin@/mH)|7! for t € [(2n)2, ] .

The right-hand side converges to 1/2 as n — co. We may choose rg to obtain
the desired result.

Corollary 9 For n = ny, y € n %2
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IR2P(Sk = ») — plesk/3n, y)| < C(nPe ¥*® + n'Pk=3%)

Proof. Following a standard characteristic function proof (see [4, Sect. 2.5})
we have for y e n™2Z, k =2 1

7'U12
n*P(Sy = y) = 2n)~" [ &Wpk(t)dr,

-
p(C3k/3l’l, y) = (27[)_"] feif)fe—63kt2/6ndt ]
Subtracting these equations and using the bounds from Lemma 8 we have

[ P(Sk = y) — p(c3k/3n, y)]

7'El’l2

< g f e—c3k,2/6ndt+n~l f |pk(8)| +e—03kf2/6"dg

e (/3)12

(n/3)/? 2,
+n [ k() — ek o

0

o ) mnt
cort T et T ompar

(’1/3)1/2 (2n)1/2

/)2

+a ' [ Gkl exp(—cskt?/12n)dt
0

_S_ C(nl/Zk—le~C3k/36 + n2(3/4)k + nY/Zk—3/2)
g C(n2e—k/48 4 nl/2k~3/2) |

Proof of Lemma 3 That (7, 1) =%, 1) =1 is immediate from (4.1) and
(4.2). By induction we have that P(Sy =x) < Cn'? forall x e n™'Z, k = 1.
Substituting in (4.1) and (4.2) shows that

illy < Cn'2, Wil < Cn?
proving part (a).

We omit the easy proof of the exponential bound E(exp(ul;)) = exp(5p*n~1).
Then from (4.1), fort £ T,

Wi, e1) = ,i exp(—(n 4+ 0.)0)((n + BV (kD)™ S es(0)P(Shsy = x —2)
<2e:(2) 3 exp(—(n + 8)0)((n + B )V (kD) Eexp(ASis 1))
k=0
<2e:(2) S exp(—(n + 0)0)((n + 00k RN exp(572n~ (k + 1))
k=0

=2e;(2)exp(5:2n " + (n+ 0K — 1)) £ C(4 Texz) .
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A similar bound holds for (Y, e;) proving part (b).

By induction on k£ one may show that the function x — P(S; =x —z) is
non-negative, symmetric and unimodal about z. The same properties then hold
for y7, Y7 by substituting in (4.1) and (4.2). Using this unimodality we have,
for x| = 1,

P(S; =x) £ n2P(S; = x| — 1)
n~2exp(—p(|x| — 1))E(exp(1Sk))

n~2exp(~ (x| — 1))exp(Sptkn™") |
Now substitution of this bound into (4.1) gives for any u

A

IIA

(44) Vi(x) £ Cu, Tyexp(—plx —z|) fort T, x—z| =21.

From Corollary 9 and (4.1) we have

(4.5) Vi) = E(p(cs(Z: + 1)/3n, x —z)) +e(n, t, x — z)

where, setting f =1 — e~ 1748,

(4.6) le(n, t, x)] < Cn*E(exp(—2,/48)) + Cn'PE((1 + 2,)7%?)
< Crle P 4 Cp~ 32
S Cn ' 1+ 173y for ¢t = n7A
Then using the bound |p(z, x)| £ Ct~'? we have from (4.5)
Yix) £ Cn'PE((1+2)7) + le(n, t,x — z)|
<sCr'"yron '+ fort 2 Mt
< C(I)™ 2 for t e [n=¥4,T7.
Combining this bound with the bound in part (a) and (4.4) leads to the bound
Yi(x) S C(A, TYn* At yexp(—Ax — z|)

which implies part (c). For part (d) we differentiate (4.1), giving

<[5 exp(—(n+ 0)q)((n + 0.)q) (k)

s k=0
X | = (n+0c)+ kg7 P(Ser1 =z —x)dgq

lIA

18

2 [ 5 exp(—(n + 0)g)((n + 0)q Y (kD (1 + kg~"n~)dg

k=0

Il

lIA

t
6n [dq .
s
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For parts (e)—(g) we fix n¥/* £+t < T, z,yen2Z |z— y| < 1. We have
from (4.5) and the inequality |p(¢,x) — p(t, )| £ Ct7'x — y|

7 — ¥ lly < Clz — yInE(P+ 1)7") + 2le(n, 1),
S CTY|z =yl +n71432)  (using (4.6)).

But from (4.4) we have y#(x) + y’(x) < C(4, T')exp(—24|x —z|) for |x —z|
= 2. So

I v — ‘//ty”,l < sup C(ANF - l//tyﬂoe/l(x)

x:je—z| <2

+  sup min([[yf — ¥}, C(4 T)exp(—24lx — z|))ea(x)

xi|x—z|22

c, Tyes) (I = ¥l + 15 = w2 1)

< C(4, Tey(z)(|z — )PP 4+ n= 1231y

A

For part (f) we argue exactly as in part (e) but use the inequality |p(z, x) —
p(s, x)| £ Clt —s|s™?2 for 0 < s < ¢. Finally part (g) follows from part (e)
and the definition of D(y7, n=2). [

Proof of Lemma 7(b) Write f.(x) = fo(z + x). Then
G0, W) = P foll_ = Ideo)s 1) = Ps foll
< (Ae(Go) = Fo, Ul + 0 07 = P3N, -

From Lemma 3(b)
sup 1(4e(Z0) = fo, YNl = Hl4e(E0) — foll -, sup lICez i NI,
= C(4 Dl|Ae(Co) = foll ., — 0.

To control [|(f.,¢° — pi3)ll_; we argue from the Skorokhod representation

(sece [4, Theorem 7.6.3]) for ¥. We may find a Brownian motion B with
B(0) = 0 and stopping times 0 =Ty < T} < T» < -~ With (T — Tyy—1 )m ii.d.
variables satisfying E(T;) = E(Y}), E(T}) £ CE(Y}) and B(T,,) equal in dis-
tribution to S,,. We may also assume that the Poisson process (#;); is defined
on the same probability space and is independent of B, (T}, ). Then from (4.2)

(f2¥° — p(t/3)) = E(f2(B(T3,)) — [(B(4/3))).

Fix ¢ > 0 and choose J € (0, 1] so that |fo(x) — fo(¥)| = ees(x) whenever
|x — y| £ &. Define

Q) ={|Tp, = (t/3)| = n, V1 £ T},
Qn, 8)={|B(t)—B(s)| <6, V|t —s| =n, s,t = T}.
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Then for ¢t < T

(f2 W) — p(/3))
eE(ex(z + B(t/3))) + E((f(B(T2,))
+ fBUBINI(R () U Q°(n, 8)))

< C(4, T)ees(z) + 2(P(Q° () U Q°(n, SN2 40 + p(/3))'?

A

< C(4, Thez)(e + (PR U &, 6))2).

We first choose n small so that P(Q°(y,0)) < &. The process Tz, — c3(1 +
0.n~")t/3 is a martingale and using a simple martingale inequality we may
then choose n large so that P(Q°(y)) < &. This shows that

sup (/7 = P3Ny~ asm— o0

which completes the proof. O
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