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Due : Thursday, March 14th, 2002

1. Let x,,z be real numbers. Let P,,, P be measures on a probability space ({2, F. Show that

(a) z, — z if and only if for every subsequence of z, there exists a further subsequence that
converges to .

(b) P, = P if and only if for every subsequence of P,, there exists a further subsequence that
converges to P.

2. Let {Q,F,P} be a probability space. Let M be a fixed positive constant, f™ denote the nth
derivative.

W={f:R—>R | f" exists and is continuous, || f ||co< M, || f" |lco< M}.
Show that W is a convergence determining class.

3. Let X,,, X be random variables on R?. Assume that every linear combination of the components
of X, converges in distribution to the corresponding linear combination of the components of X.
Show that X, converges weakly to X.

4. Let P, (distribution of X,) be a uniformly tight family of probability measures on C([0,1]), such
that Pn”t_l,l...,tk = N(0,X), where ¥ = (t; At;), for all dyadic rationals ty,...,t; € [0,1],k = 1,2
Show that X,, = B, where B; is a Brownian motion.

P

5. Let P be a probability measure on (C([0,1]),C), under which the stochastic process B(t) satisfies:

P(B(0) =a) =1 (1)
P{B(t) < a}) = = [° e % du (2)
For OSt()Stl S St =1 B(tl) ( ),B(tz)—B(tl),B(tg)—B(t2),
B(t4) — B(ts),... B(tx) — B(tx—1) are independent. 3)
Let &,&2,&3, - . ... be independent and normally distributed with mean 0 and variance 1 on (Q, F, P).

Let S, = Y., &- Let X,, be defined:

X, (t) = %SM +(nt— [nt])%g[mm

(a) Show that X, is a random variable on (C([0,1]).

(b) Show that the finite dimensional distributions of X, converge to the finite dimensional distri-
butions of P.

(c) Show that X, is tight.
(d) Conclude that X,, converges weakly to P and hence the weiner measure P exists.

6. Let B(t) be as defined above. Let &;,&,&3, ... .. be independent and distributed with Bernoulli()
n (Q,F,P). Let S, = > 1, &. Let X, be defined:

1 1
%S[nt] + (nt — [nt])%f[nt]ﬂ

(a) Using Donsker’s theorem conclude that sup, X, (t) = B(t).

Xn(t) =

2 @2
b) Show that P{sup B(t) < a} = — e 2du,a>0
(b) (up B0 <ap= 2 | >



