
Random Walk on Graphs Semester II 2016/17 Due: March 24th, 2017
http://www.isibang.ac.in/∼athreya/Teaching/rgw Hw 6

1. Show that Z3 is transient by using the flow1 on Z3
+ given by;

I(x,y,z),(x+1,y,z) =
x+ 1

C
, I(x,y,z),(x,y+1,z) =

y + 1

C
, I(x,y,z),(x,y,z+1) =

z + 1

C
,

with C = (x+ y + z + 1)(x+ y + z + 2)(x+ y + z + 3) . Further conclude that Zd is transient for
d ≥ 3.

2. Let T be a rooted binary tree, with root ρ, as discussed in class. Let Tn be the set of 2n points at
a distance n from the root ρ.

(a) Using the flow I given by

Ixn,xn+1 = 2−(n+1) for xn ∈ Tn, xn+1 ∈ Tn+1 and xn ∼ xn+1

show that Reff(ρ,Tn) ≤ 1− 2−n

(b) Using the function f given by

f(x) =
1− 2−d(ρ,x)

1− 2−n

show that Reff(ρ,Tn) ≥ 1− 2−n

(c) Show that T is transient.

(d) Suppose we allow weights on T to be given by

µxn,xn+1
=

1

rn
for xm ∈ Tn, xn+1 ∈ Tn+1 and xn ∼ xn+1,

where rn is positive sequence of numbers. Decide if T, µ is transient or not.

3. Let Vn ↑ V . Then if B0, B1 ⊂ V show that

Ceff(B0, B1) = lim
n→∞

Ceff(B0 ∩ Vn, B1 ∩ Vn;Vn)

4. Let I ∈ Īo(B0, B1) and let In ∈ Io(B0, B1), with E[I − In, I − In] → 0. Then Inxy → Ixy for each
x, y ∈ V. Show that DivI(x) = 0 for x ∈ V \B0 ∪B1. In addition if B0 ∪B1 is finite then I satisfies∑
x∈B0

DivI(x) = 1 and
∑
x∈B0

DivI(x) = −1

5. Show that 1 ∈ H2
0 ⇐⇒ H2

0 = H2

1Verify DivI(x) = 0 for all x 6= 0 and E(I, I) < ∞
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