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1. Consider the graph I' obtained by identifying the origins of Z and Z3.

(a) Show that T is transient.
(b) Let f,, : T'— R be given by

1—%2 fe=kfork<n
fn(x) = " . h
0 otherwise

Find f such that f,, — f in H2. Conclude that H?, H? and L? are all distinct spaces.
(¢) Let h: T'— R be given by

P (T, if 73
h(z) = (To < 0) %xe
1+ 6pon ifr=neZy,

where p, = PY( R.W on Z? does not return to 0). Show that h is non-constant positive har-
monic function on I'.

(d) Show that T satisfies the Liouville property.

2. Consider the graph Z with natural weights. Calculate Rog({0},[—n,n]¢). Use this to conclude that
Z is recurrent.

3. Let (I' = (V, E), u) be a locally finite, connected, infinite vertex, weighted graph. Let By, By C V.
Let the effective conductance between them be given by
Ceﬁ(BO7 Bl) = lnf{g(.f’ f) : f |31: 1, f |B(): 0}

(a) Let By = {x} and B; = {y} where z ~y in V. Find C,g(Bo, B1).

(b) Let By = {x1,x9,23,...2,} and By = {y1,¥Y2,¥3,.-Yn} with only z; ~ y; in V for i =
1,2, ey Find Ceﬂ'(Bo,Bl).

4. Let V be a countable graph, A C V, and 9 € A. Let | A |< oo. Construct a unit flow from A€ to
zo. That is a flow I : V x V — R such that

(a) Divi(z) =0for all z € V' \ (A°U {x0})

(b) DivI(zg) = -1

(¢) Dopeae DivI(z) =1
Hint: Consider a flow derived from a suitable Green function.

5. Let I be a flow on the weighted graph (I' = (V, E), ). Then show that || I ||3< 2E(I, ).

6. Let V = {0,1} x Z; and let I' = (V,E) be the (ladder) subgraph of Z3 induced by V. Let
B; ={j} x Zy for j = 0,1. If I" be the flow such that I(%,k:),(l,k) = % for k=1,2,...n.

Find E[l,, L]

Find I € Z,(By, By) such that I,, — I.

Deduce that I is the minimiser of inf{E[I, ] : I € Z,(Bo, B1)}

Conclude that we cannot replace Z,(By, B1) by Z,(Bo, By) in the above minimising problem.
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