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1. (Slutsky’s theorem) Let {Xn, X, Yn : n ∈ N} be random variables on a probability space (Ω,B, P ). Let

Xn
d−→ X and Yn

p→ c where c ∈ R (i.e. Yn
p→ Y with Y = c a.e.). Then

(a) XnYn
d−→ cX

(b) Xn

Yn

d−→ X

c
if c 6= 0

2. Construct an example where Xn
d−→ X such that there exists x ∈ R where Fn(x) 6→ F (x).

3. Let F = {F : R→[0, 1] : F is a distribution function.} Define the function d : F × F → [0,∞) by

d(F, G) = inf{ǫ > 0 : G(x − ǫ) − ǫ ≤ F (x) ≤ G(x + ǫ) + ǫ}.

Show that (F , d) is a metric space. Further show that a sequence of random variables {Xn} converges in
distribution to X if and only if d(FXn

, FX) → 0.

4. Let X be the set of all random variables on the probability space (Ω,B, P ). Define a function ρ : X ×X →
[0,∞) by

ρ(X, Y ) = E(min(|X − Y |, 1),

for any X, Y ∈ X . Show that (X , ρ) is a metric space. Further show that a sequence of random variables
{Xn} converges in probability to X if and only if ρ(Xn, X) → 0.

5. Let µ1 and µ2 be two probability measures on (Ω,B) and

C = {f : R → R : f(x) =
1√
2πσ

e
−

1

2
( x−a

σ
)2

, a, σ ∈ R, σ 6= 0}.

Suppose
Z

fdµ1 =

Z

fdµ2, ∀f ∈ C, (0.1)

then µ1 = µ2.

6. Let t ∈ R, i =
√
−1, and n ∈ {0} ∪ N. Then show that

|eit −
n

X

k=0

itk

k!
| ≤ min(

|t|n+1

n + 1!
, 2

|t|n
n!

)


