Probability Theory Semester II 2008 — 09

http: / /www.isibang.ac.in/~athreya/Teaching/prob08 Homework 6

Due: March 25th, 2009
Problems to be turned in: 1,5

1. (Slutsky’s theorem) Let {X,, X, Y, : n € N} be random variables on a probability space (2, B, P). Let
X, -5 X and Y, & ¢ where ¢ € R (ie. Y, Y with Y = ¢ a.e.). Then
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2. Construct an example where X,, —- X such that there exists z € R where F, (z) 4 F(x).
3. Let F = {F : R—[0,1] : F is a distribution function.} Define the function d : F x F — [0, 00) by
d(F,G)=inf{e>0: Gz —€) —e < F(z) < G(z +¢) + €}.
Show that (F,d) is a metric space. Further show that a sequence of random variables {X,} converges in

distribution to X if and only if d(Fx,,, Fx) — 0.

4. Let X be the set of all random variables on the probability space (2, B, P). Define a function p: X x X —
[0, 00) by
p(X,Y) = E(min(|X —Y|,1),
for any X,Y € X. Show that (X, p) is a metric space. Further show that a sequence of random variables
{X,} converges in probability to X if and only if p(X,,X) — 0.

5. Let pu1 and p2 be two probability measures on (2, B) and

C—{f:R—R: f(x)= \/21706*%”2“)2,@0611@,(;7&0}.
Suppose
/fdm:/fduz,erC, (0.1)
then p1 = po.

6. Let t € R, i =+/—1, and n € {0} UN. Then show that

n

Lk n+1 n
it it It It]
=2 Gyl s minG 2




