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Theorem 1 (Kuhn and Tucker) Let f : R* - R and 1 < i <, h; : R* — R be C!
functions. Suppose x* is a local mazximum of f on

D=UU{x eR": hi(x) >0,i=1,...1},

where U is an open set in R™. Let E C {1,...,l} denote the set of effective constraints
at =¥ and let hg = (hi)icg. Suppose rank(Dhg(z*)) =| E |, then there exists a vector
N = (A1,.. ., A]), Ai € R such that the following conditions are met:

A; >0 and AJhi(z*) =0, fori=1,2,...,1 (0.1)
l
Df(z*)+ > _ AiDhi(z") =0 (0.2)
=1

Proof. WLOG assume that £ = {1,...k}. For each i € {1,...,(}, define
Vi={x € R": hij(z) >0}, and V = U, V..
Then V is open (why?). Let D* C D be such that,
D*=UnVn{zeR":hi(z)=0,i=1,...,k}.

Clearly z* is a local maximum of f in D* (why?) and rank(Dhg(z*) =| E' |= k. Conse-
quently, (why?) there exists a vector u = (p1, ..., ux), i € R, such that

k
Df(l‘*) + Z ,uZDhl(l‘*) = 0.
=1

Fori=1,2,...1, define
POy i=1,2,...,k
10 di=k4+1,...,L

The proof will be complete if we are able to show that u; > 0,7 =1,2,...,k (why 7). We
will now show that @1 > 0, the proof for the rest is similar.

Note that 3,y € R" such that Dhy(2*)y = 1, Dha(2*)y = 0, Dhg(z*)y =0, ..., Dhi(z*)y =
0 (why ?). Now for each i = 1,2...,k, define a function g; : R*¥*1 — R by

gA{ : ]) — hi(e" + ny + Dhp(a*)72) — nDhi(a®)y,

with z € R¥ and n € R. Let g = (g1, ... gx), we have g([ 8 ]) = 0 and suppose A = Dg(0,0),

Then A, = Dhg(z*)Dhg(x*)T, is invertible(why ?).
By the Implicit function theorem, we have

IN openin R:0€ N, and £ : N — R*: £(0) = 0 and g(£(n),n) =0 (0.3)

DE(0) = 0( why ?) (0.4)



Define 7 : N — R” such that

T(n) = 2"+ ny + Dhp(z")E(n).

Note the following properties of 7
(ii) hi(7(n)) =n and hi(r(n)) =0 for i =2,... k. So hi(t(n)) >0, fori=1,...,kif n > 0.

Therefore, (why ?),

frm) = f(=() _

Df(@")y = D(7(0))D(r(0)) = lim . < (0.5)

Also
D7)y = ~(3 = 1 Dhla”)y = (0.6)
Matching (0.6) and (0.5) we are done. O



