
Chapter 3

Arbitrage Pricing

3.1 Binomial Pricing

Returnto thebinomialpricingmodel

Pleasesee:

� Cox,RossandRubinstein,J. FinancialEconomics, 7(1979),229–263,and� CoxandRubinstein(1985),Options Markets, Prentice-Hall.

Example3.1(Pricing a Call Option) Suppose��� ����� �
	��  ��� � � �� (interestrate), �������	 . (In this
andall examples,theinterestratequotedis perunit time,andthestockprices ��� � ��� � ����� areindexedby the
sametimeperiods).We know that

� ����� � � !#" 	$	 if �%� �'&�  if �%� �)(
Find thevalueat timezero of a call optionto buy oneshareof stockat time 1 for $50(i.e. thestrikeprice is
$50).

Thevalueof thecall at time1 is* � �+� � � � ��� ���,�.- $	 �0/ � ! �	 if � � �1&	 if � � �2(
Supposetheoptionsellsfor $20at time0. Let usconstructa portfolio:

1. Sell 3 optionsfor $20each.Cashoutlayis -43�5 	��
2. Buy 2 sharesof stockfor $50each.Cashoutlayis $100.

3. Borrow $40.Cashoutlayis -6387 	��
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Thisportfolio thusrequiresnoinitial investment.For this portfolio, thecashoutlayat time 1 is:� �,�'& � �,�)(
Pay off option 3 " $	 3 	
Sell stock -63 � 	$	 -63 �	
Pay off debt 3 $	 3 �	-9-2-9-2- -2-:-;-:-3 	 3 	

Thearbitragepricing theory(APT)valueof theoptionat time 0 is
* �%� � 	 .

AssumptionsunderlyingAPT:� Unlimitedshortsellingof stock.� Unlimitedborrowing.� No transactioncosts.� Agentis a “small investor”,i.e.,his/hertradingdoesnot move themarket.

Important Observation: TheAPT valueof theoptiondoesnot dependon theprobabilitiesof <
and = .

3.2 Generalone-stepAPT

Supposea derivative securitypaysoff the amount >@? at time 1, where >A? is an BC? -measurable
randomvariable. (This measurabilityconditionis important;this is why it doesnot makesense
to usesomestockunrelatedto the derivative securityin valuing it, at leastin the straightforward
methoddescribedbelow).� Sell thesecurityfor >�D at time0. ( >ED is to bedeterminedlater).� Buy FGD sharesof stockat time 0. ( FGD is alsoto bedeterminedlater)� Invest >�D�HIFGDKJ.D in the money market,at risk-free interestrate L . ( >�DMH�FND�J.D might be

negative).� Thenwealthat time1 is O ?QPR FND$JS?,T
UWV TXLZY$U[>�D6H\FGDKJ.D$YR U�V6T]LZY^>�D%T]FND_U[JS?%HIUWV TXLZY^J.D�Y�`
� Wewantto choose> D and F D sothat O ? R >A?

regardlessof whetherthestock goesupor down.
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Thelastconditionabove canbeexpressedby two equations(which is fortunatesincetherearetwo
unknowns): U�V%TaLZY^>�D,TXFNDbUcJS?dU[<2YSHaU�V6T]LZY^J.D�Y R >A?dU[<2Y (2.1)

U�V6T]LZY^>�D%T]FND_U[JS?$Ue=fY4HaU�V6T]LZY^J.D�Y R >A?dUe=fY (2.2)

Note that this is wherewe usethe fact that the derivative securityvalue >.g is a function of J@g ,
i.e., when J@g is known for a given h , >.g is known (andthereforenon-random)at that h aswell.
Subtractingthesecondequationabove from thefirst givesFND R >A?$U[<2YSH\>A?8Ui=fYJ ? U[<2YSH\J ? Ue=fY ` (2.3)

Plugtheformula(2.3)for FND into (2.1):U�V6T]LZY^>�D R >A?dU[<2Y,H1FGD_U[JS?$U[<2Y,HaUWV6T]LZY^J.D�YR > ? U[<2Y,H >A?$U[<2YSH\>A?8Ui=fYU[jNH\klY^J.D U[jmH]VnH'LZY^J DR VjCH1k6o UcjNH\klY^>A?KU[<2YSHIU[>A?KU[<2YSH\>A?$Ue=fY^Y�U[jNH]VnH1LZY0pR V6TaLqH1kj�H1k >A?8U[<2Y.T jmHXVnH1LjCH1k >A?8Ue=qY�`
We have alreadyassumedj:r�k�r�s . We now alsoassumekCt
V6TXLNtIj (otherwisetherewould
beanarbitrageopportunity).Defineuv PR V6T]LqH1kjmH1k w

ux PR jmH]VyH1LjzH1k `
Then

uv r{s and

ux r|s . Since

uv T ux R V , we have s:} uv }~V and

ux R VqH uv . Thus,

uv w
ux arelike

probabilities.We will returnto this later. Thusthepriceof thecall at time0 is givenby> D R VV%TXL o
uv > ? U[<2Y.T ux > ? Ue=qY0p�` (2.4)

3.3 Risk-Neutral Probability Measure

Let � bethesetof possibleoutcomesfrom � coin tosses.Constructaprobabilitymeasure� � � on �
by theformula � � ��U�hn? w h4� w `$`$` w h%�_Y�PR

uvE�S�0��� h%�W���n� uxd�S�0��� h%�W������ � � is calledtherisk-neutral probabilitymeasure. We denoteby �� � theexpectationunder� � � . Equa-
tion 2.4says > D R � � �#� VV�TaL > ?^� `
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Theorem 3.11 Under � � � , thediscountedstockpriceprocess��U�V�TNLdYK� g J@g w BmgZ� � g � D is a martingale.

Proof: �� � o U�V%T]LdY ��� g��@?�� J@g��A?b� BNg�pR U�V%TaLZY �.� g��A?�� U uv j�T ux klY^J@gR U�V%TaLZY �.� g��A?�� � j,UWV TXLnH'k_YjmH'k T k.U[jNHXV�H'LZYjCH1k � J@gR U�V%TaLZY �.� g��A?�� jNT]j�LfH1j�kfTXk_jNH'k�H1klLjmH1k JAgR U�V%TaLZY �.� g��A?�� UcjmH\klY$U�V%T]LZYjmH1k J@gR U�V%TaLZY � g J@g�`
3.3.1 Portf olio Process

Theportfolio processis F R U[FND w FC? w `$`$` w FN� � ?WY , where� Fmg is thenumberof sharesof stockheldbetweentimes � and ��T�V .� EachFzg is Bmg -measurable.(No insidertrading).

3.3.2 Self-financingValue of a Portf olio Process � Startwith nonrandominitial wealth

O D , whichneednot be0.� Definerecursively O g��A? R Fmg$JAg��A? T
UWV6T]LZY$U O g�H'Fmg$J@g�Y (3.1)R U�V6T]LZY O g T]F g UcJ g��A? H�U�V%TaLZY^J g Y�` (3.2)

� Theneach

O g is Bmg -measurable.

Theorem 3.12 Under �� � , thediscountedself-financingportfolioprocessvalue �¡U�V%TXLdYK� g O g w B g � � g � Dis a martingale.

Proof: We haveU�V%TaLZY��.� g��A?�� O g��A? R U�V�T]LdY � g O g6TXFmg£¢8U�V�T]LdY ��� g��@?�� J@g��A?6HIU�V%TaLZY � g J@g�¤�`
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Therefore, � � � o U�V%T]LZY �.� g��A?�� O g��A?d� Bmg�pR �� � o U�V%T]LZY � g O g_� BGgKpT£�� � o UWV TXLZY �.� g��A?�� FmgZJ@g��@?d� BGgKpHy�� � o UWV TXLZY � g Fmg�J@g_� BmgKpR U�V6T]LZY � g O g (requirement(b) of conditionalexp.)T�Fmg �� � o U�V%TaLZY �.� g��A?�� J@g��@?d� BGgKp (takingout whatis known)H�U�V�TaLZY � g Fmg�J@g (property(b))R U�V6T]LZY � g O g (Theorem3.11)

3.4 SimpleEuropeanDerivativeSecurities

Definition 3.1() A simpleEuropeanderivativesecuritywith expirationtime ¥ isan BN¦ -measurable
randomvariable >�¦ . (Here, ¥ is lessthanor equalto � , thenumberof periods/coin-tossesin the
model).

Definition 3.2() A simpleEuropeanderivative security >�¦ is saidto behedgeableif thereexists
a constant

O D anda portfolio processF R U[FND w `�`$` w FN¦ � ?�Y suchthat the self-financingvalue
process

O D w
O ? w `$`$` w

O ¦ givenby (3.2)satisfiesO ¦ U§h�Y R > ¦ U§h6Y w©¨ haª9�£`
In thiscase,for � R s w V w `$`�` w ¥ , we call

O g theAPTvalueat time � of > ¦ .

Theorem 4.13(Corollary to Theorem 3.12) If a simpleEuropeansecurity >�¦ is hedgeable,then
for each � R s w V w `$`�` w ¥ , theAPTvalueat time � of > ¦ is>.g�PR UWV6T]LZY g � � � o U�V6T]LZY � ¦ >�¦«� BGgKp�` (4.1)

Proof: We first observe that if �d¬'g w Bmg��� R s w V w `�`�` w ¥:� is a martingale,i.e., satisfiesthe
martingaleproperty �� � o ¬\g��A?d� Bmg�p R ¬'g
for each� R s w V w `�`�` w ¥®H]V , thenwe alsohave�� � o ¬)¦«� Bmg�p R ¬'g w � R s w V w `�`�` w ¥®H]V�` (4.2)

When � R ¥{H1V , theequation(4.2)followsdirectly from themartingaleproperty. For � R ¥{H9¯ ,
weusethetowerpropertyto write�� � o ¬ ¦ � B ¦ � � p R �� � o �� � o ¬ ¦ � B ¦ � ? pW� B ¦ � � pR �� � o ¬)¦ � ?d� BN¦ � �°pR ¬)¦ � ��`
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We cancontinueby inductionto obtain(4.2).

If the simple Europeansecurity > ¦ is hedgeable,then there is a portfolio processwhoseself-
financingvalueprocess

O D w
O ? w `�`$` w

O ¦ satisfies

O ¦ R >E¦ . By definition,

O g is theAPT value
at time � of >�¦ . Theorem3.12saysthatO D w U�V,TXLZY � ? O ? w `$`�` w U�V%T]LZY � ¦ O ¦
is amartingale,andsofor each� ,U�V6T]LZY�� g O g R � � � o U�V6T]LZY�� ¦ O ¦«� Bmg�p R �� � o U�V%TaLZY�� ¦ >�¦«� BNg�p�`
Therefore,

O g R U�V%TaLZY g �� � o UWV TXLZY � ¦ >�¦«� B«g8p�`
3.5 The Binomial Model is Complete

CanasimpleEuropeanderivativesecurityalwaysbehedged?It dependsonthemodel.If theanswer
is “yes”, themodelis saidto becomplete. If theansweris “no”, themodelis calledincomplete.

Theorem 5.14 Thebinomialmodelis complete. In particular, let >�¦ bea simpleEuropeanderiva-
tivesecurity, andset>.g_U§h6? w `$`�` w h g�Y R U�V6T]LZY g �� � o U�V%T]LZY�� ¦ >�¦«� Bmg�pWU�h6? w `�`$` w h%g$Y w (5.1)

Fmg_U�h6? w `�`$` w h%g$Y R > g��A? U§h ? w `$`$` w h g w <2Y@H1> g��A? U§h ? w `�`$` w h g w =fYJ@g��A?bU§h�? w `$`$` w h g w <2Y@H1JAg��A?bU�h6? w `$`�` w h%g w =qY ` (5.2)

Startingwith initial wealth > D R � � � o U�V%TaLZY � ¦ > ¦ p , theself-financingvalueof theportfolio processFND w FC? w `�`$` w FN¦ � ? is theprocess>�D w >A? w `$`�` w >�¦ .

Proof: Let > D w `$`$` w > ¦ � ? and F D w `�`$` w F ¦ � ? be definedby (5.1) and(5.2). Set

O D R > D and
definetheself-financingvalueof theportfolio processFGD w `$`�` w FN¦ � ? by therecursiveformula3.2:O g��A? R Fmg�J@g��A?,T±U�V%TaLZY$U O g�H1FzgdJAg$Y�`
We needto show that O g R >�g w²¨ �³ª2�ds w V w `$`�` w ¥:�l` (5.3)

We proceedby induction.For � R s , (5.3)holdsby definitionof

O D . Assumethat(5.3)holdsfor
somevalueof � , i.e., for eachfixed U§h6? w `$`$` w h g$Y , we haveO glU§h6? w `$`$` w h g$Y R >.g�U§h6? w `$`$` w h g$Y8`
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We needto show that O g��@?dU�h6? w `$`�` w h%g w <2Y R >.g��A?$U§h6? w `$`$` w h g w <2Y wO g��A?dU§h6? w `�`$` w h g w =fY R >.g��A?$U§h6? w `$`$` w h g w =fY�`
We prove thefirst equality;thesecondcanbeshown similarly. Notefirst that�� � o U�V%T]LZY��.� g��A?�� >.g��@?d� BGgKp R �� � o �� � o U�V%T]LZY�� ¦ >E¦�� Bmg��A?^pW� BNg�pR �� � o UWV T]LZY�� ¦ >�¦«� BGgKpR U�V�T]LdY � g >.g
In otherwords, �¡U�V6T]LZY�� g >�gb� � g � D is a martingaleunder� � � . In particular,>.g_U§h6? w `$`�` w h g�Y R �� � o U�V%T]LZY � ? >.g��A?d� BmgKpWU§h6? w `�`$` w h g$YR VV6TXL U

uv >.g��@?dU�h6? w `�`$` w h%g w <2Y.T
ux >.g��A?dU§h6? w `$`�` w h g w =fY^Y�`

Since U§h6? w `�`$` w h g�Y will befixedfor therestof theproof,wesimplify notationby suppressingthese
symbols.For example,wewrite thelastequationas>�g R VV6T]L U

uv >.g��A?dU[<2Y.T ux >.g��A?dUe=fY°Y.`
We compute O g��A?dU[<2YR F g J g��A? U[<2Y.T´UWV TXLZY$U O g H1F g J g YR Fmg�UeJ@g��A?dU[<2YSHIUWV TXLZY^J@g�Y@T±U�V%TaLZY^>.gR >.g��A?dU[<2Y,H1>.g��A?dUe=fYJ@g��A?dU[<2Y,H1JAg��A?bUi=fY UcJ@g��A?dU[<2YSHIUWV TXLZY^J@g�YT uv > g��A? U[<2Y�T ux > g��@? Ui=fYR >.g��A?dU[<2YSH1>.g��A?dUe=qYj�J@gnH'k_JAg U�j�J@gqHaU�V6T]LZY^J@g�YT uv >.g��A?dU[<2Y�T ux >.g��@?dUi=fYR Ue>.g��A?dU[<2YSH\>.g��@?dUi=fY^Y � jmH]VyH\LjzH1k � T uv >.g��A?dU[<2Y.T ux >.g��A?dUe=fYR Ue>.g��A?dU[<2YSH\>.g��@?dUi=fY^Y ux T uv >�g��A?dU[<2Y.T ux >.g��A?dUe=fYR >.g��A?dU[<2Y�`
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