Chapter 3

Arbitrage Pricing

3.1 Binomial Pricing

Returnto thebinomialpricing model
Pleasesee:

e Cox,RossandRubinstein,. Financial Economics7(1979),229—-263and
e CoxandRubinstein(1985),0ptions Markets, Prentice-Hall.
Example 3.1 (Pricing a Call Option) Suppose: = 2,d = 0.5, = 25%(interestrate),So = 50. (In this

andall examplestheinterestratequotedis perunit time, andthe stockpricesSy, S1, . . . areindexedby the
sametime periods).We know that

Silw) = { 25 fur=T

Find thevalueat timezewo of acall optionto buy oneshareof stockattime 1 for $50(i.e. the strikeprice is
$50).

Thevalueof thecall attime 1 is

50 ifwi=H
H) = (i) -0t = { 00 e =]

Supposeheoptionsellsfor $20attime 0. Let us construct portfolio:

1. Sell3 optionsfor $20each.Cashoutlayis —$60.
2. Buy 2 sharesf stockfor $50each.Cashoutlayis $100.
3. Borrow $40.Cashoutlayis —$40.
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This portfolio thusrequiresnoinitial investmentFor this portfolio, the cashoutlayattime 1 is:

wle wlzT

Pay off option $150 $0
Sellstock —$200 —$50
Pay off debt $50 $50
$0 $0
Thearbitragepricing theory(APT)valueof the optionattime 0 is V4 = 20. ]
AssumptiongunderlyingAPT:

e Unlimited shortsellingof stock.

Unlimited borrawing.
No transactiorcosts.

Agentis a*“small investor”,i.e., his/hertradingdoesnot mave the market.

Important Observation: The APT valueof the option doesnot dependon the probabilitiesof H
andT.

3.2 Generalone-stepAPT

Supposea derivative security paysoff the amountV; at time 1, whereV; is an F;-measurable
randomvariable. (This measurabilityconditionis important;this is why it doesnot makesense
to usesomestockunrelatedto the derivative securityin valuingit, at leastin the straightforward
methoddescribedelow).

e Sellthesecurityfor V, attime 0. (Vj is to bedeterminedater).
e Buy A shareof stockattime 0. (A, is alsoto be determinedater)

e InvestVy — AgSp in the mongs market,at risk-freeinterestrater. (Vo — AgSy might be
negative).

e Thenwealthattimelis

>

X, = A051—|—(1—|—T‘)(V—A050)
= (1—|—T‘)V0+A0(Sl—(1—|—7’)50)

¢ Wewantto choosél, andA sothat
X1 =W

regardlessof whetherthe stodk goesup or down.
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Thelastconditionabore canbeexpressedy two equationgwhich is fortunatesincetherearetwo
unknawns):

(1—}—7’)V0—|—A0(51(H)— (1—|—T’)So) I‘/l(H) (21)

(1 —|—T‘)V0 + Ao(Sl(T) — (1 + T')So) = ‘/1(T) (22)

Note that this is wherewe usethe fact that the derivative securityvalue V;, is a function of Sy,
i.e., whenSj is known for a givenw, Vj is known (andthereforenon-randomhpt thatw aswell.
Subtractinghe seconcequatiorabore from thefirst gives

_WH) -wn(@)

Ao = Sy(H) — S(T)

(2.3)

Plugtheformula(2.3)for Ag into (2.1):

(1+T)V0 = ‘/1(H) Ao(sl(H)—(l—}—T)So)

: Vi(H) — Vi(T)

= Vi(H) (a—d)5% (u—1-1)So
= - i d[(u —d)Vi(H) — (Vi(H) = Vi (T))(u—1—7)]

We have alreadyassumed. > d > 0. We now alsoassumel < 1 + r < u (otherwisetherewould
beanarbitrageopportunity).Define

Al+r— d Au—1-—r

 u—d  u—d

Thenp > 0andg > 0. Sincep+ ¢ = 1, wehae0 < p < 1 andg = 1 — p. Thus,p, ¢ arelike
probabilities.We will returnto thislater Thusthe priceof thecall attime O is givenby

p q

Vo = Vi () + (7)) (2.4)

3.3 Risk-Neutral Probability Measure

Let Q2 bethe setof possibleoutcomedrom n cointossesConstructa probabilitymeasur@ on<
by theformula
P(wr,ws, ... ,wy) 2 prlws=H) g#{iw,=T)

P is calledtherisk-neutal probability measue. We denoteby I the expectationunderP. Equa-

tion 2.4 says
— 1
VAR .
Vo (1 + rvl)




62
Theorem 3.11 Under /P, thediscountedstod price process{ (147r)7% S, Fi}7_, isamartingale

Proof:

E(1+ )~ S| 7]
= (1+ 7)) (u + §d) Sy
— (14 r)~k+D) <“(1 tr-d  du-1- r)) 5

u—d U—d
_ (1 4ptputurmudtduzd=drg
u—d
- —d)(1+r)
- iy (e —d) (1 +7)
= (1+r)7FS,.

3.3.1 Portfolio Process

Theportfolio processs A = (Ag, Ay, ... ,A,_1), Where

e A} isthenumberof shareof stockheldbetweertimesk andk + 1.

e EachAj is Fi-measurable(No insidertrading).

3.3.2 Self-financingValue of a Portf olio ProcessA

e Startwith nonrandomnitial wealth Xy, whichneednot beO.

e Definerecursvely

Xpy1 = ApSpr + (14 7) (X — ApSk) (3.1)
= (1+T)Xk+Ak(Sk+1 — (1—|—T‘)Sk). (3.2)

e TheneachX} is F-measurable.

Theorem 3.12 Under P, thediscountedself-financingportfolio proceswalue{ (14 r)~* Xy, Fr}7_,
is amartingale

Proof: We have

(L4 m) DX = (14 1) " X+ Ay ((1 +r) G L — (1 r)_kSk) .
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Therefore,

E[(14r)~ 0+ Xy 4| Fy]

= E[147r) "X F)
FE[(14 ) FFIALS, | Fi]
—%[(1 + T‘)_kAkSklfk]

= (1+r)7FX; (requirementb) of conditionalexp.)
+ALE[(14 r)~ DS, |FL]  (takingoutwhatis known)
—(L+r)7*AxS),  (property(b))

= (14+7)7*X, (TheorenB.11)

3.4 Simple EuropeanDerivative Securities

Definition 3.1() A simpleEuropearderivativesecuritywith expirationtimem isanF ,,-measurable
randomvariableV,,,. (Here,m is lessthanor equalto », the numberof periods/coin-tosses the

model).

Definition 3.2() A simpleEuropearderiative securityV,,, is saidto be hedgeablef thereexists
a constantX, anda portfolio processA = (Ao, ..., A, _1) suchthatthe self-financingvalue
processXy, X1, ..., X,, givenby (3.2) satisfies

Xp(w) =Viy(w), YweQ.

In thiscasefor £ = 0,1, ..., m, we call X; theAPTvalueattimek of V,,.

Theorem4.13(Corollary to Theorem 3.12) If a simpleEuropeansecurityV,,, is hedgeablethen

foreah k =0,1,...,m,theAPTvalueattimek of V,, is
A —
Vi = (14 1) IE[(1+r) "V, | Fil. (4.1)
Proof: We first obsere thatif {My, Fir;k = 0,1,...,m} isamartingale,i.e., satisfiesthe
martingaleproperty .
E[Myyq|Fr] = My,
foreachk =0,1,...,m — 1, thenwe alsohave
E[M,|Fi] = Mg, k=0,1,...,m— 1. (4.2)

Whenk = m — 1, theequation(4.2) followsdirectly from the martingaleproperty For &k = m — 2,
we usethetower propertyto write
BMu|Frz] = E[EMnp|Fpn]|Frs]
E[Mm—l |]:m—2]
= M, _,.
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We cancontinueby inductionto obtain(4.2).

If the simple EuropeansecurityV,,, is hedgeablethenthereis a portfolio processwhoseself-
financingvalueprocessXy, Xy, ..., X,, satisfiesX,, = V,,,. By definition, X}, is the APT value
attime k of V,,,. Theorem3.12saysthat

X07 (1 + r)_l)(lv R (1 + r)_m‘Xm
is amartingaleandsofor eachk,

(145X, = E[(1+ 1) X 0| Fi] = E[(1+ 1)V, | Fil.

Therefore, .
Xy = (14+ ) E[(1+ 7)™V, | Frl-

3.5 The Binomial Model is Complete

CanasimpleEuropearerivative securityalwaysbehedgedt dependenthemodel.If theanswer
is “yes”, themodelis saidto be completelf theanswelis “no”, themodelis calledincomplete

Theorem 5.14 Thebinomialmodelis completeIn particular, let V,,, bea simpleEuropeanderiva-
tive security and set

Vi@, ywp) = (L4 n)PE[(1 4 7)™V,

Frllwiy ..., wi), (5.1)

- Vk+1(w1,... ,wk,H) —Vk+1(w1,... 7Wk7T)

= . 5.2
S]H_l(wl,...,Wk,H)—Sk+1(wl,...,Wk,T) ( )

Ap(wy, ..., wg)

Startingwith initial wealthV, = E[(l + r)~™V,,], theself-financingralueof the portfolio process
Ag, Ay, ..., A,y istheprocess/y, Vi, ..., V.

Proof: LetVp,...,V,,_1 andAg,...,A,,_; bedefinedby (5.1) and(5.2). Set Xy, = V; and
definethe self-financingvalueof the portfolio process\y, . . . , A,,_1 by therecursve formula3.2:

Xit1 = ApSig1 + (1 + 1) (X — ApSk).
We needto shav that
Xp=Vi, Yke{0,1,...,m}. (5.3)

We proceedby induction. For £ = 0, (5.3) holdsby definitionof X,. Assumethat(5.3) holdsfor
somevalueof k, i.e.,for eachfixed (wy, . .. ,wi), we have

Xk(wlv s 7wk) = ‘/k(wlv s 7wk)'
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We needto shaw that
Xk+1(wl, ey Wy H) = Vk_|_1(w1, ey WE, H),
Xk+1(wl, e ,Wk,T) = V;H_l(wl, e ,Wk,T).

We prove thefirst equality;the seconcdcanbe shown similarly. Notefirst that

E[(1+r)" Ve Fi] = B[+ )" Vol Fra]| Fi]
= FE[(1+47r)""V,|Fi]
= (1+nr)7*y,

In otherwords,{ (1 + r) %V, }7_, is amartingaleunder/P. In particular

Vi@, .. ywp) = E[(1+7) Wi | Fal (@i, ywr)
1 . -
= 175 Ve (@, wn H) Vi (01, -0, 1))
+r
Since(wy, . .. ,wy) Will befixedfor therestof the proof, we simplify notationby suppressinghese

symbols.For example,we write thelastequationas

1 B .
Vi = T (PVir1 (H) + §Vig1 (1)) -
We compute

Xpy1(H)

= ApSkr1(H)+ (14 7)(Xr — ArSk)

= Ap(Sker(H) = (1+7)Sk) + (1 +1)Vi

Ve (H) = Vi (7) (14

= gl ) - 4 S
+pVieg1 (H) + ¢V (T')

= Vkag}j : Zg:l(T) (uSk — (L4 7)Sk)
+pVieg1 (H) + ¢V (1)

= Wi () = Vi (1) () o BV () + Vi (1)

= Vipr(H) = Vi1 (1)) G + pViegr (H) + ¢Vi1 (T)
— ‘/k—l—l(H)-
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