
Chapter 2

Conditional Expectation

PleaseseeHull’ sbook(Section9.6.)

2.1 A Binomial Model for StockPrice Dynamics

Stockpricesareassumedto follow this simplebinomialmodel: The initial stockpriceduringthe
periodunderstudyis denoted

���
. At eachtime step,thestockpriceeithergoesup by a factorof �

or down by a factorof � . It will beusefulto visualizetossingacoinateachtimestep,andsaythat� thestockpricemovesupby a factorof � if thecoincomesoutheads( � ), and� down by afactorof � if it comesout tails ( � ).

Notethatwe arenot specifyingtheprobabilityof headshere.

Considera sequenceof 3 tossesof thecoin (SeeFig. 2.1) Thecollectionof all possibleoutcomes
(i.e. sequencesof tossesof length3) is�
	�� �
�
�����
�������������������������
�������������������������������������
A typical sequenceof

�
will bedenoted� , and � � will denotethe ! th elementin thesequence� .

Wewrite
� ��"#� $ to denotethestockpriceat “time” ! (i.e. after ! tosses)undertheoutcome� . Note

that
� ��"#� $ dependsonly on ��%&���('&�)�&�)�*���(� . Thusin the3-coin-tossexamplewewrite for instance,� %+"#�($�,	-� %&"#��%&�.�/')���(01$�,	-� %2"#��%�$1�� '3"#�($�,	-� '4"#��%&�.�/'4�.�501$�,	-� '+"#��%&�.�/'6$1�

Each
� � is a randomvariabledefinedon theset

�
. More precisely, let 7 	98 " � $ . Then 7 is a: -algebraand " � �;7<$ is a measurablespace.Each
� � is an 7 -measurablefunction

��=?> @
, that is,��A %� is a function B = 7 where B is the Borel : -algebraon IR. We will seelater that

� � is in fact
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Figure2.1: A threecoinperiodbinomialmodel.

measurableunderasub-: -algebraof 7 . RecallthattheBorel : -algebraB is the : -algebragenerated
by theopenintervalsof IR. In thiscoursewewill alwaysdealwith subsetsof IR thatbelongto B .

For any randomvariableC definedonasamplespace
�

andany DFE > @ , wewill usethenotation:� CHG?DI�J,	�� �?E ��K CL"M�5$�G?DI���
Thesets

� CHN?DI��� � CPO?DI��� � C 	 DQ�R� etc,aredefinedsimilarly. Similarly for any subsetS of
> @

,
wedefine � CHE�ST�<,	�� �?E ��K CL"M�5$�E�ST�R�
Assumption2.1 ��U?�VUXW .
2.2 Information

Definition 2.1(Setsdeterminedby the first ! tosses.)We saythata set Y[Z �
is determinedby

thefirst ! coin tossesif, knowing only theoutcomeof thefirst ! tosses,we candecidewhetherthe
outcomeof all tossesis in Y . In generalwe denotethecollectionof setsdeterminedby thefirst !
tossesby 7 � . It is easyto checkthat 7 � is a : -algebra.

Notethattherandomvariable
� � is 7V� -measurable,for each! 	]\ �6^Q�&�)�&�R��_ .

Example2.1 In the3 coin-tossexample,thecollection `ba of setsdeterminedby thefirst tossconsistsof:
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1. c(d
efLgihVhjhVk�hVhTlmknhol(hVk�hplml�q ,
2. cmr ef
g6l(hVhVksl(hTlmkslml(hVkslmlml�q ,
3. t ,

4. u .

Thecollection `wv of setsdeterminedby thefirst two tossesconsistsof:

1. c(dxd ef
g1hVhVhjknhVhol�q ,
2. c(dyr ef
g1hTl(hVk�hTlml�q ,
3. c rQd ef
g6l(hVhVksl(hTl�q ,
4. cmrRr�efzg�lml(hjk{lmlml�q ,
5. Thecomplementsof theabove sets,

6. Any unionof theabove sets(includingthecomplements),

7. t and u .

Definition 2.2(Information carried by a random variable.) Let C bearandomvariable
��=
> @

.
We saythata set Y�Z � is determinedby therandomvariable C if, knowing only thevalue C?"#�($
of therandomvariable,wecandecidewhetheror not �|E�Y . Anotherwayof sayingthis is thatfor
every D�E > @ , either C A % "}D�$~Z|Y or C A % "�D�$���Y 	��

. Thecollectionof susbetsof
�

determined
by C is a : -algebra,whichwe call the : -algebrageneratedby C , anddenoteby : "�C�$ .
If therandomvariableC takesfinitely many differentvalues,then : "�C�$ is generatedby thecollec-
tion of sets � C A % "�CL"M�/$�$)� �?E � � K
thesesetsarecalledtheatomsof the : -algebra: "�C�$ .
In general,if C is a randomvariable

��=?> @
, then : "�C�$ is givenby: "�C�$ 	�� C A % "}Sp$ K S[E�B����

Example2.2(Setsdeterminedby �Qv ) The � -algebrageneratedby �Qv consistsof thefollowing sets:

1. c(dxd f
g1hVhVhjknhVhol�q5fzg;��� u��n� v)� ����fz� v �Q� q ,
2. cmrRr fzg�lml(hjk{lmlml�q(fzg � v fz� v �Q� q4k
3. c(dyro��c/r�d fzg � v fz��� �Q� q4k
4. Complementsof theabove sets,

5. Any unionof theabove sets,

6. t fLg �Qv � ���x� t q ,
7. u fLg �Qv � ���x�V� �~q .
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2.3 Conditional Expectation

In orderto talk aboutconditionalexpectation,we needto introducea probabilitymeasureon our
coin-tosssamplespace

�
. Let usdefine��� E�"}WQ� \ $ is theprobabilityof � ,�X� ,	 " \�� � $ is theprobabilityof � ,� thecoin tossesareindependent,sothat,e.g.,

> � "�������$ 	 � ' � � etc.� > � "}Y�$�,	-� ���4� > � "#� $ ,  ¡Y�Z � .

Definition 2.3(Expectation.) > ¢ C ,	¤£��� � C?"#�($ > � "M� $1�
If Y-Z � then > � "#�($�,	¦¥ \

if �|E�YW if �¨§E�Y
and > ¢ " > � C�$ 	¤© � C�� > �ª	 £���+� CL"M�/$ > � "#� $1�
We canthink of

> ¢ " > � C�$ asapartial averageof C over theset Y .

2.3.1 An example

Let us estimate
� % , given

� ' . Denotethe estimateby
> ¢ " � %2� � '�$ . From elementaryprobability,> ¢ " � %&� � '6$ is a randomvariable« whosevalueat � is definedby«�"#�($ 	¬> ¢ " � %&� � ' 	 D�$1�

whereD 	-� ' "#�($ . Propertiesof
> ¢ " � % � � ' $ :� > ¢ " � %i� � '1$ shoulddependon � , i.e., it is a randomvariable.� If thevalueof

� ' is known, thenthevalueof
> ¢ " � %&� � '1$ shouldalsobeknown. In particular,

– If � 	 �
�
� or � 	 ����� , then
� '3"#� $ 	 � ' �­� . If weknow that

� '4"#� $ 	 � ' ��� , then
evenwithoutknowing � , we know that

� %+"#� $ 	 � �­� . We define> ¢ " � %&� � '6$&"}�
�
�
$ 	-> ¢ " � %2� � '�$&"�������$ 	 � ��� �
– If � 	 �~��� or � 	 ����� , then

� '4"#� $ 	 � ' �­� . If we know that
� '+"M� $ 	 � ' ��� , then

evenwithoutknowing � , we know that
� %+"#� $ 	 � ��� . Wedefine> ¢ " � %2� � '�$&"�������$ 	-> ¢ " � %i� � '1$1"��~���
$ 	 � ��� �
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– If �¨E�Y 	9� �������������������
����������� , then
� '3"M� $ 	 �*� ��� . If we know

� '3"#� $ 	�*� � � , thenwe do not know whether
� % 	 � � � or

� % 	 � � � . We thentakea weighted
average: > � "}Y�$ 	 � ' � ®
�¯� ' ®
� ' � ®
�¯� ' 	 ^ �*� �
Furthermore, © � � %�� > � 	 � ' � � ��� ®��*� ' � ��� ®
� ' � � ��� ®��*� ' � ���	 �¯� "�� ® �R$ ���
For �|E�Y we define > ¢ " � %&� � '6$&"#�($ 	±° � � %�� > �> � "}Y�$ 	 %' "}� ® ��$ ��� �
Then © � > ¢ " � %i� � '1$�� > �-	-© � � %�� > � �

In conclusion,wecanwrite > ¢ " � %2� � '�$)"#�/$ 	X² " � '&"#� $;$1�
where ² "�³*$ 	µ´¶· ¶¸ �

���
if ³ 	 � ' ���%' "}� ® �R$ � � if ³ 	 �¯� � �� ��� if ³ 	 � ' ���

In otherwords,
> ¢ " � %&� � '6$ is randomonly throughdependenceon

� ' . We alsowrite> ¢ " � %&� � ' 	 ³*$ 	|² "}³¯$1�
where

²
is thefunctiondefinedabove.

Therandomvariable
> ¢ " � %&� � '6$ hastwo fundamentalproperties:� > ¢ " � % � � ' $ is : " � ' $ -measurable.� For every set Y�E : " � '6$ , © � > ¢ " � %&� � '6$�� > �ª	 © � � %�� > � �

2.3.2 Definition of Conditional Expectation

PleaseseeWilliams, p.83.

Let " � ��7�� > � $ beaprobabilityspace,andlet ¹ beasub-: -algebraof 7 . Let C bearandomvariable
on " � ��7�� > � $ . Then

> ¢ "�C?�º¹�$ is definedto beany randomvariable« thatsatisfies:

(a) « is ¹ -measurable,
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(b) For every set Y¨E�¹ , wehave the“partial averagingproperty”© � «V� > �-	 © � C�� > � �
Existence. Thereis alwaysa randomvariable « satisfyingthe above properties(provided that> ¢ � C?�»N?¼ ), i.e.,conditionalexpectationsalwaysexist.

Uniqueness.Therecanbemorethanonerandomvariable« satisfyingtheaboveproperties,but if«p½ is anotherone,then « 	 «p½ almostsurely, i.e.,
> �b� �¾E ��K «�"#�($ 	 «b½�"M�/$6� 	¿\ �

Notation 2.1 For randomvariablesC
��« , it is standardnotationto write> ¢ "�C?� «�$ ,	-> ¢ "�C?� : "�«<$�$1�
Herearesomeusefulwaysto think about

> ¢ "�C?�º¹�$ :� A randomexperimentis performed,i.e., an element� of
�

is selected.The valueof � is
partially but not fully revealedto us,andthuswe cannotcomputetheexact valueof C?"#�/$ .
Basedon whatwe know about � , we computeanestimateof CL"M�/$ . Becausethis estimate
dependson thepartial informationwe have about � , it dependson � , i.e.,

> ¢ÁÀ CL� «�Â."#�($ is a
functionof � , althoughthedependenceon � is oftennot shown explicitly.� If the : -algebra¹ containsfinitely many sets,therewill bea“smallest”set Y in ¹ containing� , which is theintersectionof all setsin ¹ containing� . Theway � is partiallyrevealedto us
is thatwearetold it is in Y , but not told whichelementof Y it is. Wethendefine

> ¢FÀ C?� «~Â."#�($
to betheaverage(with respectto

> �
) valueof C over thisset Y . Thus,for all � in thisset Y ,> ¢FÀ C?� «�Â�"#�/$ will bethesame.

2.3.3 Further discussionof Partial Averaging

Thepartialaveragingpropertyis© � > ¢ "�C?�º¹�$�� > �-	-© � CÃ� > � �. ¡Y-E�¹�� (3.1)

We canrewrite thisas > ¢FÀÄ> � � > ¢ "�C?�º¹�$sÂ 	-> ¢FÀÄ> � �ÅC�Â�� (3.2)

Notethat
> � is a ¹ -measurablerandomvariable.In fact thefollowing holds:

Lemma 3.10 If Æ is any ¹ -measurablerandomvariable,thenprovided
> ¢ �ºÆ�� > ¢ "�C
�º¹�$1�QN?¼ ,> ¢FÀ Æ�� > ¢ "�CÇ� ¹�$sÂ 	-> ¢FÀ Æ��ºC�Ân� (3.3)
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Proof: To seethis, first use(3.2) andlinearity of expectationsto prove (3.3) when Æ is a simple¹ -measurablerandomvariable,i.e., Æ is of theform Æ 	-��È�6Éy%¡Ê � > ��Ë , whereeachY � is in ¹ and
eachÊ � is constant.Next considerthecasethat Æ is a nonnegative ¹ -measurablerandomvariable,
but is not necessarilysimple. Sucha Æ can be written as the limit of an increasingsequence
of simplerandomvariablesÆ È ; we write (3.3) for each Æ È and thenpassto the limit, usingthe
MonotoneConvergenceTheorem(SeeWilliams), to obtain (3.3) for Æ . Finally, the general¹ -
measurablerandomvariableÆ canbewrittenasthedifferenceof twononnegativerandom-variablesÆ 	 ÆTÌ � Æ A , andsince(3.3)holdsfor ÆpÌ and Æ A it musthold for Æ aswell. Williams calls
thisargumentthe“standardmachine”(p. 56).

Basedon this lemma,we canreplacethesecondconditionin thedefinitionof a conditionalexpec-
tation(Section2.3.2)by:

(b’) For every ¹ -measurablerandom-variableÆ , wehave> ¢ÁÀ Æ�� > ¢ "�C?� ¹¡$nÂ 	-> ¢FÀ Æ��ºC�Ân� (3.4)

2.3.4 Propertiesof Conditional Expectation

PleaseseeWillamsp. 88. Proofsketchesof someof thepropertiesareprovidedbelow.

(a)
> ¢ " > ¢ "�C?�º¹�$�$ 	-> ¢ "�C�$1�

Proof:Justtake Y in thepartialaveragingpropertyto be
�

.

Theconditionalexpectationof C is thusanunbiasedestimatorof therandomvariableC .

(b) If C is ¹ -measurable,then > ¢ "�C?�º¹�$ 	 C
�
Proof:Thepartialaveragingpropertyholdstrivially when « is replacedby C . And sinceC
is ¹ -measurable,C satisfiestherequirement(a)of aconditionalexpectationaswell.

If theinformationcontentof ¹ is sufficientto determineC , thenthebestestimateof C based
on ¹ is C itself.

(c) (Linearity) > ¢ "}Í % C % ® Í ' C ' �º¹�$ 	 Í % > ¢ "�C % �º¹x$ ® Í ' > ¢ "�C ' �º¹x$1�
(d) (Positivity) If CHO?W almostsurely, then > ¢ "�C?�º¹�$�O?WI�

Proof:TakeY 	�� �LE ��K�> ¢ "�C?�º¹�$1"#� $�N?W�� . Thissetis in ¹ since
> ¢ "�C?�º¹�$ is ¹ -measurable.

Partial averagingimplies ° � > ¢ "�C?�º¹�$;� > �Î	 ° � C�� > � . The right-handsideis greaterthan
or equalto zero,and the left-handside is strictly negative, unless

> � "�Y�$ 	 W . Therefore,> � "}Y�$ 	 W .
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(h) (Jensen’s Inequality)If
��ÏR@�=
@

is convex and
> ¢ � � "�C�$&�ÐN?¼ , then> ¢ " � "�C�$&�º¹�$�O � " > ¢ "�CL�Å¹¡$;$1�

RecalltheusualJensen’s Inequality:
> ¢T� "�CÃ$ÑO � " > ¢ "�C�$�$2�

(i) (TowerProperty)If Ò is asub-: -algebraof ¹ , then> ¢ " > ¢ "�C?�º¹�$&� ÒF$ 	-> ¢ "�C?� ÒV$1�Ò is asub-: -algebraof ¹ meansthat ¹ containsmoreinformationthan Ò . If we estimateC
basedon theinformationin ¹ , andthenestimatetheestimatorbasedon thesmalleramount
of informationin Ò , thenwe getthesameresultasif we hadestimatedC directly basedon
theinformationin Ò .

(j) (Takingoutwhatis known) If Ó is ¹ -measurable,then> ¢ "}Ó~CL�Å¹�$ 	 Ó�� > ¢ "�CL�Å¹¡$2�
Whenconditioningon ¹ , the ¹ -measurablerandomvariableÓ actslike aconstant.

Proof: Let Ó bea ¹ -measurablerandomvariable.A randomvariable« is
> ¢ "}Ó�C?�º¹y$ if and

only if

(a) « is ¹ -measurable;

(b) ° � «o� > �-	 ° � Ó~CÃ� > � �. ¡Y-E�¹ .

Take « 	 Ó�� > ¢ "�C?�º¹�$ . Then « satisfies(a) (a productof ¹ -measurablerandomvariablesis¹ -measurable).« alsosatisfiesproperty(b), aswe cancheckbelow:© � «V� > � 	 > ¢ " > � �º«T$	 > ¢FÀÄ> � Ó > ¢ "�C?�º¹�$sÂ	 > ¢FÀÄ> � Ó��ºC�Â ((b’) with Æ 	-> � Ó	 © � Ó�C�� > � �
(k) (Roleof Independence)If Ò is independentof : " : "�C�$1�6¹�$ , then> ¢ "�CL� : "}¹���ÒÁ$;$ 	-> ¢ "�C?�º¹�$1�

In particular, if C is independentof Ò , then> ¢ "�C?� ÒV$ 	-> ¢ "�C�$1�
If Ò is independentof C and ¹ , thennothingis gainedby includingtheinformationcontent
of Ò in theestimationof C .
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2.3.5 Examplesfr om the Binomial Model

Recallthat 7F% 	��+� ��Y~Ô���Y~Õm� � � . Noticethat
> ¢ " � '4� 7F%�$ mustbeconstanton Y~Ô and Y~Õ .

Now since
> ¢ " � '+� 7F%�$ mustsatisfythepartialaveragingproperty,© ��Ö > ¢ " � '+� 7Á%�$�� > �-	 © �¡Ö � '1� > � �© ��× > ¢ " � '+� 7Á%�$�� > �-	 © �¡× � '6� > � �

We compute © � Ö > ¢ " � ' � 7 % $n� > � 	 > � "}Y Ô $1� > ¢ " � ' � 7 % $)"#�/$	 � > ¢ " � '4� 7F%�$&"#� $1�. Q�ÇE�Y~Ô<�
Ontheotherhand, © ��Ö � '1� > �-	 � ' � ' ��� ®
�*� �*� ��� �
Therefore, > ¢ " � '4� 7F%�$1"#� $ 	 � � ' ��� ®
� �*� ��� �. Q�?E�Y�ÔT�
We canalsowrite > ¢ " � ' � 7 % $1"#� $ 	 � � ' � � ®X� �¯� � �	 " � � ®
� �R$�� ���	 " � � ®
� �R$ � %&"#�($1�� Q�?E�Y~Ô
Similarly, > ¢ " � '4� 7V%�$)"#�/$ 	 " � � ®X� ��$ � %2"#�($1�. Q�LE�Y�Õ(�
Thusin bothcaseswe have > ¢ " � '+� 7Á%�$1"#� $ 	 " � � ®
� �R$ � %&"#� $1�. Q�ÇE � �
A similarargumentonetimesteplatershowsthat> ¢ " � 0Ð� 7V'6$&"#� $ 	 " � � ®
� �R$ � '4"#� $1�
We leave the verificationof this equalityasan exercise. We can verify the Tower Property, for
instance,from thepreviousequationswehave> ¢ÁÀØ> ¢ " � 0 � 7 ' $&� 7 % Â 	 > ¢ÁÀ " � � ®?� ��$ � ' � 7 ' Â	 " � � ®?� �R$ > ¢ " � '&� 7Á%�$ (linearity)	 " � � ®?� �R$ ' � %i�
Thisfinal expressionis

> ¢ " � 0Ð� 7Á%�$ .
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2.4 Martingales

Theingredientsare:� A probabilityspace" � ��7F� > � $ .� A sequenceof : -algebras7 � �;7F%&�&�&�)�Q��7 È , with thepropertythat 7 � Z¾7F%�Z]�&�)�*Z¾7 È Z7 . Suchasequenceof : -algebrasis calleda filtration.� A sequenceof randomvariablesÙ � �6Ù
%1�&�)�&�*�6Ù È . This is calledastochasticprocess.

Conditionsfor a martingale:

1. Each Ù�� is 7F� -measurable.If you know theinformationin 7V� , thenyou know thevalueofÙ � . Wesaythattheprocess
� Ù � � is adaptedto thefiltration

� 7 � � .
2. For each! , > ¢ "}Ùz� Ì %+� 7T�4$ 	 Ù�� . Martingalestendto goneitherupnordown.

A supermartingaletendstogodown, i.e. thesecondconditionaboveis replacedby
> ¢ "}Ùz� Ì %+� 7T�+$�GÙ � ; a submartingaletendsto goup, i.e.

> ¢ "}Ù � Ì % � 7 � $�O?Ù � .
Example2.3(Example from the binomial model.) For Ú fXÛ&k�Ü wealreadyshowedthat� Ý � �RÞiß¯a&à `�Þ �yf �Øá ��â�ã1�+� �RÞ�ä
For Ú f-å , we set `w� f¿g t k u q , the “tri vial � -algebra”. This � -algebracontainsno information,andany` � -measurablerandomvariablemustbeconstant(nonrandom).Therefore,by definition, � Ý � � a à ` � � is that
constantwhichsatisfiestheaveragingproperty© u � Ý � �¯a&à `w� �{�4� æzf © u �¯a �+� æ ä
Theright handsideis � Ý �¯a f �Äá ��â
ã1�4� �Q� , andsowehave� Ý � � a à ` � ��f �Øá ��â�ã1�4� � � ä
In conclusion,ç

If �Äá ��â�ã1�4��f?Û then g �RÞ k `�ÞR�nÚ f�å3k6Û&k�Ü3k�è4q is a martingale.
ç

If �Äá ��â�ã1�4�yéÇÛ then g � Þ k ` Þ �nÚ f�å3k6Û&k�Ü3k�è4q is a submartingale.
ç

If �Äá ��â�ã1�4�yêÇÛ then g � Þ k ` Þ �nÚ f�å3k6Û&k�Ü3k�è4q is a supermartingale.


