Chapter 2

Conditional Expectation

PleaseseeHull’ sbook (Section9.6.)

2.1 A Binomial Model for Stock Price Dynamics

Stockpricesare assumedo follow this simplebinomial model: Theinitial stockprice duringthe
periodunderstudyis denotedS,. At eachtime step,the stockpriceeithergoesup by a factorof «
or down by afactorof d. It will be usefulto visualizetossinga coin ateachtime step,andsaythat

e thestockpricemavesup by afactorof « if the coincomesoutheadq H), and

e down by afactorof d if it comesouttails (7).

Notethatwe arenot specifyingthe probabilityof headsere.

Considera sequencef 3 tossesf the coin (SeeFig. 2.1) The collectionof all possibleoutcomes
(i.e. sequencesf tossef length3) is

Q={HHH,HHT,HTH,HTT,THH,THH, THT, TTH, TTT}.

A typical sequencef Q will bedenotedv, andw; will denotethe kth elementin the sequence.
We write S (w) to denotethestockpriceat“time” k (i.e. afterk tossesyndertheoutcomev. Note
thatS;(w) depend®nly onwy, wy, . .. ,wk. Thusin the3-coin-tossexamplewe write for instance,

S1(w) £ Sy (w1, wa,ws) 2 S1(wr),

S3(w) £ Sy(wr,wa,ws) £ Sawr, ws).

EachsS;, is arandomvariable definedon the set2. More preciselylet 7 = P(2). ThenF is a
o-algebraand (€2, F) is ameasurablepace EachS;, is an F-measurabléunction Q— IR, thatis,
Si!is afunction B—F whereB is the Borel o-algebraon R. We will seelaterthat .Sy, is in fact

49



50

- 4~ S(HHH) =5,
o

S, (HH) =u s,
w=H = SHHD =#d S
S ) = ug SHTH = Pd S
- S(THH) = #d S
o H _
s S(HT)=ud §
S (TH) =ud §
=T

i &=H SHT)=d?u $

§ M= ds S3(THT) = du Sy

oot S (TTH) = d?u o
- o=

2

2
o

Figure2.1: A threecoin periodbinomialmodel.

S (TTT) =ds,

measurablenderasubv-algebraof F. RecallthattheBorelo-algebras isthes-algebragenerated
by the openintervalsof R. In this coursewe will alwaysdealwith subset®f R thatbelongto 5.

For ary randomvariable X definedonasamplespace? andary y € IR, we will usethe notation:
(X <y} E{w e X (w) < y).

Thesets{ X < y},{X >y}, {X = y}, etc,aredefinedsimilarly. Similarly for ary subsetB of IR,
we define A
{X eB}={weQX(w) € B}.

Assumption2.1 u > d > 0.

2.2 Information

Definition 2.1 (Setsdetermined by the first k£ tosses.)We saythatasetA C €2 is determinedy
thefirst £ cointossesf, knowing only the outcomeof thefirst & tosseswe candecidewhetherthe
outcomeof all tosseds in A. In generalwe denotethe collectionof setsdeterminedoy thefirst k&
tossedy Fy. It is easyto checkthat Fj, is ac-algebra.

NotethattherandomvariableS;, is 7,-measurabldor eachk = 1,2,... ,n.

Example 2.1 In the3 coin-tossexample,thecollectionF; of setsdeterminedy thefirst tossconsistof:
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1. Ay 2 {HHH, HHT,HTH, HTT},
2. Ap 2 {THH,THT, TTH,TTT},
3. ¢,

4. Q.

ThecollectionF, of setsdeterminedy thefirst two tossesonsistof:

Apg 2 {HHH, HHTY,
Ay 2 {HTH, HTTY,
Ary 2 {THH, THTY,

Ay 2 {TTH, TTT},

. Thecomplementsf theabove sets,

. Any unionof theabore sets(includingthecomplements),
. ¢ andQ2.

Noopr w N op

Definition 2.2 (Information carried by arandom variable.) Let X bearandomvariableQ2— IR.
We saythatasetA C €2 is determinedy therandomvariable X if, knowing only thevalue X (w)
of therandomvariable we candecidewhetheror notw € A. Anotherway of sayingthis is thatfor
everyy € IR, eitherX~!(y) C A or X~1(y) N A = ¢. Thecollectionof susbetof 2 determined
by X is ac-algebrawhichwe call the s-algebrageneratedby X', anddenoteby o (X).

If therandomvariableX takedfinitely mary differentvaluesthens (X)) is generatedby thecollec-
tion of sets
XX (@) € Q)

thesesetsarecalledthe atomsof the o-algebras (X).
In generaljf X is arandomvariableQ2— IR, theno (X) is givenby

o(X)={X"Y(B);B ¢ B}.
Example 2.2 (Setsdeterminedby S;) Thecs-algebrageneratedby S» consistf thefollowing sets:

. Agg ={HHH,HHT} = {w € Q; S2(w) = u?Sp},
App = {TTH, TTT} = {S> = d*So},

Apgr UApg = {S2 = udSp},

Complementsf theabove sets,

. Any unionof theabove sets,

.0 ={5(w) € 8},

. Q={5(w) € R}.

N o oA wN R
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2.3 Conditional Expectation

In orderto talk aboutconditionalexpectation,we needto introducea probability measureon our
coin-tosssamplespace2. Let usdefine

e p € (0,1)istheprobabilityof H,
e ¢ 2 (1 - p) istheprobabilityof 7,
e thecointossesareindependentsothat,e.g.,lIP(H HT) = p?q, etc.
o P(A) LY ey P(w), VA C Q.
Definition 2.3 (Expectation.)

A

FEX =) X(w)Pw).
wef?
If A C Qthen
Al ifweA
IA(“)—{ 0 fwgA
and

E(I4X) = /AXd.P = Y X(w)PWw).
WeA

We canthink of /(14X ) asapartial averageof X overthesetA.

2.3.1 An example

Let us estimateS;, given S,. Denotethe estimateby /F'(5|S2). From elementaryprobability;
I (5:]5;) is arandomvariableY whosevalueatw is definedby

Y(w) = E(51]52 = y),
wherey = S, (w). Propertieof IF(5;]S53):
e [F(51|52) shoulddependnw, i.e.,it is arandomvariable.
e If thevalueof S; is known, thenthevalueof I£'(S;|Sz) shouldalsobeknown. In particular

— fw=HHHorw= HHT,thenS;(w) = u*S,. If weknow thatS;(w) = u%Sg, then
evenwithoutknowing w, we know that5; (w) = uS,. We define

— fw=TTTorw=TTH,thenS;(w) = d*S,. If we know thatS;(w) = d*Sp, then
evenwithoutknowing w, we know that5; (w) = dSy. We define

E(S1]S2)(TTT) = IE(S1|S2)(TTH) = dS.
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—fwe A={HTH,HTT,THH,THT},thenS;(w) = udSp. If weknow S;(w) =
udSy, thenwe do notknow whetherS; = u.Sy or S; = dSy. We thentakea weighted
average:

P(A) = p*q+ pg* + p’q + pg* = 2pq.

Furthermore,

/A SidIP = pzquSo + pq2u50 + p2qd50 + pq2d50

= pq(u+d)So
Forw € A wedefine
[4 S1dIP
E(5:1]52)(w) = f}PT) = 3(u+ d)So.

Then
/E(51|52)d1P:/ SydIP.
A A

In conclusionwe canwrite
IE(51]52) (w) = g(S2(w)),

where
uSg if 2 = 4?5
g(z) =% F(u+d)So if 2 = udSo
dSy if 2 =d%Sy

In otherwords, IF(51]S2) is randomonly throughdependencen S,. We alsowrite
(51|59 ==2) =g¢g(z),

whereyg is thefunctiondefinedabore.
Therandomvariablel=(5;]S2) hastwo fundamentaproperties:

o [F(51]5;) iso(S;)-measurable.

e ForeverysetA € o(53),
/IE(51|52)dIP = /Slle.
A A

2.3.2 Definition of Conditional Expectation

PleaseseeWilliams, p.83.

Let (2, F, IP) beaprobabilityspaceandlet G beasubo-algebraof 7. Let X bearandomvariable
on (2, F,IP). ThenIE(X|G) is definedto beary randomvariableY thatsatisfies:

(a) Y is G-measurable,
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(b) ForeverysetA € G, we have the“partial averagingproperty”

/ YdP — / XdP.
A A

Existence. Thereis alwaysa randomvariableY satisfyingthe above properties(provided that
F|X| < o0), i.e.,conditionalexpectationsalwaysexist.

Unigueness.Therecanbe morethanonerandomvariableY satisfyingthe above propertiesput if
Y’ is anotherone,thenY = Y’ almostsurelyi.e., P{w € ;Y (w) = Y'(w)} = 1.

Notation 2.1 For randomvariablesX, Y, it is standardhotationto write
N A ,
FEX|Y)=FEX|oY)).
Herearesomeusefulwaysto think about/Z' (X |G):

e A randomexperimentis performed,i.e., an elementw of 2 is selected.The valueof w is
partially but not fully revealedto us, andthuswe cannotcomputethe exactvalueof X (w).
Basedon whatwe know aboutw, we computean estimateof X (w). Becausehis estimate
dependson the partialinformationwe have aboutw, it depend®on w, i.e., F[X|Y](w) isa
functionof w, althoughthedependencenw is oftennot shovn explicitly .

e If theos-algebra; containdinitely mary setstherewill bea“smallest’setA in G containing
w, whichis theintersectiorof all setsin G containingv. Thewayw is partially revealedto us
isthatwearetoldit isin A, butnottold which elemenbf A it is. We thendefine E[ X |Y](w)
to betheaverage(with respecto IP) valueof X overthissetA. Thus,for all w in thissetA,
F[X|Y](w) will bethesame.

2.3.3 Further discussionof Partial Averaging
The partialaveragingpropertyis
/AJE(X|g)d1P: /AXdJRVA €g. (3.1)
We canrewrite thisas
E[14.E(X|6)] = E[14.X]. (3.2)
Notethat/ 4 is aG-measurableandomvariable.In factthefollowing holds:

Lemma3.10 If V is anyG-measuablerandomvariable,thenprovidedE|V.IE'(X|G)| < oo,

E[V.E(X|G)] = E[V.X]. (3.3)
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Proof: To seethis, first use(3.2) andlinearity of expectationgo prove (3.3) whenV is a simple
G-measurableandomvariable,i.e.,V is of theform V = >"7_, ¢x14,., whereeachA isin G and
eache;, is constant.Next considetthe casethat V' is a nonn@ative G-measurableandomvariable,
but is not necessarilysimple. Sucha V' can be written as the limit of an increasingsequence
of simplerandomvariablesV,,; we write (3.3) for eachV,, andthenpassto the limit, usingthe
MonotoneCorvergenceTheorem(SeeWilliams), to obtain (3.3) for V. Finally, the generalG-
measurableandomvariableV’ canbewrittenasthedifferenceof two nonngatverandom-wariables
V = V* — V~, andsince(3.3) holdsfor V*+ andV ~ it musthold for V" aswell. Williams calls
this algumentthe “standardmachine”(p. 56). [

Basedon thislemma,we canreplacethe secondconditionin the definition of a conditionalexpec-
tation(Section2.3.2)by:

(b’) For every G-measurableandom-ariableV’, we have

E[V.IE(X|G)] = E[V.X]. (3.4)

2.3.4 Propertiesof Conditional Expectation

PleaseseeWillams p. 88. Proofsketche®f someof the propertiesaareprovidedbelow.

(@) E(E(X]|9) = E(X).
Proof: Justtake A in the partialaveragingpropertyto be2.

The conditionalexpectationof X is thusanunbiasedstimatorof therandomvariableX .
(b) If X is G-measurablehen
F(X|G) = X.
Proof: The partialaveragingpropertyholdstrivially whenY is replacedby X . And since X
is G-measurableX satisfiegherequirementa) of a conditionalexpectationaswell.
If theinformationcontentof G is sufficientto determineX , thenthebestestimateof X based
ong is X itself.

(c) (Linearity)
F (a1 X1+ a2 X2|G) = a1 IE(X1|G) + a2lE(X4|G).

(d) (Positwvity) If X > 0 almostsurely then
FE(X|G) > 0.
Proof:TakeA = {w € Q; IF(X|G)(w) < 0}. Thissetisin G sincel'(X |G) is G-measurable.
Partial averagingimplies [, IF(X|G)dIP = [, XdIP. Theright-handsideis greaterthan

or equalto zero,andthe left-handsideis strictly negative, unlessiP’(A) = 0. Therefore,
P(A) =0.
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(h) (Jensersinequality)lf ¢ : R— R is corvex andE|¢(X )| < oo, then
E(6(X)|G) > ¢(IE(X]G)).
RecalltheusualJensers Inequality: E¢( X ) > ¢(IE(X)).
() (TowerProperty)lif H is asubv-algebraof G, then
E(E(X[G)|H) = E(X[H).

H is asubv-algebraof G meanghatG containamoreinformationthan?{. If we estimateX

basedn theinformationin G, andthenestimatethe estimatorbasedon the smalleramount
of informationin 7, thenwe getthe sameresultasif we hadestimatedX directly basedon

theinformationin 7.

() (Takingoutwhatis known) If Z is G-measurablethen
FE(ZX|G)=Z.IE(X|G).

Whenconditioningon G, the G-measurableandomvariableZ actslike aconstant.

Proof: Let Z beaG-measurableandomvariable.A randomvariableY is IF(Z X |G) if and
only if

(a) Y is G-measurable;
(b) [4YdIP= [, ZXdIP,YA € G.

TakeY = Z.IF(X|G). ThenY satisfieqa) (a productof G-measurableandomvariablesis
G-measurable)Y” alsosatisfiegroperty(b), aswe cancheckbelow:

/AYdP = E(14.Y)

= E[I4ZE(X|G)]
= E[I4Z.X] (b)wWithV = [,Z

= / ZXdIP.
A

(k) (Roleof Independencdj H isindependentf o(o(X),G), then
E(X|o(G, 1)) = E(X|0).
In particularif X isindependenotf 7, then
FE(X|H) = E(X).

If H isindependendf X and@, thennothingis gainedby includingtheinformationcontent
of H in theestimatiorof X.
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2.3.5 Examplesfrom the Binomial Model

RecallthatF, = {¢, Au, Ar, Q}. Noticethat I (Sz|F1) mustbeconstanbn Ay and Ay
Now sincell'(S;|F1) mustsatisfythe partial averagingproperty

/ E(Sy|Fr)dIP = SodIP,
AH AH
/ (S| Fq)dIP = SodIP.
AT AT
We compute
/A FE(Sy|F1)dIP = P(Ag).JE(Sy|F1)(w)
H
= plE(S:|F1)(w),Vw € Ag.
Ontheotherhand,
SodIP = p*u®Sy + pqudSp.
Ag
Therefore,
E(SQL}-I)(W) = pUQSo + qudSo,‘v’w € AH
We canalsowrite
E(Sy|Fi)(w) = pu®So+ qudSy
= (pu+ gd)uSy
= (pu+qd)S;(w),Yw € Ay
Similarly,

E(S:|F1)(w) = (pu+ qd)S1(w),Yw € Ar.
Thusin bothcasesve have
E(S2|F1)(w) = (pu+ qd) S (w), Yw € €.
A similar agumentonetime steplatershovsthat
(S5 F2)(w) = (pu + qd) S2(w).

We leave the verificationof this equality as an exercise. We can verify the Tower Property for
instancefrom the previousequationsve have

E[E(S5|1F2)|F1] = E[(pu+ qd)S2|F2]
= (pu+ qd)IE(S:|F1) (linearity)
= (pu+ qd)*S;.

Thisfinal expressionis I£(S3|F1).
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2.4 Martingales

Theingredientsare:

e A probabilityspaceQ2, F, IP).

e A sequencef o-algebrasFy, F1, ..., F,, with thepropertythat 7o C 7y C ... C F,, C
F. Suchasequencef o-algebrass calledafiltration.

e A sequencefrandomvariablesMy, M, ... , M,. Thisis calleda stodasticprocess
Conditionsfor amartingale:

1. EachMy is F-measurablelf you know theinformationin 7, thenyou know the valueof
M} We saythatthe procesd My } is adaptedto thefiltration { F}.

2. Foreachk, IE(My4+1|Fi) = M. Martingalegendto go neitherup nor down.

A supermartingaléendso godown i.e. thesecondconditionaboveis replacedy I (My41|Fr) <
My; asubmartingagétendsto goup, i.e. IE(Mj41|Fr) > M.

Example 2.3 (Example from the binomial model.) For k = 1, 2 we alreadyshovedthat
E(Sk411Fx) = (pu + qd) Sk

Fork = 0, wesetF, = {¢,Q}, the“trivial c-algebra”. This s-algebracontainsno information,andary
Fo-measurableandomvariablemustbe constani{nonrandom) Therefore by definition, I£(S;|Fy) is that
constantvhich satisfiedhe averagingproperty

/E(51|T0)le:/ S1dPP.
Q Q

Theright handsideis IES; = (pu + ¢d)So, andsowe have
FE(S1|Fo) = (pu+ qd)So.
In conclusion,

o If (pu+ qd) = 1 then{Sk, Fr; k =0, 1,2,3} isamartingale.
o If (pu+ qd) > 1 then{Sk, Fr; k =0, 1,2,3}isasubmartingale.
o If (pu+ qd) < 1then{Sy, Fi;k =0,1,2,3}isasupermartingale.



