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1(b).Suppose {z,} -, is a bounded sequence of real numbers. Let t, = inf{z) : k >
n}. Show that ¢, — t for some ¢t € R and ¢t = liminf, . x,.

Solution by Prateek Karandikar: As {x,} - is bounded, there exists M > 0 € R such
that |z,| < M for all n € N. Note that

t, = inf{z,:k>n}
= min(inf{zy : k >n+1},2,)

min(t,41, x,)

IN

tn+1

o0

Hence {t,} -, is an increasing sequence. {t,} - is also bounded above by M. There-
fore {t,} -, converges in R. Let t = lim,,_.o t,.

We will now show that ¢ is a limit point of {z,} - . Set kg = 0. Suppose ko < k1 <

- < k, € NU {0} have been chosen. As t;, 1 = inf{z; : j > k, + 1}, there exists

Eny1 > ky + 1 such that 0 <y, — tp, 0 <27

{tr,+1}22; is a subsequence of {t,} -, and hence converges to t. Define a sequence
{yn}rey BY Yo = @k, — th,+1. As shown above 0 <y, < 27"V n € N. So {y.},—,
converges to 0.

xkn{»l = tkn“l‘l + yTL
lim zy, . = lim t,4; + lim y,
n—oo n—oo n—oo
lim z,., = t+0
n—oo

Note that the second step above uses the fact that the sum of two convergent sequences
always converges, and converges to the sum of the limits. {xy, ., }22, is a subsequence of
{xn}7, converging to ¢, hence ¢ is a limit point of {z,} .

Let € > 0 € R. There exists a Ny € N such that |t, —t| =t —t, < € for all n > N.
Therefore x,, > t, >t — € for all n > Ny. So we conclude that ¢ = liminf,, . z,. As
e > 0 was arbitrary we have shown that s < t then there is a Ny such that z,, > s for all
n Z N(). (]



2. Let {z,},2, be a sequence of real numbers. Suppose the sequence is not bounded.
Then show that there is either a subsequence {z,, },_, such that z,, — oo or a subse-
quence {Z, },-, such that z,, — —oo.

Solution by Prateek Karandikar : It is given that the sequence {z,} , is not bounded
above or not bounded below.

First consider the situation when {z,} ~  is not bounded above. For every M € R,
there exists an n € N such that z,, > M. We will now construct a subsequence of {x,,}~,
whose limit is co. Set n; = 1. Suppose n; < ny < --- < ni € N have been chosen.
Let M = max{x; : 1 <i < ng}+ 1. Note that we are taking the maximum of a finite
non-empty set. There exists p € N such that x, > M. p must be greater than ny, for if
p < ny, then x, > M > x, + 1, which is a contradiction. Hence p > ny. Set ny1 = p.

Note that for all £ € N, x,, ., > z,, + 1. Hence x,,, > 21 +k — 1. Let A € R. Choose
Ky € N such that Ky > A —x; + 1. For all k > K,

ZL‘1+I€—1
.T1+K0—1
A

T,

AVARAVS

V

Hence limy_,o 2, = 00.

Now consider the case when {z,} - is not bounded below. For every M € R, there
exists an n € N such that x,, < M. We will now construct a subsequence of {z,} -,
whose limit is —oo. Set m; = 1. Suppose m; < mgy < --- < my € N have been chosen.
Let M = min{z; : 1 <1i < my} — 1. Note that we are taking the minimum of a finite
non-empty set. There exists p € N such that z, < M. p must be greater than my, for if
p < my, then x, < M <z, — 1, which is a contradiction. Hence p > my. Set my1 = p.

Note that for all k € N, z,,, ., < 2,,, — 1. Hence z,,, <1 —k+1. Let A € R. Choose
Ko € N such that Ky > a1 — A+ 1. For all k > K,

Tm, < 11—k+1
< .’171-K0+1
< A

Hence limy_, o0 2, = —00.

7. Suppose {z,} - is a sequence of real numbers. Decide whether the series >~ 7 | z,



converges in each of the following cases:

2n3 — 1
n n
(i) 2 (2n+ 1)
2
— 1
(i) 2= 20T
n3+1
Solution by Prateek Karandikar:
. n
@ 2 =557
For n € N,
. 1 _, n? _2n3—1—n3_n3—1>0
2L w31 2m3-1 2m3—17

Hence 5 L_<1.So
a3

vn 11

P —1  n252— L

0<z, = <n % V¥YneN.

As >, n~>” converges, by the comparison test, Y >~ z, also converges.

(i) 20 = (277,71 1)”

For n € N,
‘Zn‘l/n - an/n
B n
- 2n41
B 11
2 2 2n+1
As lim,,_, |zn|1/n exists and is equal to % we have,
. 1/n . 1/n 1
limsup |z,| 7" = lim |2,| " == <1
n—oo n—oo 2

Therefore by the root test, >~ | z, converges.
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n?—n+1
nd+1
For n € N such that n > 2,

(iii) z, =

n

TL3

n® +2n
n® —2n% +2n—1
nd—2n?+2n—1
2n3 + 2

nd—n?+n 1
n+1 2
n® —n?4+n

n3 +1
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Vv
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>

on?

on?+1

0

1
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Note that the last inequality holds for n = 1 also. For all n € N,

n>—n+1
2y = ——

nd+1

1 nd—n?>+n

on nd+1
1 1

> -~ .

—n 2

> 0

As D27 nt diverges, Y 07 (2n)7! also diverges, and hence by the comparison test

S | 2, diverges.

n=1

O



