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Question 5: Let A be a non-empty set of real numbers which is bounded below. Let —A :=
{z € R: —z € A}. Show that inf(A) = —sup(—A).

[Solution by Prateek Karandikar |: A is non-empty and bounded below, so it has a greatest lower
bound. Let a = inf(A).

As o is a lower bound of A, « <2 V x € A. Therefore —a > —z V€ A Asx € A «<—
—x € —A, we conclude that —a > ¢ V x € —A. This shows that —a is an upper bound of —A.

Let v < —a. To show that —a is the least upper bound of —A, we need to show that 3 y €
—A>y>~. Let 3= —7v. So 8 > «a. As « is the greatest lower bound of A, = dz € A3z < [.
Sodxe A>zx < —vy. As —x € —A and —x > =, we have found a y € —A, namely —z, such
that y > .

So we conclude that —a is the least upper bound of —A. So inf(4) = a = —(—a) = —sup(—A4).
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Question 7: If z,w,z; € C for i = 1,2,...,n then show that
|21 4+ 22+ + 2n] < 21| + |22 + - + |20

and
2] = |w|] < |z — wl

[Solution by Prateek Karandikar ]: We will prove the first inequality by induction on n. Let
P(n) be the statement:
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where z; € C for 1 =1,2,...n.

Now,P(1) is true as | z; |=| 21 |- We have seen in class that P(2) is true. Let P(k) be true for
some k € N such that & > 2. We will show that P(k + 1) is true. Let z1,..., 2, zx+1 € C.
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where in the second step we have used P(2) and in the last step we have used the inductive
hypothses. This proves P(k + 1). Hence by the principle of mathematical induction, P(n) is
true for all n € N.

Now we will prove the second inequality. For any a,b € R,

la+ib| = Va2 + b2 = \/(—a)2 + (=b)? = | — (a + ib)|
Hence |z1| = | — z1] ¥V z € C. In particular, |z — w| = |w — z|. Now,
2l = [(z = w) + w| < |2 = w| + w]
2| = |w| < |z — wl

Interchanging w and z,
[w] = 2] < |lw— 2| = |z — v

Since |w| and |z| are reals, ||z| — |w|| equals at least one of |z| — |w| and |w| — |z|, both of which
are less than or equal to |z — w|. Hence,

2] = |wl| < |2 — wl.



