Week 9
Random walk in trap environment

LECTURER: SIVA ATHREYA SCRIBE: SANCHAYAN BHOWAL, RAMKRISHNA SAMANTA

9.1 Continuous time random walk

In this model the random walker wasits an exponential amount of time to perform a jump like a
discrete time random walk. Consider {V; : i > 1} to be a collection of independent Exponential(\)
random variables. Let A = 1. Define T}, to be the sum of the first & V;’s. Also, define N; to be the
number of T} less than ¢. Hence,

e P(V<t)=1-¢"
o Ij = Ef:l Vi
o Ny=Y 0 1T <1)
o {Ne =k} ={T) < Ths1}
Theorem 9.1.1. 1. N; ~ Poisson(t)
2. Ny — Ny is independent of N, where r < s < t.

3. FOTOSt()StlS...Stn

{Nt,,, = Ny, :i=0,...,n— 1} are independent

i+1

S0, Ny, ., — Ny, ~ Poisson(tiz1 — t;)

i+1

Definition 9.1.1. Let U, : n > 0 be a random walk on (T, ). Define, a continuous time random
walk on (T, n) with rate 1 to be:
Y; =Un NVt >0

Remark. The random variable Y; is a random step function which is right continuous with left
limits.



9.2 Random walk in trap environment

Continuous Time set-up

Consider the graph Z? with natural weights. Let {X;};>0 be a continuous time random walk on
74 starting at 0, with rate x. Now, let us set up the traps, i.e., for each y € Z% let N, ~Poisson(p).
This N, denote the number of traps at y. Each trap(Y7¥) perform a continuous time random
walk({Y7"¥};>0) with rate v; where 1 < j < N,. The random walk gets killed if it meets a trap.
There are two ways of killing viz,

Hard The walk gets killed upon intersection with any Y7¥.

Soft At each site x at time ¢ > 0, define

E(tyx) = Z #{YY at z}.

yeLZI,1<j<N,
Now X; gets killed at rate v&(t, ) where v € R.

Remark. Hard killing infact corresponds to v = oo case of soft killing.

The probability of survival is given by
t
2,0 =BNexp(— [ €l X(9)ds)
0

Discrete Time set-up

Let {X;};>0 be a random walk on Z% with natural weights starting at 0. For each y € Z¢
let N, ~Poisson(p) denotes the number of traps at y. Each trap(Y7¥) perform a lazy random
Walk({Ytj’y}tzo) on Z%; where 1 < j < N,,. The trap kills the random walk with probability ¢ if it
meets the random walk; ¢ € (0,1). Let £(n, ) denote the number of traps at location z, i.e.

Ema) = Y (YY)

y€Zd,1<G<N,

Assume X}, has survived till £ < n. Given X,, the probability that X, will survive at time n is
(1 — q)8(mXn) | Hence,

0¥ (n,€) = P(X has survived till time n given {Y,2¥}, < <y yeza where m < n)

i (9.1)
= (]_ — q)2i=1 é(lvxz).

9.3 Pascal’s Theorem

The average survival probability of a given trajectory X is given by 0¥ (n) = E£[(1 — ¢)2i=1 £(:X)],
Theorem 9.3.1 (Pascal). The survival probability is mazimized by the trajectory 0 where 0, = 0
for every k e NUDO, 1i.e,

oX(n) < GQ(n).



Lemma 9.3.1. 0% (n) = exp(—\ > yeza Wx (n,y)) where Wx (n,y) = 1-E¥[1—(1—q) =180

The Yly 1s a random variable with ditribution same as 1.1.d. Yljy

Proof. Let X : NUO0 — Z% with Xy = 0 be the trajectory. Now,

oX(n) = ES[(1 — ¢)2=i=1 £6:X0))

= Eg[(l — q)Z?:l ZyEZd ZlSjSNy 5X1‘, (Y'Z’y)]

= [T IT -g@momtd)

yezd  1<j<N,

= [T EE™] JT (-t

y€ezd 1<j<Ny

y€ezd k=0 1<j<k
o —A\k
e A n

_ Z nLSx,
= H kl ( H (lfq) i=1 Xz(

y€Zd k=0 1<j<k

3y

= II o~ MA-EY (1-g)=i=1 02X )

yeLd

e_)\ EyeZ’i Wa (77/71/) .

0o e—)\)\k s s v(yj’y)
HZ o EY] H (1 — g)%i=1 0% (V)]

n

Yj’y))k

O

Lemma 9.3.2. Wx(n,y) =1—E¥[1— (1 —q)Zi=1007)] = P (1 < n), where 7 = min{i > 0|X; =

Yi, Zi = 1}.

Lemma 9.3.3. ZyGZd Pf(T <n)> ZyGZd PS(T <n).

Proof. Let

q= P(Zn = 1)
=Px,( U {Z,=1,Y, =y})
yez?
=Y Px, (Z,=1Y,=y)
yEZ
=Y Px (Z,=1Y,=X,)
IS

Lemma 9.3.4. For a lazy symmetric random walk on Z2.

py (0) >l (y), vy € Z°

py (0) > py1(0).



Therefore using the above lemma, we get:

q< Z PXT—n +ZPX k)p? _ k(O)q]

y€ezd

Also, replacing X =01n 3 7 [PX(r=n)+Y,, ! P (T = k)pl_ (X0 — Xi)q|, we get:

g=Y [P )+ ZPO k), (0)q]

y€ezd

Let

= ZP?(TSR)

yezZd

= Z Pg(Tgn)

A

- 55—1 = Z P;((T =

yeZd

We define S%; = 5%, = 0.
We have

n—1
g=Y [P¥(r=n)+ Y PY(r=kp! (X0 — Xi)a
k=0

yEZ?

= (Sy = Sp) = (1—apy (0)(S7°y = Sp s +qz Si = S —k-1(0) = py_4(0))
Now using induction, we get SX > S9.

Remark. The continuous case has a similar proof and can be found here [?].
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