Week 7
Isoperimetric Inequalities and
Applications

LECTURER: SIVA ATHREYA SCRIBE: ATREYA CHOUDHURY

The focus of this chapter is to look at how the geometry of weighted graph affects the properties
of the corresponding random walk on it.

Definition 7.0.1 (Isoperimetric Inequality). Let A, B C V, up(A,B) = > 4 ) cpHay and
¥ : Ry — Ry be an increasing function.
(T, p) is said to satisfy the Y—isoperimetric inequality if 3 co > 0 such that

/LE(A, V~ A) > 1
P(u(4))
If a weighted graph satisfies the 1—isoperimetric inequality, we say it has the Iy property.

A graph is said to have the property I, for a € [0,00) when ¥(t) = t1=% and said to have the
property I when ¥(t) =t

VACYV and |A| < o0

Example. R%. We look at A = B(0,7)

Sp = surface area of A = cgré™!
Vg = volume of A = ¢yr
Sp 1
1 = a
d
Vg

We can take ¢ (t) = t'~a
Show that Z? has the I; property for all such A such that |A| < oo

Example. [],, the binary tree has the I property with ¢y = 3
Observations. If (T, p) satisfies Io1s, then it satisfies I,

Definition 7.0.2 (Nash Inequality). « € [1,00), (T, ) is said to have the property N,
ifYf e LY(V) NL2(V),

E 1) > CwlfIL T IFIETS



Remark. 1. (T', p) satisfies I, for a € [1,00) = (T, p) satisfies N,
2. 74 satisfies N,

Theorem 7.0.1. Let a > 1. Then the following are equivalent
1. (T', w) satisfies N,
2. 3Cyx > 0 such that

Pn(l’,fﬂ)ﬁ(n\c/’li)g Vn>0andz eV
3. 3C%4 > 0 such that
Cy
< —— >
pn(%y)_(nvl)% Vn>0andz,y€eV

Corollary 7.0.1. 1. Suppose (I', u) satisfies I,. Then, 3 C > 0 such that

pn(x,y)§< Yn>0andz,y eV

nv1)%
2. Let V be infinite and pigy > co >0 Vo ~y. Then, 3 Cy > 0 such that

Gy

nVvil)z

Pn(z,y) <

Remark. 1. pp(z,2) = on-diagonal bounds
2. Theorem provides global upper bounds

3. part b of corollary 7.0.1 applied to V =7
—> the shortest possible on-diagonal upper bounds with natural weights

4. Let T' = Z¢ have natural weights u&%} and I = Z% have natural weights uily) such that
uf(gly) > cougg,) Let (T, p®) satisfy Ny

= (I, p') satisfies Ny

= the upper bound of the theorem holds

5 I'=27°¢ U(07.__,0) VA
— T also satisfies N¢

6. 7.0.1 does not give us any information on upper bounds when we fix n > 0 and let d(z, y) get
large.

Theorem 7.0.2. Let (I', u) be a weighted graph. Then,

2 z,y)?
e_d(%?) Ve,yeV andn>1
iz [ty

pn(z,y) <



Example. Consequences for Z%
We expect

74 satisfies I; = 79 satisfies Ny = pp(z,y) < % Ve,yeVandn>1
n 2
c c  _d@w?
pn(x7y) S a4 S —a€ "’y when d(l‘,y) S \/H
nz nz
When, d(z,y) > v/2dnlogn,
d(z,y)? 2cq d(z,y)2  2ecq d(z,y)2 Cq c3d(x,y)?
pn(x7y) S 016_ ny = Cle_TQ ny e_TQ ny S %6_%

nz2
Definition 7.0.3. (T, p) is said to have polynomial volume growth if 3 Cy and 0 such that
max{|B(x,r)|, u(B(z,r))} < Cyr’ VeeVandr>1

Lemma 7.0.1. (', ) has polynomial volume growth with index 6. Then,

2

P*(d(z, X,) > 1) < crle i

This implies 3 co > 0 such that
d(z, Xp) < cay/nlogn Y large n w.p. 1
Proof. We define Dy, = B(x,2%r) \ B(x, 2 1r)

P (d(z, X,) > 1) = Z > pal@,y)u

k=1yeDy
2 (2k—1r)2

= ige
k=1y€EDy, K
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