Week 6
More on random walks

LECTURER: SIVA ATHREYA SCRIBE: RAHIL MIRAJ, JAINAM KHAKRA

Harmonic Functions:

Let I' = (V, E, u) be weighted graph and let A C V, A = A|JOA. Then f: A — R is said to
be:
Harmonic if Af =0, i.e. (Pf = f),
Super Harmonic if Af <0, i.e. (Pf < f),
Sub Harmonic if Af >0, i.e. (Pf > f).
Examples:
1. Forz,y e Vand ACV,

= E[LY,]
ga(z,y) =Y pi(z,y) = —2.
n=0 ‘uy

1 L ify=u
Aga(x,y) = —— 11« = Ha
ga(z,y) e x () {0’ ity £

Therefore, ga(x,-) is Harmonic in A\z and Super Harmonic in A.
2. For z € V and = # z,¢6(z) = P*(T, = o0) is Harmonic in V\z.

Theorem 6.0.1. (Foster’s Criteria/Lyapunov Function): Let A C'V be a finite set. Then
(T, p) is recurrent iff there exists a function h, which is:
non negative, Super Harmonic on V\A and [{z : h(z) < M}| < oo V M > 0.

Proof:

(=)

WLOG, we take A = {p}. Suppose 3h : V — [0,00) such that h is super harmonic on V\{p}
and [{z: h(z) < M}| <ocoV M > 0.
T, = min{n > 0|X,, = p}, {Xn}n>0 is a random walk on (I', ). Let Y,, = h(X,,n7,) and let A,
be the observable events upto time n. So for Xg = x,

E* Y| Ap—1] = E*[0(Xn 1, ) [An-1]
=E* ' [h(Xung,)], (SMP)
= Ph(Xn—lﬂTp)v
<hXn_1n7,); (super harmonic),

n—1-



Super Martingle: Let {Z,},>1 be a sequence of random variables such that E[Z,] < co. Then
{Z,}n>1 is a super Martingle if E[Z,,|Z,,_1, Zy—2,....21] < zp_1.

Theorem 6.0.2. (Martingle Convergence Theorem): Let Y, > 0 be Super Martingle, Y =
Yoo such that Y, — Yo wp 1 and E[Ys] < E[Y)] as n — co.

So, in our case, Yy = h(Xon1,) = h(Xo) < oo.
Therefore, from the above theorem, Y., < oo wp 1.
Now, suppose (I', 1) is Transient. Then 3z € V'\{p} such that P*(T},) < 1.
Let C,, = {y € V\{p}|h(y) > n} Vn > 1. Then |C%| < cc.
N ={T, =00} {Inr > 1: X,, € Cr}. Let w € N and ny, be as given by N.
Yo, = h(Xnk ﬂTp)a
=Y, >k,
= N C {Y, = 0},

= P(Yo = 00) > 0, which contradicts Martingle Convergence Theorem.
= {X,,}n>0 can not be Transient.
Hence, {X,,},,>0 is Recurrent.

(<)

Suppose (I', i) is Recurrent.
Let B(p,n) = {z € V|d(x,p) < n} and let hy, : V — [0, 1] such that

hn(x) = Pw(TB(p,n) < Tp); TB(p,n) = TB(p,n)”'
(SMP) = Phy,, = hy, ©# p,
= Ah, =0, YV z # p.

In particular, h,(-) is super harmonic in V\{p}.

Tim h(z) =0,
hn(z) =1V x € B(p,n)°.
I{ni}r>1 such that hy, (z) < 2% YV z € B(p,n).
Let z € V, kfjl T, () (Ex: h(") < o0).

Mh>0



(ID) 2 € VA{p},

(III) Let M > 0 and U = {zx € V|h(z) < M}.
Vj > hn;(x) =1V 2 e B(p,ny).

Claim: U C B(p,nm,)°.
Proof: Given M > 0, In,, such that
Vj > hp(x) =1V x € B(p,nn)¢ for 1 <j < M.

m

Zh"j (x) =MV z € B(p,nm)°.

j=1
= h(z) > MY x € B(p,nm)°.

Theorem (Maximum Principle):
A C V, connected, h: V — R such that Ah >0 on A

a) If 3z € A such that h(z) = max h(z) then h is constant on A

2€AUDA
b) |A4| < o0, h(z) = Imax h(z)
Proof B
a) B={y e A|h(y) = h(z)}
B#0Dasx€B

YyEBNA 2~y=2€A=>2€B
h(zo) < max h(u)
ucA
y € BNAand z~y then
20 € A= h(zp) <max h(u) = h(z) = h(y)
u€eA
But Ah(y) >0
L5, fay(h(y) = h(=)) > 0



Hence if z ~ y = h(z) = h(y) -
Inductively, as A is connected, we have that B = A

b) |A| < oo = Jzg € A, h(z) = max h(z)
ze

If xg € 0A = max h(u) = rznea%( h(z)

If 29 € A= (a) h is constant on A and max h(u) = max h(z)
u€dA €A

Liouville Property: (I, ) is said to have the Liouville Property if all bounded harmonic func-
tions are constant.

Strong Liouville Property: A graph is said to have the strong Liouville Property if all pos-
itive harmonic functions are constant.

Theorem: Let (I',u) be recurrent. Any positive superharmonic function is constant (in par-
ticular, (T', 1) has the strong Liouville Property).

Notes for continuation of Martingales

Let {Z,} be random variables on (22, F,P).
Let E[Z,] < o0

If E(Z,|Zy-1,Zn—-2,....21] = Zp_1, then {Z,},>1 is a martingale. {h(.) is bounded, harmonic,
X, 1.y on (T, 1), {A(Xo) }nss }

If E[Z,|Zp-1,Zn—2,....21] > Zn_1, then {Z,},>1 is a submartingale. {h(.) is bounded, sub-
harmonic, X,, r.v on (T, ), {h(Xp)}n>1 }

If E(Z,|Zy-1,Zpn—2,...,2Z1] < Zp_1, then {Z,},>1 is a supermartingale. {h(.) is bounded, su-
perbharmonic, X, r.v on (I, ), {h(Xn)}n>1 }

Jensen’s Inequality

Let f:R — R be such that Va € R, 3¢ € R such that f(x) > f(a) + c(x — a)
Then f is said to be a convex function.

Let X be a random variable on (Q, F,P). Then Jensen’s Inequality states that E[f(X)] > f(E[X])
wherever both expectations are well defined.

Theorem (Kolmogorov’s Maximal Inequality): Let {Z,},>1 be a non-negative submartin-
gale. Then P(121%X Z;>a) < % Ya > 0,Vm>1



Proof:

Let m € N and a > 0 be given.

J = min{min{n > 1|Z,, > a},m}

J =min{n>1|Z, > a}

It is left as an exercise to show that J is a bounded stopping time. Z; > a < Z, > a for some n < m

P(max Z; >a)=P(Z;>a)< ElZ4]
1<i<m @

This follows from the Markov Inequality which can be applied here since Z; > 0
Zy =31 Zily—k + Zmly.,

E[Z,] = E;:nzl EZp1 =] + E[Zm1f>m]

Since {Zj }r>1 is a submartingale, we have that the above is less than or equal to
ka=1 EE[Zy|Ak]L=k] + E[Zm1f>m]

The above is equal to

;n:}nE[E[ZmlL]:k'AkH + E[Zpn15.,,] (Since E[XY|Ay] = YE[X|Ay])

= ElZm i) + BlZi1 1)
= E[Zn( kL:I L=k + 1f>m]
=F[Z, =0

Corollary: Let {Z,,},>1 be a martingale.

1) B[Z3] < 00 ¥m > 1,P(max |Z] > a) < BlZal)

2) Zy, > 0,P(sup Z, >a) < @
n>1

Proof

For 1) Let Y,, = Z2. Then we apply Kolmogorov’s Maximal Inequality. The proof of 2) will be

done later.

Theorem (Martingale Convergence):

Let {Z,}n>1 be a martingale and sup E[Z2] < co. Then 3 Z such that Z, — Z w.p. 1 asn — 0o
n>1

Proof

f(x) = 2% is a convex function. Hence, Jensen’s inequality applies to conditional expectation.

E[Z3\Z% .. Z23) > Z7 4 Vn>2

From the Tower Property, it follows that

E[Z2|72,..,23]) > Z? for1<i<n

Thus, E[Z2] > E[Z?] V1<i<n



In particular, E[Z2] > E[Z2_,] and sup E[Z%] < 00
n>1

Thus 3 « > 0 such that E[Z2] — a as n — o0

Let k> 1, Yy = Ziom — Zp ¥m > 1
Exercise: {Y;,}m>1 is also a martingale.

From the Tower Property, we have that E[Z1, Zx] = E[E[Zk+mZk|Ag]] which is equal to E[Z; E[Z1m|Ak]]
which is equal to E[Z?] since {Z,},>1 is a martingale and Zj, is observable in Ay.

Hence E[Y2] = E[Z},,.] — E[Z}]

By Corollary 1,
2 2 _ 2
P(max [ > a) < FZal = Fren 2P

P(max [V >a) =P(max  |Zi, — Zi| > )

Letting m go to 0 on both sides, we get
2
P(UiZI ‘ZrLJrk; — Z}C‘ > a) < %Jzk]

(Exercise:

1) 0 <P(sup |Zisx — Zk| >a) < a=BlZi]
i>1

a2

ii) kh_{go P(Uis1 |Zisk — Zg| > a) =0 Ya)

From ii) above and the Borel Cantelli Lemma, we have that if E = {{Z;}r>1 is a Cauchy se-
quence } then P(E) = 1.
= J Z such that Z, — Z w.p. 1 as n — oc.
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