
Week 6

More on random walks
Lecturer: Siva Athreya Scribe: Rahil Miraj, Jainam Khakra

Harmonic Functions:

Let Γ = (V,E, µ) be weighted graph and let A ⊆ V , Ā = A
⋃

∂A. Then f : Ā → R is said to
be:
Harmonic if ∆f = 0, i.e. (Pf = f),
Super Harmonic if ∆f ≤ 0, i.e. (Pf ≤ f),
Sub Harmonic if ∆f ≥ 0, i.e. (Pf ≥ f).

Examples:
1. For x, y ∈ V and A ⊆ V ,

gA(x, y) =

∞∑
n=0

pAn (x, y) =
E[Ly

τA ]

µy
.

∆gA(x, y) = − 1

µx
1{x}(y) =

{
− 1

µx
, if y = x

0, if y ̸= x.

Therefore, gA(x, ·) is Harmonic in A\x and Super Harmonic in A.
2. For z ∈ V and x ̸= z,ϕ(x) = Px(Tz = ∞) is Harmonic in V \z.

Theorem 6.0.1. (Foster’s Criteria/Lyapunov Function): Let A ⊆ V be a finite set. Then
(Γ, µ) is recurrent iff there exists a function h, which is:
non negative, Super Harmonic on V \A and |{x : h(x) < M}| < ∞ ∀ M > 0.

Proof:
(⇒)
WLOG, we take A = {ρ}. Suppose ∃h : V → [0,∞) such that h is super harmonic on V \{ρ}

and |{x : h(x) < M}| < ∞ ∀ M > 0.
Tρ = min{n ≥ 0|Xn = ρ}, {Xn}n≥0 is a random walk on (Γ, µ). Let Yn = h(Xn

⋂
Tρ
) and let An

be the observable events upto time n. So for X0 = x,

Ex[Yn|An−1] = Ex[h(Xn
⋂

Tρ
)|An−1]

= EXn−1 [h(Xn
⋂

Tρ
)], (SMP)

= Ph(Xn−1
⋂

Tρ
),

≤ h(Xn−1
⋂

Tρ
), (super harmonic),

= Yn−1.
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Super Martingle: Let {Zn}n≥1 be a sequence of random variables such that E[Zn] < ∞. Then
{Zn}n≥1 is a super Martingle if E[Zn|Zn−1, Zn−2, ....Z1] ≤ zn−1.

Theorem 6.0.2. (Martingle Convergence Theorem): Let Yn ≥ 0 be Super Martingle, ∃Y ≡
Y∞ such that Yn → Y∞ wp 1 and E[Y∞] ≤ E[Y0] as n → ∞.

So, in our case, Y0 = h(X0
⋂

Tρ
) = h(X0) < ∞.

Therefore, from the above theorem, Y∞ < ∞ wp 1.
Now, suppose (Γ, µ) is Transient. Then ∃x ∈ V \{ρ} such that Px(Tρ) < 1.
Let Cn = {y ∈ V \{ρ}|h(y) ≥ n} ∀ n ≥ 1. Then |Cc

n| < ∞.
N = {Tρ = ∞}

⋂
{∃nk ≥ 1 : Xnk

∈ Ck}. Let w ∈ N and nk be as given by N .

Ynk
= h(Xnk

⋂
Tρ
),

⇒ Ynk
≥ k,

⇒ N ⊆ {Y∞ = ∞},

⇒ P(Y∞ = ∞) > 0, which contradicts Martingle Convergence Theorem.
⇒ {Xn}n≥0 can not be Transient.
Hence, {Xn}n≥0 is Recurrent.

(⇐)
Suppose (Γ, µ) is Recurrent.

Let B(ρ, n) = {x ∈ V |d(x, ρ) ≤ n} and let hn : V → [0, 1] such that

hn(x) = Px(τB(ρ,n) < Tρ); τB(ρ,n) = TB(ρ,n)c .

(SMP ) ⇒ Phn = hn, x ̸= ρ,

⇒ ∆hn = 0, ∀ x ̸= ρ.

In particular, hn(·) is super harmonic in V \{ρ}.

lim
n→∞

hn(x) = 0,

hn(x) = 1 ∀ x ∈ B(ρ, n)c.

∃{nk}k≥1 such that hnk
(x) ≤ 1

2k
∀ x ∈ B(ρ, n).

Let x ∈ V ,
∞∑
k=1

hnk
(x) (Ex: h(·) < ∞).

(I) h ≥ 0.
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(II) x ∈ V \{ρ},

Ph(x) =
∑
x∼y

µxy

µx
h(y),

=
∑
x∼y

µxy

µx

∞∑
k=1

hnk
(x),

=

∞∑
k=1

∑
x∼y

µxy

µx
hnk

(x),

=

∞∑
k=1

Phnk
(x),

=

∞∑
k=1

hnk
(x) = h(x).

(III) Let M > 0 and U = {x ∈ V |h(x) < M}.

∀j ≥ hnj (x) = 1 ∀ x ∈ B(ρ, nj)
c.

Claim: U ⊆ B(ρ, nm)c.
Proof: Given M > 0, ∃nm such that
∀j ≥ hnj

(x) = 1 ∀ x ∈ B(ρ, nm)c, for 1 ≤ j ≤ M .

m∑
j=1

hnj (x) = M ∀ x ∈ B(ρ, nm)c.

⇒ h(x) ≥ M ∀ x ∈ B(ρ, nm)c.

Theorem (Maximum Principle):
A ⊂ V , connected, h : V → R such that ∆h ≥ 0 on A

a) If ∃x ∈ A such that h(x) = max
z∈A∪∂A

h(z) then h is constant on A

b) |A| < ∞, h(z) = max
z∈∂A

h(z)

Proof
a) B = {y ∈ A | h(y) = h(x)}
B ̸= ∅ as x ∈ B
y ∈ B ∩A, z ∼ y ⇒ z0 ∈ A ⇒ z0 ∈ B
h(z0) ≤ max

u∈A
h(u)

y ∈ B ∩A and z ∼ y then
z0 ∈ A ⇒ h(z0) ≤ max

u∈A
h(u) = h(x) = h(y)

But ∆h(y) ≥ 0
1
µy

Σz∼y µzy(h(y)− h(z)) ≥ 0
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Hence if z ∼ y ⇒ h(z) = h(y)
Inductively, as A is connected, we have that B = A

b) |A| < ∞ ⇒ ∃x0 ∈ A, h(x) = max
z∈A

h(z)

If x0 ∈ ∂A ⇒ max
u∈∂A

h(u) = max
z∈A

h(z)

If x0 ∈ A ⇒ (a) h is constant on A and max
u∈∂A

h(u) = max
x∈A

h(x)

Liouville Property: (Γ, µ) is said to have the Liouville Property if all bounded harmonic func-
tions are constant.

Strong Liouville Property: A graph is said to have the strong Liouville Property if all pos-
itive harmonic functions are constant.

Theorem: Let (Γ, µ) be recurrent. Any positive superharmonic function is constant (in par-
ticular, (Γ, µ) has the strong Liouville Property).

Notes for continuation of Martingales

Let {Zn} be random variables on (Ω,F ,P).
Let E[Zn] < ∞

If E[Zn|Zn−1, Zn−2, ..., Z1] = Zn−1, then {Zn}n≥1 is a martingale. {h(.) is bounded, harmonic,
Xn r.v on (Γ, µ), {h(Xn)}n≥1 }

If E[Zn|Zn−1, Zn−2, ..., Z1] ≥ Zn−1, then {Zn}n≥1 is a submartingale. {h(.) is bounded, sub-
harmonic, Xn r.v on (Γ, µ), {h(Xn)}n≥1 }

If E[Zn|Zn−1, Zn−2, ..., Z1] ≤ Zn−1, then {Zn}n≥1 is a supermartingale. {h(.) is bounded, su-
perbharmonic, Xn r.v on (Γ, µ), {h(Xn)}n≥1 }

Jensen’s Inequality

Let f : R → R be such that ∀a ∈ R,∃c ∈ R such that f(x) ≥ f(a) + c(x− a)
Then f is said to be a convex function.

Let X be a random variable on (Ω,F ,P). Then Jensen’s Inequality states that E[f(X)] ≥ f(E[X])
wherever both expectations are well defined.

Theorem (Kolmogorov’s Maximal Inequality): Let {Zn}n≥1 be a non-negative submartin-

gale. Then P( max
1≤i≤m

Zi ≥ a) ≤ E[Zm]
a ∀a > 0, ∀m ≥ 1
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Proof:
Let m ∈ N and a > 0 be given.
J = min.{min.{n ≥ 1|Zn > a},m}
J̃ = min.{n ≥ 1|Zn > a}
It is left as an exercise to show that J is a bounded stopping time. ZJ ≥ a ⇔ Zn ≥ a for some n ≤ m

P( max
1≤i≤m

Zi ≥ a) = P(ZJ ≥ a) ≤ E[ZJ ]
a

This follows from the Markov Inequality which can be applied here since Zi ≥ 0

ZJ =
∑m

k=1 Zk1J=k + Zm1J̃>m

E[ZJ ] =
∑m

k=1 E[Zk1J=k] + E[Zm1J̃>m]
Since {Zk}k≥1 is a submartingale, we have that the above is less than or equal to∑m

k=1 E[E[Zm|Ak]1J=k] + E[Zm1J̃>m]
The above is equal to∑m

k=1 E[E[Zm1J=k|Ak]] + E[Zm1J̃>m] (Since E[XY |AY ] = Y E[X|AY ])
=

∑m
k=1 E[Zm1J=k] + E[Zm1J̃>m]

= E[Zm(
∑m

k=1 1J=k + 1J̃>m]
= E[Zm] = 0

Corollary: Let {Zm}m≥1 be a martingale.

1) E[Z2
m] < ∞ ∀m ≥ 1,P( max

1≤i≤m
|Zi| ≥ a) ≤ E[|Zm|2]

a2

2) Zm ≥ 0,P(sup
n≥1

Zn > a) ≤ E[Z1]
a

Proof
For 1) Let Yn = Z2

n. Then we apply Kolmogorov’s Maximal Inequality. The proof of 2) will be
done later.

Theorem (Martingale Convergence):
Let {Zn}n≥1 be a martingale and sup

n≥1
E[Z2

n] < ∞. Then ∃ Z such that Zn → Z w.p. 1 as n → ∞

Proof
f(x) = x2 is a convex function. Hence, Jensen’s inequality applies to conditional expectation.
E[Z2

n|Z2
n−1, ..., Z

2
1 ] ≥ Z2

n−1 ∀n ≥ 2

From the Tower Property, it follows that
E[Z2

n|Z2
i , ..., Z

2
1 ] ≥ Z2

i for 1 ≤ i ≤ n

Thus, E[Z2
n] ≥ E[Z2

i ] ∀1 ≤ i ≤ n
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In particular, E[Z2
n] ≥ E[Z2

n−1] and sup
n≥1

E[Z2
n] < ∞

Thus ∃ α > 0 such that E[Z2
n] → α as n → ∞

Let k ≥ 1, Ym = Zk+m − Zk ∀m ≥ 1
Exercise: {Ym}m≥1 is also a martingale.

From the Tower Property, we have that E[Zk+mZk] = E[E[Zk+mZk|Ak]] which is equal to E[ZkE[Zk+m|Ak]]
which is equal to E[Z2

k ] since {Zn}n≥1 is a martingale and Zk is observable in Ak.

Hence E[Y 2
m] = E[Z2

k+m]− E[Z2
k ]

By Corollary 1,

P( max
1≤i≤m

|Yi| > a) ≤ E[Z2
m]

a2 =
E[Z2

k+m]−E[Z2
k]

a2

P( max
1≤i≤m

|Yi| > a) = P( max
1≤i≤m

|Zi+k − Zk| > b)

Letting m go to 0 on both sides, we get

P(∪i≥1 |Zi+k − Zk| > a) ≤ α−E[Z2
k]

a2

(Exercise:

i) 0 ≤ P(sup
i≥1

|Zi+k − Zk| > a) ≤ α−E[Z2
k]

a2

ii) lim
k→∞

P(∪i≥1 |Zi+k − Zk| > a) = 0 ∀a)

From ii) above and the Borel Cantelli Lemma, we have that if E = {{Zk}k≥1 is a Cauchy se-
quence } then P(E) = 1.
⇒ ∃ Z such that Zn → Z w.p. 1 as n → ∞.
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