Week 5
Killed process and Green’s function

LECTURER: SIVA ATHREYA SCRIBE: ANIKET SEN, ARUN SHARMA

5.1 Introduction

(T, p) is a weighted graph which is H1(Locally finite) and H2(Connected).{ X, } is a simple random
walk on it.

Transition density: p?(y) = 2 (Xn)=y

Hy
1,
po(z,y) = #
The transition density satisfies the following;:
® Dnim(2,Y) = ey Pn(®, 2)Pm (2, y) 12 [Chapman-Kolmogorov Equation]
o pn(2,y) = pnly, x) [Symmetry]

Pl (y) = > ey Py, 2)05 (2) 1z = 3 ey P, 2)Pn (2, 2)p = 041 (y) [details left as Exercise]

= e—(m—y)2 2
pi(y) = Pz, y) = W/t

S 1 x _ 8% =
< 5pi = Apj —(;szf

o Apy(y) = (P —Dpry =pn1(y) — pi(y)

P?(Xan=x) < 1

o [Ip5lI3 = (p7, ph) = pan(z, @) = =222 < o=

Dirichlet form/Energy form

€(f, g) = %ZIEV ZyEV
Domain of € : D(e) = {f : V= Rle(f, f) < oo}

€(fvg) = 7<Afag>
= —((P=Df.9)

where the first equality comes from Discrete Gauss-Green theorem.
e Ao Peo{X o

on R"



(1,9) = [ VI@)Va(eyds
Rn
it can be shown that if f € D(g), —(Af, g)n

e A {Pt}tzo <~ {Xt}tZO

eWnpm) = —(Apy, )
= —Phs1 = PnsPin)
= —(Pns1 %) + (Prs D)
= Putm+1(2,Y) + Pnim(@,Yy)
where the first equality comes from Discrete Gauss-Green theorem. As an Erzercise check that pZ(.)
and p¥ (.) satisfies the hypothesis of Discrete Gauss- Green Theorem.
l,z=x

zeV, I,(z)=
=(2) 0, otherwise

s ly) = —(AL, L)
= _ZIy(x)AIx(Z)Nz

zeV

Ezev(lz(z) - Iw(y)uzy
= Hy
Hy
_:umya ny 7é x
Pz _,U;cxvify =T

5.2 Killed Process

Gambler’s ruin
N: Total capital of 2 players
X, : Capital of Player 1 in k' step

th(z—1)+ih(z+1),0<z< N
P*( Xty =0)=h(X) < h(z) =q1,2=0
l,x=N

h=Ph< Ah=0
Let the graph I' = (V, E) be H1 and H2 with weights u. A C V.
Ta = Tae = inf{n > 11X, € A°}
We define the kill density, i.e. the transition density of the random walk until it exits A by:
PY(X,=y,n<7a
Hy

P (z,y) =



o if y ¢ A, then p(z,y) =0V¥n >1

o Inf(x)=1a(x)f(x)

o 021, PA(E) = Xy p (@ 2) f (2= FOLF(Xo)in < 7]
o« AY:=pA_ T4

Lemma 5.2.1. (a) pi(z,y) =0Vz,y ¢ A,n>1
(b) prya(@,y) = Xev P (, 2)p™ (2, 9) 1z

A,
(¢) App™ = pp — pi”
T = pi(z,y)]

(d) pi(z,y) = pi(y,z) Yo,y € V
(e) Pif(z) = (P4)"f(z) Vn>1

(f) PAf(x) = IaPIsf(x)

Proof. Left as an Exercise.

5.3 Green’s function

Let A C V. We define Green’s function of {X,},>0 as:

ga(e,y) =Y pi(z,y)
n=0

x,y €V,
Notation. o if A=V thenga=gyg
o © €V fized, then g% (y) = ga(z,y Vy € V

Observations. e ga(z,y) =galy,x) Va,yeV.



e Define Local time at y before exiting A i.e. time spent by the walk at y before exiting A by
Ly, =20 Ix.=y-

gal,y) = > pi(x,y)
n=0

. Yoo E*[1x,=y;n < 7]

Hy
_ Ew[zzozo(lxn:yln<n;)]
Hy
BN ()]
Hy
_ ETiLy)
B My .

e if A=V and V is recurrent then g(x,.) = oo
Theorem 5.3.1. A C V. Suppose cither (T, u) is transient or A # V.Then

1. ga(z,y) =P(r, <7a)9a(y,y)

1

2.94,9) = 505

Lemma 5.3.1. Let z,y € A. Then,

1.(y)
B

1. Pg4(y) = ga(z,y) —

_ 1 e
2. Agf%(y)={ o

0 otherwise



Proof. 1.

Pg3

= Pgi(y)

2. follows from definition of D = P — I

Proof of Theorem.
Notations: Given f:V — R, EXf(X.

let £ be a random variable. h,(§) =
1.

gA (T, Y) phy

= ga(z,y)

2. p= P( < T4a)

if (T, u) is transient then p < 1 and if recurrent and A # V then p < 1.[3z € A° such that

Py(TA<T ) > PY(r, <71,]) >0
sp<l1

) =
ESf(

> p(y, 2)g4(2)n

z€V
> p(y, 2)u- an xz)
z€V
Z > p(y, 2)p=pi (x, 2)
n=0z€V
SN oy, 2)ppii(w, 2)
n=0z€A
D> ity 2 (@, 2
n=0z€A
> o, y)
n=0
ga(z,y) — pj (z,y)
1. (y

gale,y) - 20

> yev P Xn =y) f(y).
Xy)

E*(LY,

Em( Ty<TA X qu—A

E*(17, <, EY(LY))

ga(y,y)P*(ry, <74)0O



Combining 1 and 2, we get

PY(LY, =Fk)
= 1yga(y,y)

= ga(y,y)

galr,y) = ——————
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