Week 4

Energy and Variational Methods

LECTURER: SIVA ATHREYA SCRIBE: ATREYA CHOUDHURY

4.1 Transition densities and Laplacian

We can recall that P(X; =y) = P(z,y) = 2.

Definition 4.1.1. The transition density w.r.t weights p of a random walk {X,,} is given by:
Pw(Xn = y) Pn(xvy)

pn(z,y) = = p=>1
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Lemma 4.1.1. Let p,, be the transition densities of {Xn}n>0
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The second equality is obtained by applying the Detailed Balance equations.

pn(m;y) = :pn(yax)

3.
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zeV zeV
D o paz e =Y paly2)p. = Y PUX,=2)=1
zeV zeV zeV

4.2 Function Spaces

Definition 4.2.1.

CV)={f:V-R}=RY
Co(V)={f:V =R, f+#0 on finitely many points}
Co(V)={f:fecv), f=0}
Supp(f) ={z:z eV, f(x) # 0}

Definition 4.2.2. We define the norm of a function as the following
1
VpE[loo,HfH Z|f ;Ufzp

zeV
[flloe = sup{lf(z)| : x € V}

f is said to be LP on the graph with vertex set V and weights p if and only if f is a function
defined on the vertex set, V and its p-norm is finite everywhere.

felP(Vip) < feC(V)and [f|, <oo
Definition 4.2.3. We define an inner product on the L?(V, ) space in the following way

=Y f@)g(@)n

eV

zeV

=Y f(2)palz,2)p
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= (f, pa(, .))



which brings us to define a new function

Definition 4.2.4. P, : C(V) — C(V) given by

Puf(@) =Y f(2)pn(@, 2)p= = ([, pale, )
zeV
where A : C(V) — C(V) as an “operation” on C(V) is
A=P—-1
We write Py f(x) as Pf(x) and proceed to look at computations and lemmas involving P f.

Lemma 4.2.1.
Ve eV, Pf(z) — f(z) = Af(z)

Proof.

Pf) - fx) =Y f(2)p(a, 2)p= — f(x)

zeV

= pla, ) (f(2) = f(x)

zeV

=3 P ()~ )

vey Hakz

=Af(x)

* is left as an exercise and can be proved using property 2 from (4.1.1)

Corollary 4.2.1.
Af=0 < f(z) =Pf(z) = E*[f(X1)]

Definition 4.2.5. We define a function A: C(V) — C(V) as

1Al = sup{ A1, = I£1l, < 1}

Proposition 4.2.1. 1. P1=1
where 1(x) =1 Ve e V

2. [Pfl < PIfl
where f € C(V)

3 Pll,s, <1
1AL,y <2
where p € [1,00) U {oo}



Proof. 1.
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We leave the proofs of the following as exercises

* which can be proved using Holder’s inequality, ** and the p = oo case

IAfI =

IPf = Il

< (Pl + 11H1,)"
<27 (IPfI; + I15)

< (21[£1l,)" [oAPAIL, < (11

= [All,n, <1

The final inequality is obtained from (4.1).

NZ> K

(4.1)



Proposition 4.2.2. P is self-adjoint on L*(V, )

Vv f.g € LX(V,p), (Pf, g) = (f, Pg)
Proof.

(Pf, g)=>_ Pf(x)

zeV

=D O f)p(, 2)p)g(@) e

zeV zeV

EN e Y plz)g(@) e

zeV zeV

= > [(2)Pg(2)p-

zeV
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4.3 Dirichlet forms

Definition 4.3.1. We define the quadratic form on L*(V,u), £ as
1
9=5 D> (@) = F)(9(@) = 9(y))pay
zeV yeV
whenever the series converges absolutely.

Theorem 4.3.1 (Discrete Green’s Theorem). V f,g € C(V),

S S @) — FW)9(@) e < 50

zeV yeV

We present an application of (4.3.1)
Lemma 4.3.1. Let (', u) be a weighted graph such that (V) < co. Then, (T, p) is recurrent.
Proof. Fix Z € V Define ® : V — R where ®(z) = P*(T, = o0)
1. Firstly observe that ®(z) = P*(7, =o0) =0
2.Vn>1, z#z
O (7)) =P*(T. =n) =3 ,cv P, u)®p_1(x)

This holds true from a simple logical argument. Starting from x, hitting z in n steps is
equivalent to jumping from x to some vertex u and hitting z in n — 1 steps.



3.1-0(x) =P(T. <00) =3 " PHT.=n)=3 ", Pn(z)

n=1

4. =0

k k
Y On(z) =YY Pla,u)®pi(u)

n=1ueV
k k
= Z D, (x) = Z P(x,u) Z D, 1 (u)
n=1 uevVv n=1
= Y Ou(x) =) Plr,u) Y Oni(u)
n=1 ueV n=1
= 1-0(z)= > Pz, u)(l - (u))
ueV
— 1-0(x) = > ple,u)(1 - (u)p,
ueV

= 1-9o=P(1-9)
= A(l-®)=0

Then, by theorem (4.3.1),
E1-@,1-®)=(A(L—®), 1 - ) =0
3 S @)~ B(y)) ey = 0

—
zeV yeVv

= O(z) = P(y) Ve,yeV

—> & is constant

= &=0

The last equality holds as ®(z) = 0.

Since, ® = 0 for arbitrary z, (', u) is recurrent.

To proof theorem (4.3.1), we start with some prerequisites.

Definition 4.3.2.

HAV) = {f: [ €C(v), E(f.f) < o0}
1fllze = VEUF. )+ 1) for some fized p € V
Proposition 4.3.1. Let (I', p) be a graph satisfying properties, H1 and H2.
Lf@) =)l < Z=VEF N  Yar~y
2. E(f,f) =0 <= fis constant




3. fel? = &(f.f) <2Ifl;
Proof. 1. HE(f, f) =

o0, then we are done
Let E(f, f) be finite

N=5 3 (@) -

W) thay
zeV yeV

> (f(@) = fW)kay Va,yeV
3.

2. The forward direction is left as an exercise. The reverse direction follows from the definition
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yev
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The second last equality is left as an exercise

Proposition 4.3.2. Letf € H2(V). Then

O
IAFI5 < 28(f, f)
Proof.
IAfll3 =D (Af(2)*n
zeV .,
= Z Z - f(x))z,“zy Mz
zeV T yev ]

- Z [Z - f(y))Q,uxy
xEV yev ]

Ex 1
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=2&(f, f)

The second last inequality is an exercise and can be shown using Cauchy-Schwarz inequality.

ity. O
7



Proof of Discrete Green’s Theorem (4.3.1).

(Af, g)=> Af(x)

zeV

=3 >

xEV yEV
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where * is obtained by flipping the labels of x and y.

Example.
Let V =N and p be the usual weights.
Define f,g: N — R such that

i=1
g(n) =1
Then,
1
(£ =5 | D +1) = F(R))* + > _(F(
k>1 E>1
< % < 00

F(k))?

y)ﬂwy



Af() = 5[+ 1)+ f(n = 1) = 27(n)]
(=)™ 2n 41
- 2 nn+1l)
X 1 \n+1 n
B
3 1
=137

which contradicts the Discrete Green’s Theorem (4.3.1)
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