Week 3

Random Walks on Graphs

LECTURER: SIVA ATHREYA SCRIBE: ABHITI MISHRA, DEVESH BAJAJ

3.1 Introduction

e A random walk on a graph is basically a reversible Markov chain on the graph.
e many results of random walks will hold true for general markov chains but we will not go into
it

e we will study some of the geometric properties of the Graph which translate to different
properties of the Random walks

I'=(V.E)

V = Vertex set = finite or countably infinite set.
E=Edgeset = ECPV)={{z,y}: |z,y € V,z #y}.
(No self loops, No multiple edges)

1. x € V;y € V is a neighbour of x in {z,y} € E (z ~ y)

2. A path v € T is any sequence {z;}!, such that x;_1 ~ z; in I" for some n > 1,2, € V,1 <
1<n
e is a loop if zg = x,
o is self avoiding if x; # x; V i # j.
3. “chemical metric” d:V x V — [0,00) J{o0}
d(z,z) =0,
length of smallest path from x to y
d(z,y) =

oo if no path exixts

4. T is connected if d(z,y) < co,Vz,y € V (H1 property)

5. T is locally finite if Vo € V,
N(z)={yeVl|y~z} = |N(z)| < o (H2 property)

6. we say I' has a bounded geometry if sup,cy |V (2)| < oo (H3 property)

Definition 3.1.1. V z,y € V, we assume that thre is a weight pi,, such that:



1. Koy = Hyx
2. pgy =0
3. ifx#y then, pgy >0~y

we will call (T'; 1) a weighted graph.
Using property 8 above, E = {{z,y}|z,y € V, tigy > 0,2 # y}

Definition 3.1.2. (T', 1) has bounded weights if 3 C1,C2 > 0 such that C1 < pizy < Co ¥V x,y €
V,x #y. This is called the (H4 Property).

Definition 3.1.3. (T', ) has controlled weights if 3 ¢ > 0 such that ’L’: >ctVayeVr#y.
This is called the (H5 Property).

Define for x € Vi py =32, _, Hay
Definition 3.1.4. Natural weights:

_Jlifz~y
Hay = 0 otherwise

Lemma 3.1.1. Suppose (I', 1) is a weighted graph then,
1. (H3), (H5) holds.
2. Vx e V,n>0 ,B(z,n) ={y € Vld(z,y) < n} (balls are not exponentially large)
3. VxeVin=0,u(B(x,n) =3, cpn by < 21a(c2)" (Balls have bounded weights)

Proof. 1. Take z € V.
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2. S(z,n) ={y € Vld(z,y) = n}
|S(z,n)| <c|S(x,n—1)] Yn>1



Arguing inductively,

|B(z,n)] =) |S(z, k)
k=0

n
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p(B(x,1)) = pie + D iy

y~z

SCZuzerux

y~z

= Clg + o

Second step follows from the H5 assumption.

We also note
pB@2) = Yy = p(Bl )+ 33

y€B(z,2) Yy~ Zevy
Therefore

p(B(z,2)) < po + cpz + ZCZsz

y~x  z~vy
= o + ClgC Z Hy
Yy~x

< o + Cpa + g

Example. V = Z¢. Take v,y € V, |z — y| = Z?:l |xs — vl
E={(z,y)||lr —y| =1}. pgy =1 whenever (z,y) € E. N(z) =2d Vx €V
|B(z,n)| ~n? < 2¢" Ve > 2.

Example. Rooted Binary Tree- Let the root be By = {p}.
Vn>1,B,=1{0,1"

V =Upl B, U{p}
For z € B,,n>2,x = (z1,...,2n),2; € {0,1}.
Let the parent of z be- a(z) = (z1,...,Zn_1)
Forn=1,2 € By,a(x)=p
E={(z,a())| v €V,z ¢ Bo}
IN(p)| =2,IN(z)| =3 V¢ By



Canopy Tree

V={reV]|z=(z1,...,z,) and 2; =0 V 1 < i < n forsome n > 1} U {p}

f(z) is the element in V closest to z.
Veanopy 1s a subset of V' such that-

Vcanopy = {x € V| d(xv f(;t)) < d(p,f(x))}

Observe that in the canopy tree, there is only one self-avoiding path to infinity, but the size of the
balls B(p,n) still grows exponentially. It shows that one does not need too many paths to infinity
for the size of your graph to grow exponentially. Denoted by T?

canopy

3.2 Random Walks on Weighted Graphs

(This section will be done as a discrete time reversible Markov Chain)
Formally, X,, jumps from 2 ~ y; with probability proportional to jiz,,. It stays at x with probability
proportional to fiy,-

Our graph is denoted by I' = (V, E). We assume there are no isolated edges that is {u, #
0 Va € V}. Also assume H(1) and H(2).

Q={f:NU{0} » V} = Vi

Vn>0,X,:Q—V where X, (w) =w(n)
Let A,, = observable events upto time n (all events that can be derived from Xi,...,X,). This
will be a filtration.

F= UnZl »An

Set P(z,y) = % Vr,yeV .

Va €V, there exists a unique P*(.) on (2, F).

(Existence can be shown using Kolmogorov consistency theorem).
Vn>1

n

]P)I(Xn = xnan—l =Tp—1y--- 7XO = IZ’()) = ]‘{.L}('TO) Hp(xnaxn—l)

=1

P*(X1 =y) =P" (X1 = y,Uev Xo = 2)

=) PY(Xy =y, Xo = 2)
zeV

- Z Py, )13 (2)

zeV
=P(y,z)



One-step transition probability-

P(Xn = Z/7Xn71 = Z)

P(X, =yl Xn_1=2) = P(X, 1 —2)

= P(yv Z)

The last equality is left as an exercise.

Reversibility-
Hzy

x

paP(x,y) = po— = pyz = py,P(y, )

(Xn, P) markov chain is symmetric with repsect to {ps}zev

Lemma 3.2.1. Let xg,...,x, €V
U PP (X = 2p, ..., Xo = 20) = i, P* (X, = 20, ..., X0 = Tp)

The above shows the reversibility of the markov chain wrt .

Proof.

Pao PO (X = @, ., Xo = 20) = pray | [ Plai i)

i=1

n
B Ha; @iy
= Mz,

i=1 Py
n
=u /’l’zn,—i7rn,—i+1
= g, I | _—
i=1 /’(‘wnfii»l

= pg, PP (X, = 20,..., X0 = 2p)
O

Remark. If p(V) = > v pe = 1 and p(A) = >° 4, then p is the reversible distribution for
{Xn}n>0 that is
paP(2,y) = pyP(y, )

Hence {p }zev is the stationary distribution.
Definition 3.2.1. A C V. The hitting time of A be given by
T4 = min{n > 0|X,, € A}
By convention, T4 = oo iff X,, does not visit A.
Definition 3.2.2. The return time of A is defined as -
T4 =min{n > 1|X,, € A}

Note that Xg ¢ A = TX =Ty



Definition 3.2.3. The exit time of A is-
TA — TAc
Theorem 3.2.1. LetT" be H(1) and H(2) and |V| = oo. Then TFAE-

1. 3z €V such that P*(1,f < 00) <1
2.VzxeV,P(rf <oo)<1

3 NVzeV,>* P(X,=12)<o0
4. Va,yeV,PP(ry <o) <1

5 PT(Y 50 lix,=a) <00) =1 Va,yeV
If the above is satisfied, the Markov Chain is transient.
Theorem 3.2.2. Let I" be H(1) and H(2) and |V|= co. Then TFAE-

1. 32 €V such that P*(1f <o0) =1
2.z eV, P (r} <oo0)=1

3 NzeV, > P X,=1)=x
4. Vz,yeV,P(r,<o0)=1

5. Pz(znzo 1{Xn:$} = OO) =1 Vx,y eV
If the above is satisfied, the Markov Chain is recurrent.
Definition 3.2.4. If {X, },,>0 random walk on (T, 1) satisfies

1. any statement of theorem 1.6, the graph (T, u) is transient.

2. any statement of theorem 1.7, the graph (T, u) is recurrent.



3.3 Exercises

1. Show that H3,H4 = Hj

2. When is (T', i) transient or recurrent?
Partial answer- When |V| < oo, (T, i) is recurrent.

3. Kesten Problem- G is a finitely generated group with generating set A. Look at the Cayley
graph of G. Which groups provide transient graphs?
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