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Homework Set 6
Due Date: March 31st, 2023
Problems Due: 2,3

1. Let (Xi) be i.i.d. R–valued random variables such that

φ(t) = E etX1 < ∞ ∀t ∈ R (1)

and E[X1] < 0

(a) Show that P(Sn ≥ 0) ≤ ρn where ρ = inft∈R φ(t).

(b) Show that there is a unique τ > 0 such that

φ(τ) = ρ, φ′(τ) = 0.

(c) Exponential Tilting: Let F (x) = P(X1 ≤ x) be the distribution function of X1. Define the
function F̂ , is called the Cramér-transform of F , by

F̂ (x) =
1

ρ

∫
(−∞,x]

eτydF (y).

i. Show that F̂ is a distribution function.
ii. Let (X̂i) be an i.i.d. sequence of random variables with distribution function F̂ . Then

E[X̂1] = 0 and var[X̂1] = σ̂2 ∈ (0,∞).
iii. Let Ŝn =

∑n
i=1 X̂i. Then P(Sn ≥ 0) = ρnE

(
e−τŜn1{Ŝn≥0}

)
.

iv. Using the central limit theorem show that lim inf
n→∞

1
n logE

(
e−τŜn1{Ŝn≥0}

)
≥ 0.

v. Conclude that limn→∞
1
n logP(Sn ≥ 0) = log ρ.

2. Assume the following version of:
Cramer’s Theorem: Let (Xi) be i.i.d. R–valued random variables such that

0 ∈ interior{t ∈ R : φ(t) = E etX1 < ∞} (2)

Let Sn =
∑n

i=1 Xi. Then for all a > EX1

lim
n→∞

1

n
logP(Sn ≥ an) = −I(a),

where
I(z) = sup

t∈R
[zt− logφ(t)].

(a) Assume P(X1 = 0) = P(X1 = 1) = 1
2 .

i. Show that

I(z) =

{
log 2 + z log z + (1− z) log(1− z) z ∈ [0, 1]

∞ otherwise.
(3)

ii. Show that I is strictly convex inside [0, 1], and has a unique zero at z = 1
2

iii. Show that ∑
n≥1

P(| 1nSn − 1
2 | > δ) < ∞ ∀ δ > 0, (4)



iv. Deduce the Strong law of large numbers of Sn via the Borel-Cantelli Lemma.
(b) Find I: when Xi ∼

i. X with P(X = a) = 1 for some a ∈ R.
ii. Exponential (α), for some α > 0

iii. Poisson(α), for some α > 0

iv. Normal(α,1), for some α > 0

v. X where P(X = 1) = P(X = 2) = P(X = 3) = 1
3 .

3. With the same hypothesis prove a similar theorem for P(Sn ≤ an) and a < EX1, with the same
formula for I.


