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1. Consider the graph Zd, d ≥ 3 with natural weights. Show that there exists c1, c2 > 0 such that

c1
| x |d−2

≤ g(0, x) ≤ c2
| x |d−2

Hint: Use Local Central Limit Theorem.

2. Let (Γ = (V,E), µ) be a weighted graph. For any A ⊂ V , define the potential operator GA :
C(V ) → R by

GAf(x) =
∑
y∈V

gA(x, y)f(y)µy.

Find ∆AGA when A ⊂ V , A 6= V and Γ is recurrent. Show that

∆Gf = −f

when Γ is transient and f ∈ L1(V ).

3. Let {ξi,n : 1 ≤ i, n} be an i.i.d. collection of random variables on N ∪ {0} such that E[ξi,n] = µ <
∞,Var(ξi,n) = σ2. Suppose X0 = 1 and

Xn =

Xn−1∑
i=1

ξi,n

for each n ≥ 1.

(a) Compute E[Xn] and Var[Xn].
(b) Using Markov inequality show that if µ < 1 then P (Xn > 0) → 0 as n → ∞
(c) Using the fact that

P (Xn > 0) ≥ (E[Xn])
2

E[X2
n]

show that P (Xn ≥ 1,∀n ≥ 1) > 0 when µ > 1.
(d) Show that Zn = Xn

µn is a martingale. Can you study the behaviour of Xn at µ = 1 ?
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