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Let A,, be the events that are observable by time n.Let N € N. Consider
QOn = {OJ = (wl,w2,. .. ,wN) Tw; € {—1,+1}

equipped with the uniform distribution, denoted by P =Py. For 1 <k < N, let Xk : Qn — {—1,1} be
given by Xj(w) = wg and for 1 <n < N, let S, : Qn — {—1,1} be given by S, (w) = >7_, Xi(w) and
So = 0.

1. For 1 <n < N, show that the mode of S, is {0,1} that is

P(Sy, =0)  ifn=2kkeN _(Zk) 1

maX{P(SnZa)iaez}Z{p(sgk_l1) ifn=2k—1keN k )22k

2. Fora < b,a,b € Z, 1 <n < N show that
Pla< S, <b) < (b—a+1)P(S, €{0,1})

and conclude that A}im Pla < Sy <b)=0.
—00

3. Let —-co<a<0<b<oo,a,beZ,
0o =min{k > 1: Sk =a} and op = min{k > 1: S, = b}.
(a) Let 7v = min{o,, 04, N}. Show that 7 is a Stopping time.
(b) Show that
E(Sry) = aP(og < 0p,04 < N) + bP(0p < 04,0 < N) +E(Syl(min{o,op} > N))
and
E(rn) = a*P(0q < 0p,04 < N) +*P(oy, < 04,04 < N) + E(S%1(min{o,, 0} > N)).
(c¢) Show that
1—P(o, < 0p,04 < N)—P(oy, < 04,0y < N) =P(min{o,, 0} > N)
(d) Limits as N — 0.
i. P(min{og,0} > N) — 0 as N — occ.

ii. E(Sy1l(min{os,0p} > N)) — 0 as N — occ.
iii. Show that there exists ag,ap € [0,1] such that

ag = lim Plo, < 04,0, < N) and ap = lim P(op < 04,05 < N).

n—roo n—oo

iv. Conclude that
g, +ap =1 and aa, + bay, = 0.

Find ag, ap.
v. E(ty) = —ab as N — oc.
(e) Can you provide an interpretation to answers from (d)(iv) and (d) (v) ?

4. Let A, be the events that are observable by time n. Show that A,, is closed under complimentation
and intersections.

5. Let a € N and 0, = min{k > 1: Sy = a}. Show that

P(o, =n) = %]P’(Sn = a)



