Expected hitbing hme of o pabton
fzwm a frmife alphabef sef
Sebion 12 Gubnodvdhon

bnsidn o finle s 2. b XY, be o squunu o

i'd nendom vanbble wilh diskhibulon Uniform(0) . Ta, fon some
me N, wnsfdn a palsnn V= (VigWay--y¥Wm) Vo be o faik
stgune  of shubs yuhve Wre O, ¥isiem.

Oun main obgbe is 1o ffnd the value of
T=mngh2my REN T (X \ypseeny Xk-nxk)=q/]’
Ao ok, T is W Jirok hitting hm of M patton Y.
In Wese nobs, we will dwoibe lo mtbhods by whih E(T)
can he ompobed. The sl muhod use lo Wuory 8{ Mankov
chalns and one slep probebillbies . The swond mthhod uses
Markngale Wuony ,

Ow main st 15 He foltowing :

Tuomm 1 2 (onsiden VY, a pa#umq&nglﬁ. meiN. Swppose Mheu ewsk
o4f,¢l'a4...¢fa‘4m,,{on 0<£5<em o svch Mat‘? e foub 1 Wlns

of We pallnn ¥ s eqal b W (0} o Lllorns of Ko pollom ¥, for ¥ickeq,
ok is, (¥,,%29..-5%5) * (Yogrs Vi 90005 Pm)s ¥1ehed . Thn,

ECD = o)™+ ki_zm"“

Mole Wt E(T) will dpend on 12) ,m and ik -




Seci'on 2: Inbuthon and Emomples

We shall dswss a fuw enamples Kok Udlsknale e melbods and
Wun proce  Wie fnal suslf.

Enample 12 dib 2 2fA9By Ly ecayXy¥92% and b X be 17d
Unfom (2) | fos n2t. ok ¥=(49B 5 A .

Doffne T = w‘nfkeo ( et 9 k+2’x4+3) (Aq 8 ,A)}

be wonk b fad E(1D « lonsldn loe following penlehon of £2°:
= Sven’1v=(4,8,A7F

(1= FYeR’:Y=(tyAsB), whn s and V¢ (i}

(3=FYe’: Y= (2B, A) o Wt dyBe2 and Y4 CsCa f
=Y’V = (RaBy¥), whot olgBy¥ €02 ond Y€ latagts P
Lt Y, =

(X'l, X”fll) X,u.a) 2 {D-"b n2 (.,

One moay view E¥n}, ., a5 & Morkov chafn on S= CiaCaqlsyCep
with W following Ianstdn malsin -

Cy (s Ca G
Cy QS/QG X’Zé 0 0
Cx |Mhe| Yog | Yo | ©
Ca ‘25/26 0 0 Yag
C 0 0 0 1

Whety Given D= (Xno Yo 9% € C 5 Py 5 W Probobilly o Yher = (Xnng Yora o Tues) € G5 o




Dytne toe Stoppiug Hme T = mimfarz0: Ye=} and
Jon €Sy A(O = E(TYI Y% =C) , Makis WO

5 Ju erpeckid hilting Hme o lhe skl ¢, Giun lbat K

Mankor ha'n. stebs pom ke shabe c.

Using ome slbp probabilily caladatbon (see pwa Auwblim ) o we hawe
hia) = 1+ 35 h(e) + Lh(Cs) + Oxh(@d + ox h(c)
hicz) = 1+ % hicp + ‘2'_6h(c3) t ik(cz) + ox h(c)
h(eay = 14 35 hic+ oxh(ta) + 0x h(c) + 1x h(C)
h(CD

ha W(ey) = 1 + 25 hicy) + L 5
Ll have Cce) + 23 hicw) Qék(és) 5

h(iz)= 1 + 2 A(Cy) + L h(cz) + L + 25 n(cC
(42} 2W6 D 206 (3) T4 2 ‘O

2 L h(c = |+ 1_h(c p
76 "t TR
5 w(ez) = 22 + A(c 24 + 25
et T Z (228

(ombining W above equakions e hAe

~?5 i.(c,,) = 25 + "* t h[a,)[__‘f. +32‘%

2 h() (.u.-‘t) QSXQé'I-Q?-



D hley) = 225D+ 27(26) = w%(26-D t (6D = 263+ 26

hitz) = %> 5 h(t)= 3-26"+a, 3 h(c)=0

4
We brow ok, E(TD = Z Ply,=cd E(T|y, =c)
=)

L
= ZPly,=cDh(c) o whow Ply=c) = lCil = 1G] [shu Xn is
iz 1R3) 25,
vn{fonm oun -QJ
= h(c) x 19 + hic)x Ll + n(c sl + pfe x 16l
(¢ Yo (c2) e (2D x 2 h(Cy -

= _1_5 ( o(1)+ (2t 350D (A + ae®(ac:) + (965+Qe)(aes-ae”'-ae))
26

= 263+ 26-3

c. E(TS)= at™+q6-2 ., Buk it hakws 3 uniks o Hmu b
ouath W (whal shbe 8, of Wis mankov chain.

o Ewpeuhd hittng he of Wu patbom (4,85 A -

E() = E(TD + 3= 26°+2-2+3 = A>+26
Mol thel [¥l=z fn We abowr enamply ond we nuded % solw
o bxy spbm ¢ l(man eohons. Twn f 1¥=n, we would
ha o sole on  (ntDx (ntD) Sysbm ¢f bwan eqalions, whith
con g wy whilabion ilmsiu. Dy Wi's medod may beome
vninokoble .
We now dwvibe onolun emample whne V=N and vses moankngale Muany.



W=(A98yRyAsCsAgDyAsBoRHA) -

Al vs wnsideny a %p.(u)u'& with Joe 26 cngﬂish alphab eks

on . Onc eveny sewond (&), @ monkey nandomly hpes o Ll X, -
Jrom the Kptaurtin, his shp 1e infde o oo .

/t'wmy e ko R21g a4 nuw gambwb walks nte Wy AAMD and
behs 2 Wl K, e nenk llen fn monkey will pe /5 Going ko he ‘A,
Y Wy one wormd , Loy win R2e olwwwise My lLave lowe game.

Why T 26 ? Ruovse Wu bt has 6 be fain,
ol = ) - 25 (-1 = O
Enprded profet R(“ D + E( )

/Y gambln  wob cnnub(’, Wen in e ok Hme skp (nenb sound)
Wuy bt L enbe 36 Wok e wpoming W o X, will be
‘B’ (fon a pnze &8 Fa) end so0 om,

Ths gows on vnkil Wu wond ABRACADABRA approns ond  lpun
e game skps.

")) 2 BIng,,, bt 7 Uwform (2) nandom vanablus

ofre T = mfnfk-_\n S (Xhe10 9005 X< l//]‘.

Urnly, T s a skpping Hme wn.V W fillrabon ol

dfined by TnYps, o S Mu skpping M T 40713 ewal kb n
fs ompllily ddinmived by Mo valoss X5 X33 .eeyXnl.



A Z5 be He omownt of mony Ue k™ gambin bas ok le end of hme n,
Tung Jon neNvgol,

' s i nek
k = k. °
z, 26 Z,, Lsy,= Vonsly ? ] kenckrio
Z:'m o I n2ktn

M.Ln? Wy 'wl’,vw{fé' M casing mokus prom Kon k" gamblm, ak
W end of We n* somd is: ZE-zZ% = 1-2;

qu s Wu WVl profit W casino make SHom ol Hu
gamb(uzé, o Wu end o W n% wvnd 1s:

=1

Mn=§(l-zs) = n-3 zk
=1

In Wu proof of W wain susult we will show Wat THn},, 75
indwd o Manh’ngak. W wovld (ke fo appg 08T b ?M,,}m,.

Finly we sholl show Wal E(T) <™.

e will bovnd T by o nandom veniabl whase enpecholion (s
ead’en b caleoly ond hwa show YWl ECTD s alwo f?u‘&.

Oivide W seguene pf snandom venfobts $n3,,, Mo blocks g Sze u .
ya block is egel o e poltim Y, b s o Swms and a Jor'ne Ofpunwise o
The poobabiliVy ?f a svem (s L, he, ech  botk is a Bowovlls bial.

2

bt S be M\mehmgfdodé wndel e posk suceys

Thny S=k = Te Uk , becaust e finh appearnane o W
wvld skt in  Jpe middl gof a Hock and end in Kie middle g anokr,



%7 E(1D 2 nE(s) o b S~ Georubic ([ )
%H
2 E(T) 2 e
S EC(T) <00 — 0
Seondly, we show Wek Mp W  bowmded fnuments,

Sz |

Fon nsl, omidn M, - Ma- | = )n-kfz‘,f “nt 2

n-f -
= /3 (zZ% -z -(Z-D)| £ )g (ZX -z + |z |
n-1
Z }k.%'o(z,t, “Z8)|t 25 [siu z)) - Z<, for n2kto ond Z,.,"ezs]

= = k _ e
| Z (Zni- 26 2,3, 14, . Yty | t25

k=n-10

£ f "-252"~ + Z 2 oy Jga N-k+i Y|
< na| t 25 £ 25(1426+ 267+ ...+ 26°) LShu Z,TVM < 26
k= nN-10

= IMa-Mp,) ¢ 26" o ¥rnem and hnwe, M hos bounded inoumenbs, — @)

be will prove ke folow'ng susdt b K labin  sechons :

FaA G Manh’ngalc Mand a shpping Hime T, BE(T) beng fink
wmd M having sovndtd moumants = The fo  wondffons
® ond (x) which imply e Ophonal Shopping Thonm,

who @ = E(My|T>n)P(Tsn) =70 s n>0

@ : EC‘MTD £ 0
[Ravlf hom chss nolis dackint 13]




E(M7) = E(M) = 1-E(2]) = 1~ (L (20 +28(e)) =0 —®

Wh now make hcy obsvwakbon ¢

T T
T-32z) =T-3 2z~

MT
k'—' [ k:.T-lD

Tw's &s Indud %e cwe , @ for ol Gamblne who sharkd

bethng beforr Jome TH10, ZF =O.

| —l
¥ % A B R A ¢ A o A B R A

< [ (] [ 1 1 : : =

L FI T40 T4 8 T3 T6 T-5 T4 T3 T2 T T

T

larly,, ZE =0 fon Tw0ckeT and k¢ T, -3, T-10}.
Tan, Z] =26 , 27°=26" , 270 %'
Tt fore, My = T-26"-26%-26
fom @, E(M7) =0= E(T-26"- 26"~ a¢)

D E(T) = 26" + 26%+ 2%



Seckion 32 Puogf of Theonem 1

Now, Lk us covsiden an anbithany clphabk st ) of Hinile
sz ond an onbibany wond Y of pnie (ngh -

Ak vs wnsiden a /gpuu.m'ka will o Wow Pom W wb )
on e Onc evsy stond ), @ monkey sandomly fpes o Llen X, s
Jrom the Kpturtin, Tis shp 1o inslde o casivo.

M ewny Hme ko k219 a nuw gambln walks /nko Wy Castho and
bds R1 Mot 4, e nenk Gt 1oy monkey will Kpe /s going b be ‘A,
Y Wy one wornd , ey win TIU) obwrwise My lLave e gome.

J ¥ gambln was wW-b[‘7 Wun in e not Hme shp (nenk sound)
Wuy bt U enbne 20| Wik e vpoming Whe o X, will be
‘B’ (fon o prze §f ZINY ond s0 on,

Ths goes on il Wu wond Y appeans ond len b gam shps.

Ak BAng,, b 7 Uwiform () sandom venfabls .

Qef e T=minf k2192 (Xp gy 9 o-e5 Xd= VT

Uanly, T 5 a skpping Hme won.b W filbrahon Oy,
dfined by iy, , She Hu skpplig Hwu T bung epal fon
s wmpllily ddinmired by Ko values fx.,xg,...,xn}.



W Z% be Mo omount of mony e k* gamblin bas ok W end of hme n.
ﬂ\lll, Jm néfNVéO}?

l g if nek
k = k. o _
Z’L ]ﬂLZn_l 1§xn= Vsl s If kenckel¥-
Zkﬂw—i ? q n2ktiv

Mm7 /M 'u.(’,vm{f& W caving mokus pom. Kn k"% 9amblm, ak
W end of e n* somd s: Zk-zF = 1-2Z7

Tgfoow o, 1oy %tal profit M casio maks from all Hu
gamb(uzé, o e ed o M n% ovnd 1s:

E(IMa]) 2 n+kz“'l E(1ZED) ¢ n+‘§ 1™ ¢ 09, e
bnbidn E(M’l["dn'l_) = [[Mn,/ Xn) = My 9 o=y X = 7'-/_) = @
- & Lk
= E(n'k% Zn /Xn.,: %”'I, eceg Xl:nl)
Sk
= k ((n—:-kZ_ Zn) +(1-2) [ Xn., = Nnyg eceg X2 )
2
}« k, =N Rk

oo ook : :
'7@ = E([n" -51-0’2,]'[ 1‘E‘Yﬂ:’wn¢R ?{>+ (l-z"ll.) / Xn’l - %”'I, c€=9 X" nD

t)

n=-l

=m-2 E(lnzr 2

Xny=n cee =n
Py 'th=wn_k‘,l3/ n-| II-I, 9 Xl D

+ E[/’Znn/Xn_,= 9'-”.,’ oco’ X,=ﬂD




Bubt  2p5 5 ddminable by Wme i, Wat (s Wanough ae
Vm g fxlg X.‘{ 9 ooy, /Yn—,}

n-

> @ = N1 - Z:llﬂlz,',':, E(ZL{. /xn-; %'H) cc°9 X, = n-)

Xn= w’l'kf- l}

+ I-E[lﬂ.)z:;, ﬂ§1n=%9/ Xn_'-' %”’17 ereg Xp:nl)

1Q])- - = =
Zl.r).lz,l (Ln+ mllxo>+1 EQoits, ol Xni= Rnyy ceny Xi2)
[sthu 2y =1)
=(n1-3 2% 1- (192X 1L + ox M-
( 2 )t ( Y] l.m)
= Mn,‘ + -1 = Mn_’

Jo ECMy|dng) = Moy md hma M, is & Mthngal;.

be wovld ke fo opply 05T MYy,
Finly we shall show Hal E(T) <™.

e will bovnd T 1;3 a nandom venioble whose enpechobon
easien b calevaly ond hwa show Mok ECTD s alo fnile.

Oivide W segpene of random veniobtd $ny,., o blocks o Sze 1w .
J o block is ewel o He potim ¥, b is o swwss and & ol
Ohwtse . The probabilily of a svems fs I-Q.L-l o s Wok 5, eoch

bock s a Brwovlle bial.

b S be Hw mmhen 3/ boks uvnbl e sk sueeps |
Thn, S=k = Teluk , becaust Uu fink appeanane o W
wvld Skt in  Joe middl #a otk ond end in Mt middle g ano lour



7 > £ MIE) 5 b S~ Geomubic (L)

> E() 2 )"

S ECT) <0 -0

Seondly, we show Mk Mp s  bomded fnuemends.

>z |

n
Fon nsl, omide M, - Mpy| = |n-Z 25 —ne1+ :
le=1 =1

= /;2:'(2"‘}’-2,‘:)-(2:'-1)[ < ,:?T(Z,‘:,'Zk)\*‘ )Znn"l

n-|
‘ ,n% m€,2 w =28 D] H 10l [Shu Z = 25, for ne k+)w-l and Z7 < 10)]

= | 5 (zk- 10128

12]-1
k=n-Nl3) -1 1‘7. Xn = (l’n-lg,-r»‘!-{) | ¥ /

< }f-am-DZ':_,}Hﬂ)-;é(la;-;) (/+lf)_)+...+m;'w") [stme Zp™* < |0)R)
k=N-W|4|

D IMaMp) 1071 ¥REN and honcey M has boundid inoumunbs, — @

?

dimma: FA 6 Monbingah M and o shpping Hwe T, E(TD beng finwk
awmd M having bovndid moumenbs => T fwo wndffons
G ond @ whith fmply e Ophonal Shopping  Thuoaem

whew  @® = E(My|T>)P(T W) =70 g n>o0

@ : EC’MTD 4 0
[Resvlt pom s nolis Jeckins 13



Eho%l: 0ﬁmw”’ ZF&T) <o and /Fhf‘”%q, <C g ¥ n2

Theng  [Mn| & [Mp=Mpi) + 1Mna) & C+1Mny)
On do'ng HWus jnduhicely, we have

IMn| ¢ (D + IM)]
Buk et g 1My ¢ 26

=7 IMa| £ (-DC+ 26

509 /E(Mn./T>'_D/IP[T—*@£: E(/Mn/[Tw_D/P[T)n)
£ (Dt ae) P(T >n)

Sine ECT) = 2 kIP(T= k) =§/P[T>k_) < o0
le=1 =0
2 P(T>R) =7 0 ab k=~
vAnd vsing We  lauchy ondesabion sk, we havt Mok
ELT) = S Pl1>k) < ? PLT>2R) < .z/;g P15k = AED
=0 =0 0
Sinu E(D fs il 9 Hu sonas > ak P(r>2%) also  wnvirges
é=o0
b o il valu .
= e k k. =
7 Lm prm>2% =0
Mo, we haie be pllowTng agvalily

- (" PT>2k)) ¢ kP(T>kD ¢ (2% P(152%).2

A k900 5 RP(T>3D V0 = fon kP(7>8) =0
&> o0



Und henw 5 we haa Wk EL(T) <00 =5 P(TSA) - 0 as A0
ad nP(T>n)—7 © as N>o0

Sos  E(Mn)T>0)PLT>n)
£ nP(T>n) + (c+W)PLT>n)
Uanly .,
0 & Lim ECMAT>WPT>D) & Lim (cnPLTon) + e+ IPLT>nY) =0

nH R
=) ECMnlT>)PLT>n) 0 a n00
09 =]
Nowg E(IMs) = E[E Mel sy o) ¢ E(Z (clo-D+ as)zérmj)
S kPR + ECE )
< CIQSI R = _> (C'I‘a?E_) [k°l JfT= &Y
£ CE(Dt ¢t < o
A e  EOMrl) €0 @D
5, @ and (X)), W ondifom for OST o mef.
Monug E(MTD= EMM) = 1-E(2]) =0 — (&)
e now make o hy obsvwahion
T
Mp= T-32 2% = 7-35 zZ&
k=i PEamy

Tw's &s Inded te cwe , ® for ol Gamblns Who shorkd

bethvg before Kwme TIWIHI , ZR =0,



(&M@.p Zf' =0 db"‘ T-IVtl ¢k «T and /e¢f7’, T"'T"",-..,T-l}ﬂ]’

UAUIL, O<IT< l:? ....<);. 4”1—,!0); 053‘(;" ane nakuml nwmbos SV(IL &a["
(Wn,q’z,..., ql'.k) = C‘PM-[;'-I'I,WM-I.“-I'Q 9 ece 9 \PM)) ‘Vlékéﬂ..

P Ip-) l. -
MM, Jn 1ske4 Z: = /-fZ)n and Z:MH = )_Ql'w

1) %

M"\o

Turafore, My = T- 100" -
k=

-

Using ®, E(M)=0=E(T- 1" -,de, ln./';‘)
s EM = 0™ é/_m';‘

Refounas :

D) Mam@l'n?alt Theomy  and Applizabons - NVie FPuman
D Th Mbrowdosna Problem- Franuso (ancvamo.
3) Puwbabibby wik, Manlfn?a[w— Sechion 10, 11- David W ¢lliomes



