
Analysis I - JRF Homework 6 Semester II 2021/22

1. Let X : Ω→ R. Consider σ(X), smallest σ-field on Ω that makes X measurable. Show

σ(X) = {X−1(B) : B ∈ B(R)}.

Show that Y : Ω → R is σ(X)-measurable iff there is a measurable function g : R → R
such that Y = g ◦X.

2. Consider [0, 1] interval with Lebesgue measure dx (or dλ if you wish). Let f : [0, 1]→ R be
any continuous function. Show that if

∫
R f(x)xndx = 0 for n = 0, 1, 2, 3, . . ., then f ≡ 0.

Is the fact true if f is bounded measurable ?

3. Let (Ω,A, P ) be a probability space. For n ≥ 1, let Xn be a sequence of integrable real
valued random variables. Let (Xn) converges uniformly to X, i.e.

sup{|Xn(ω)−X(ω)| : ω ∈ Ω} → 0 as n→∞.

Show that X is integrable.
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