Analysis I - JRF Homework 4 Semester 1T 2021 /22

1. Let (22, A, 1) be a finite measure space. Define
d(A, B) = p(AAD),

for A,B € A. For A€ A, let [A] :={B e A: u(AAB) =0} and [A] = {[A] : A € A}.
Show that ([.A],d) is a complete metric space.

2. Consider L'(R, B, ;1) be the space of integrable functions on R w.r.t the measure . For
f.g€ LR, B, p), let

d(r.9) = [ 1 = gl
(a) For f € LY(R,B, i), let [f] :

of notation) LY(R,B,pu) :
metric space.

={g € LY(R,B,pn) : f = g a.e.} and identify (with abuse
{lf] : f € LY(R,B,n)}. Show that LY (R, B, u),d) is a

(b) Suppose p is the Lebesgue measure on R then show that simple functions based on
intervals, i.e. finite linear combinations of indicators of (bounded) intervals, are dense
in L'(R, B, 11),d). Can you show that C*°-functions with compact support are also
dense 7

3. Consider L'(R,B,\) with A being Lebesgue measure and C(R) be set of all continuous
functions on R.

(a) Let ¢ € C(R) with compact support. For ¢t € R define its left translate ¢, : R — R
by
pr(x) = oz +1).
Show that t + ¢ is a continuous map from R to L!.
(b) Let f € (R,B,)\). For t € R define its left translate f; : R — R by

fe(z) = f(z +1).
Show that f; € L' and the map ¢ — f; is a continuous map on R to L.

4. Consider (R? B) with Lebesgue measure. Let A = {(z,y) : [t—y| < 1}. Define f : R? - R

by
1 ify>ux,(r,y) € A
flzyy) =< -1 fy<z(z,y €A
0 otherwise.

Compute [[[ f(z,y)dz)dy, [[[ f(z,y)dyldz, [ f(z,y)dzdy.

5. Consider N2 = {(i,5) : 4 > 0,5 > 0, both integers.}. Let u be the counting measure N?
and ji1, 12 be counting measures on N. Let f : N2> — R be given by

1 forj=1
f,j)=< -1 forj=i+1
0 otherwise.

Compute [[[ f(i,7)dp1 (D)ldua(5), [1f f (@ 5)dua(Dldpa (@), [1[ £, 5))dp

1



6. Consider (R?, B) with Lebesgue measure. Let f : R?> — R be given by

exp{z2y?} sin(z
flz,y) = el o) for (a,y) € [-1, 1] x [=1, 1]
0 otherwise.

Compute f[f f(az,y)d:c]dy,f[f f(:c,y)dy]dasjff(x,y)d:cdy.



