C-12 Probability Theory Semester 1 2022/23 Inclass- Worksheet
hitps: //www.istbang.ac.in/~athreya/Teaching/c12

Due Date: 26th September 2022, 11am

1. Let (2, B, 1) denote the product of measure spaces (21, Bi, 1) and (2, Ba, u2). For each
the problems (a)-(c) below show that:

(i) for pi-almost all z in €4, the function

f*: Qg — C given by f(y) = f(z,y)
is (B, Bc)-measurable and in fact f € L'(Qq, By, 12);

(i) for pg-almost all y in 9, the function

fy : Q1 — C given by f¥(z) = f(z,y)
is (B1, Bc)-measurable and in fact f, € L1 (Q, By, p1);

(ii) the pi-almost everywhere defined function

T — /f”(y)dua(y)

is (B1, Be)-measurable and in fact it is integrable with respect to p1;

(ii)" the po-almost everywhere defined function

y — /fy(x)dm(x)

is (Bg, Be)-measurable and in fact it is integrable with respect to ug; and decide if :

/Qfdu = /Q1 ( sz(x,y)duz(y)> dp (z) = /92 < o f(w,y)dul(fv)> dpa(y).

(a) Consider Q1 = Q9 = R, B; = By = Bg, pi(dz) = dz, pa(dy) = dy Let A = {(z,y) :
|z —y| < 1}. Define f : R? — R by

L ify>a,(z,y) e A
flz,y) =4 -1 ify<az (z,y) cA
0 otherwise.

(b) Consider Q; = Qo = NU{0},B; = By = P(N), p1(-) = p2(-) = counting measure. Let
f :N? = R be given by

1 forj=1
fli,j)=<¢ -1 forj=i+1
0 otherwise.

(c) Consider 1 = Qo =R, By = By = By, u1(dx) = dzx, pa(dy) = dy

exp{z2y?} sin(x
fog) = { LR for (o) € -1 U [1, 1]
0 otherwise.



