
6. Distribution of Random Variables

Let (b) 7 ,P) be a Probability space and

✗ : r→B be a random variable on it . The

Distribution of × or the law of ✗ is

the probability measure on CR.BR )

given by

☒ (A) = IPC ✗ C- A)
,
FAE BB

.

I
1pctwent ✗(w ) C-At)

11

IP .
I' (A)

Distribution function of ✗ is F : ☒→ [on] and

is given

Fix ) := ! ( ✗ ≤ x ) = QC c- His)

Ex : - Hw 1 Problems ⇒

⑨ Fact ≤ Fas) if ✗ ≤ y

⑤ F is eight - continuous

② F is not continuous at NEB ⇔ ( La}) 20

⑥ lim FCK ) = 1-
,

11in Fix , =o

nooo a→ _
•



Conversely given F :B → [oil]
'

satisfying

⑨ - ⑨ .

Let r= [oil ] , B[◦
,
, ]
= Borel 5- algebra

lpldw) = dw ( lebesgue measure )

Define : X : r→ its

•

✗ cw ) = lit { x : w ≤ Fix , }- = Ékw )

FCK )
^ 1

w - r - -÷Éi
w -

- - - -
-

i

;
÷ ! :

i - - - - u ;
!
!

>
F-

' (w ) F- 'cut

By definition

{ ✗ ≤ a } = { went xcw > ≤at { were / w≤ Fair

= [ 0
,
Fix]

⇒ ✗ is a random variable

and PC ✗ ≤x ) = lebesgue measure ( [ o, Fixx)
= Fsx) ☐

Ex : Extend to other finite measures



Example 1 : let Cr
, ]-,P) be a Probability

space .

◦ ✗~ Uniform foil )
Fox)
n

'= '" =
- {

1- a ≥ ,

I ◦ ≤ n≤ I
◦ I >

x

o n ≤ ◦

R( ✗ ≤ x ) = Fix )

F- × : Fis piecewise differentiable ( Fis absolutely )continuous

if fcx) = {
' ◦ ≤ a ≤ I

0 otherwise

R

then Rex ≤ a) = f teh dy
→

If X :r→R is a random variable with

distribution function F :B → [ on] being

absolutely continuous then there exist

f- : ☒→ [0,0) such that
a

IPC ✗ ≤ a) = Stands &
- o

f = Probability density function of ✗
.

✗ = (absolutely) continuous r - o .



Example 2 : - ✗ ~ Uniform ( ai.az ) a. car

1. e. Rf ✗ = ail = { , * ( ✗ = 94=1
Fix) = IP (✗ ≤ a) is given by

→
Fix )

0 a < a ,
I •

= { 1£ a , ≤ 2<92 •
.

%
°

}

< ⑦
he >

a
1 Az ≤ n

a ,

✗ is Discrete random variable

Range CX) is . Countable

d) ④ (✗ = ✗ it > o f ai C- Rangel ×)

( in ERCx=ac) =L
ic-kans.eu

Examples :

✗ = {
lifetime

. of a bulb

waiting time in a Queue

✗ has the property
""

Probability waiting time exceeds is

=

"

Probability waiting time exceeds a-1g given

that it has exceeded n "



Model : I - Fly ) = 1- Feats
f. a. y C- [◦a)

1- Fcx )

(=) 1- Fix ) = e-
-
✗&

a C- [0,0 )

for some 370

⇔ Fix)= { ◦ a≤ o

1- e-
✗n

a> ◦

✗ - random Variable has Exponential ( X )

distribution
,
CEN

,

with probability

density function

ten -_ {
◦ a-

e-
✗R
a>◦

Example4 :

✗ ~ Normal fyu ,
ol ) if ✗ has

p.at . given by

-

Cant
fix ) = 1- e 20 ' RGB .

Taito



7- Expectation of a Random variable

- ( integration for random variables )

( Review from Measure theory)

let @ , 7. F) be a probability space

× :r→cR be a random variable
.

Definition 1 : A random variable ✗ is simple it

Range CX ) < so .

Rema1 : -

(Ex ) ( is ✗ is simple ⇔

7h31
,
ai ER

,
Ei C- Be such that Eine

, =p

I ≤ ij ≤ n and

✗ = Éai 1-
Ei

- Cl )
c- =\

ai≠a; & F- c- = I
'
( Lai } ) = Canonical

(Ex) eii ) Decomposition in (1) is

'

not unique

but it {Ei}iI
,

c- 7 EcnEi=o i≠i

{Fifi
,

C- 7 Fiat, =p its

v2 = ¥
,

Ei = ¥
,

Fi



then §
,

(E) = £ (Fit
5--1

Definition 2 : - Let

5.+ ÷ { × : r→[o.o ) ✗ is simple v.v . }-

✗ C- St and ✗ = Eai 1-Ei ( Remark 7- ci ))
5=1

for some ai GR and

Ei C- 7 EnEj=∅
Expectation of ✗ as

F- [×] =/ ✗ DIP i. =
£ ai RIEU C- [0,0)[ = I

Remark 2 : -

(f) [ Remark 7- lcii ) ] fxdlp is well

defined for ✗ Est

(%)
✗ c- St

,
YE St 4

, B ≥o

✗ ✗ c- BY C- St and

SK✗tpY)dP= ✗ / ✗dip -1 psydlp
- (2)



(iii )
F- 3- ✗ > S×dP is the unique map

such that ◦ S 1-⇐ dP= (PCE) it F- C- 7

and (2) holds.

Suppose ✗ ≤ Y ( Pointiwise ) & KY C- St .

Then h= Y- X 30 C Pointwise) c- St

⇒ Shd 70

⇒ SYDP - SKIP ≥o

⇒ SKIP ≤ SYDP

Proposition 1 : -
'

Let × : r → [go) be a

random variable .

Then 7 {Xin
≥ ,

◦ Xn C- St
,

◦ Xn ≤ Xnt , } ( pointwise)
• Xn > X or R

Priti. Proposition 2.1.4 in EAST ☐



Lf = { × : r→ [go ] / ✗ is a iv. 3-

Definition 3 : For ✗ C- If
,
define expectation of

✗ :

F- [×] = JXDD := sup { Jsdf / ◦ ≤ s≤✗ ,
se St }

Remark } : -

◦ 29-2-11 > SXDP is the

Unique map that satisfies

① 51EUR = PCE) it F- C- 7

② 4
, f. C- ( 0,0) ¥ #C- IF

Sk✗+pY)dP = ✗ SXDPTPSYDP

③ It sn-cst.sn ↑ ✗ pointwise then

S✗dR= Sgp Ssndlp .

Definition 4 : X : h→B is a random variable

Let ✗+ = maxcxio) ✗
_
= - mincxo)

If fX+dP < • or SX- dip <• then we

define SXDP = S✗+dP - SX- DIP .

F- [×] = F-☒+] - F- [✗ - ]

otherwise we say
F- [× ] does not exist .



Recall : August 25%2024

• ✗ C- St and ✗ = Éyai 1-Ei C

F- [×] = JXDD := sup { Jsdf / ◦ ≤ sffrigomse-ai-3.GR and
Clean )
Expectation of ✗ as

Ei C- 7 Ei↓nEj=∅

F- [×] =/ ✗ DIP i. =
£ ai RIEU C- [0,0)[ = I

• F- at =f✗dD:= sup { Jsdf / ◦ ≤ s≤✗ ,
se St }

◦ 19-2-11 SXDP is the

Unique map that satisfies

① 51EUR = PCE) it F- C- 7

② 4
, f. C- ( 0,0) ¥ #c- LF

SK✗+pY)dP = ✗ SXDPTPSYDP

③ It Sn Est Sn ↑ ✗ pointwise then

S✗dR= Sgp Ssndlp .

0 F- [×] = F-☒+] - F- [X- T



August 2515202L ( Contd . 7 Expectation . . . )

Example 1

• ✗ ~ Uniform ( aib) ✗ has p.at given by

1- "" = { 1-b-a 9 crab

0 otherwise
&

! ( ✗ C- A) = Stix , da V-AC-B.az
A

(Ex ) g.ba . I da = bF- [×] =
a b-a

• ✗ ~ Uniform ({ai , ai, _ .
. ,aÑ

PIX _- ai ) = biz 1≤i≤ n

E bi =L
5--1

n

F- [× ] = ¥
,

'

ai fi = weighted average
D 29 , ; - ,

an }

Definition -5 : . Let crit ,P) be a Probability



Space .

× : r→R be a random variable such

that
µ = E-[ ×] < o . Then the

variance of ✗ is defined as

on'=Var[xT:= F- [ ☒ _ µ )]

= EH] - µ2

standard deviation of ✗ is defined as

0=-5131×7 = x]

Remark4_ :

µ _=
F- [× ] =

"

Centre
"

of the Range Cx)

r=SD[×) =
"

spread
" of the Range CX)

around the mean
.

( larger on

"

⇔
"

✗ takes rakes far away )
from µ with high probability

µ ,
or - have the same units

( µ-30, Mtr ) =

"

Effective
"

ranged
✗ .



8 Key Inequalities
This section shall contain some proofs
of very fundamental inequalities .

Proposition 1 ( Markov 's Inequality )
Let Cr

,
7,711 be a Probability space .

Itf ✗ is

a non - negative random variable
,
then for all

✗ 20

IPCX > ✗ ) ≤ F- [×]

✗
Proof : -

Let 2- : r →*

2- Cw> = {
✗ ✗ Cw > ≥d

0
XCW) < &

-

. Z C- St Cwby ? )

◦ Z ≤ ✗

E- × . )
⇒ E- [ 2-7 ≤ IE [ ×]

i. ✗ Rex ≥.✗ ) ≤ F- [ ×]

⇒ Pc ×≥a ) ≤ F- [*7
☐a-

Remark 1- : Its okay to have F- [ ×] = - .



For general random variables

Proposition 5.1.2 ( Chebyshev Inequality )

Let CR
,
7,711 be a Probability space .

Itf ✗ is

a random variable
,

with finite mean µ .

then for all ✗ 20

Rl Ix- v1 > ✗ I ≤ Varg

Proof : - Let 2 = Ix -up

Then 2- 30 and using Proposition1

we have

IPC 2≥Ñ ≤ ¥21
But { 1km132 } = { 2722,7

⇒ PC 1×-91>49 ≤ Ei2 = Varix)

÷
Remark 2 : Take 2=6

, for K≥ /

in Chebyshev inequality



then IPC 1km1 > ko) ≤ ¥ , ,

i. e. PC ✗ ¢ ( U - Ko
, µ+ko) )

≤ Izu

f- KII .

Proposition 3 C Cauchy - Bunyakousky .

- Schwarz inequality ]

Let Cr
,
7,171 be a Probability space .

Let × ,y

be random variables such that F-*] - • and

IE @1<0
.
Then

F- ✗Y
'

≤ EXTENT

Proof : - 2- = 1×1
,

w= 171

F- [xD TÉYZ]

Both Z
,

W are measurable functions of

✗
, y =) Z

,
W are random variables

.

②- w )
-

70

⇔ 2-2-1 WZ ≥ 2 2- W



Let

a ⇒ F- [2-WT ≤ { EEE -1hr]

⇒ IE 1×71 ≤ E-☒4 F- [xD ☐

Proposition 4 ( Jensen 's Inequality ) :

Let CR
,
7,711 be a Probability space and ✗ be

a random variable with finite mean Ear] .

Let

∅ :B → B be a convex function such that

F- [41×3] exists
.

Then F-@Cx) ] ≥ ∅ / F-☒ )

Proof : - Now 10 is convene ⇔

ctctx + Cl -Hy) ≤ tax ) + ( 1-1-1914)

TE Con ) this C- IR .

Gi )
✗

f- '
• ⇒ ( x ) + ( 1-1-1914)

t⇒•te
-14 -t) y

'

i
¥

I ]
x is



lemma 1 : Let & :B -142 be convex
.

Then their

7- c = 24GW S.t.

4-Cx ) ≥ ∅cxo ) T CCK- Xo )

✗
"

tangent is @ (Xo) + ccx-XD
below the cave

"

s

Xo )

Proud of kmmat : let ✗ < y < 2-

⇒ y = tc + 11-1-12
for 1- c- Con]

⇒ t = Y - Z C- Coil )

X - Z

¢ - convex ⇒

loctx -14 -E) 2) ≤ today + ( 1-1-1912)

⇔ 444-0114 ) ≤ dcz)
- 4lb)

X-Y 2-y -(1)

t

xcyczi.kz/1dk--0CXo-,-1-4fXu
)

-4k



bm = 4120-1-11 -41%1
mad

By ( l ) : 9k ≤ 9kt, t K≥ /

bm ≥ bmt , m≥ /

9k ≤ bm it K≥ ,

m ≥l

⇒ ✗ : = 1in an p⇐ Iii bn
b-so h→o

exists and

✗ ≤ p

= It ✗=p then C= ✗ =p
( it tis differentiable

at 20 )

otherwise choose any C C- Cap)

Also
,

N < No by a)
'

• AN - *→ ≤ ✗ ≤ a

a- No

similarly N > No by (1)

≥p≥c

=) V- ✗ ER ¢-44 ≥ CCK - Xo) 1- *Exo ) ☐



Proof : - Let ✗◦ = F- [×]

.BY/emna17CC-Rst-
4 CX ) ≥ locks + c CX - Xo)

⇒ E- (41×5) ≥ QCE☒) to

☐


