
Recall : -

[ Borel - Cartelli lemma]

7 A¢2,7 , F) - Probability space n ≥ ,
¥,n

An

lAnJn≥ ,
C- 7

① { Plant < so then PC limsup An)=o
n=l

n -50

② ÉPCANI = -
,
An independent

,
PC hinsop An)=1

n=c n→o

Remarks :

- Hn - L n
# toss is a head in infinite tosses off
a coin

[BC] =) ④ ( Hn i. o . ) = 1

#s
"
run 0J Head,

"

• Bn = 42^+1 A Hantz '
- ^ Hzntan

Q : PC Bnc:o) = 1,0 ?

Ex: s an = logzcn ] =) Bn are independent

⑦ ( Bn ) ~ In ¥
"

PCBs :c-0.3=1

◦ An = 210924)

BC Bn ) ~ In ,
[¥" PCBs i.0.3=0



18th _ August
5- Kolmogorov 0-1 law

µ , 7. F) - Probability space

An C- 7 F n≥l

• ( {Ann : m≥nt) := Smallest 0 - Algebra Containing

Existence < { Am : m ≥n7
[ F- × : -

from measure ]
Theory

Definition 1- : - The Tail r - field corresponding
to {Anbn

≥ , ,
An C- 7 on Cr

, 7.P) is

defined as a

7.= in r4An1m≥nt)
n =L

Remarks : -

◦ (Ex) E - r - field C- 7 .

- AE I =) AE 0C An
,
Ants , _ . _ ) 4^71

in particular An will not worry about

finite number 0J events An
.

Examined AI : -

' Hn - L n
# toss is a head in infinite tosses of a coin 3-

E 1in sup Hn C- T

n→o



limnt Hn C- I

n→o

° Xn = § 1- It Hn occurs

0 of Hn does not occur

→

A- = { { Xn c- nuersst c- I
n=c

Theorem 1 : [ Kolmogorov _ Zero - One law] On Cr ,7,P) - a

probability space Lt events An C- 7 tn> I

are independent this
•

A C- II. = .nr4Am1m≥nt))
n =L

has PIA ) C- halt
.

Proof : - let A- C- I

⇒ A C- 5C An
,
Ant, , . .

_

) + → I

◦ Fact " A, IAN]
,≥ ,

is an independent
Ex :- Sequence of events
use

Fact 2 tr≥l Ai Ai
,

. . -

,
Any an independent

⇒ { A
,
An : n > it is an independent

collection of events
- a)



Fact : Assume (1)
.
Then

s c- rC{An :n> I ] ) ⇒ A and S are independent

However AE 7 =) AC-rchAi.nz.it )

⇒ A is ridependet g. A !

=) PLAN A) = PIA ] ④ (A)

=) RCA ) = (RCA ))
"

=/ PCAI C- do
,
it .

☐

Proof of Fact 2 : -

{A , A , , .AZ , . . .
} is a collection of

mutually independent events .

let s c- of An :n≥ /t)

To show : Plan 5) = ④ (A) PCS) -(2)

• ④ (A) =0 =) (2) holds trivially.

• ④ (A) 70 '

A = { Ñ Dj Dj = Aif
,

9- c- Lait
,
At;=Ai; }

j=i & A?; = AE;
n ≥ '



F- × : A is a field / algebra

observe : 5. c- A

• By independence [Definition )

④ ( SNA) = Pcs > RCA)

⇒ RID =

R¥f¥- - ③

◦ Construct Q on ( r
,
r( An :n≥l ), 7)

SG old An :n≥it)

Cfcs ) := Pcsn A)
_ (4)

PIA)

EX : Cf is sided a Probability .

By 137 and (4) we have

QCS ) = ⑦ CD it SEA .

Ex : Extension Theorem ⇒

⇒ QCS ) = ⑤ Cs) SE ol An :n≥i ) : -=o(A)

⇒ PC SAA)
= Pcs) it SE orch An :n≥lt)

Fins



⇒ PCSAA ) = ④ (A) PCD + SELL An :n≥ 't)

=) S and A are independent ☐

V-SE-o-CLAi.net)

Bond - Percolation on 2-
&
,
d ≥2

Ed := { { 249} Xis C- 2-
& & 1×-91=1 }

- nearest - neighbour edges in Id .

Fix ◦ ≤ p≤ 1 ;
declare each edse

e E Ed to be

- open
with probability P in an i. c. d.

manner

- closed with probability 1- b

[ each ee Ed is independently
open or closed with Povacbilityp
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there exists an infinite }
Question : - F- = { connected component of open

edges

R= 40,13¥ A := or - field generated cylinder
sets

"closet " > "
Open

"

P
p
= ④ µ @
co-Ed

Me :( wce ) =\ ) =p ;µe( we)=o) =/ -p

Pp (E) = ?

Answers : -

12=0 =) Ppc E) =0 -(1)

17=1 ⇒ Rpc F-1=1 421

EI. - • F- C- A .

• Ae = { e=i} ee Ed

{Ae} all independent
e.C- Ed

◦ E E e : = tails -tick corresponding
to Ae

Kolmogorov
Rp ( E ) C- { 0,1 } - -(3)⇒

0-1 law



\

F- × : C Intuitively) ◦ ≤ b
,
≤ Pz ≤ 1

obvious

⇒ Pp
,

(E) ≤ Pp
,

IE) - (4)

Pple )a
(1) - (4)

•_
1

I

Open : Races c- dont?

&% Pc I >

p

be := critical probability of percolation

[Kester] d=2 be ={ . Pp
,

(E) =0 '

⇐ Hara - Slade] d ≥ / I Pc= Pp
,

C-E)⇒

<

d→ -
~ Eat ""

3 ≤ d ≤ to - open problem

D

£ = { 0 C- 2-
d C- E} = { 0 -3- along open

edges in 27cL 3-

Ex : - Ppc E) =/ ⇔ Ppl (F) > 0
ii

Ocp)



Compare with graph II

0471 Questions

I
•

'
"
Behaviour

head

Pc
"

• 1
,
7

k p

1 Ocp) -01Pa ) / ≈ IP- Pop • = ?




