
-

Recall : -

Measure Theory : -
&

I ÷ any non empty set

set of all
"

possible outcome,][ Referred •

_
Sample I

of an experiment.
to as

Space

7 C- PCR) ( Power set of r)

( is ∅
,
r c- 7

[
r - algebra]
a- field

(is ) A C- 7 ⇒ A
'
c- 7

Ciii ) An C- 7 n ≥l Then Ñ An C- 7

-

n - 1
.

Referred
[
to as

: - Event ( Sub collection of outcomes)]

IP : 7 > [oil]

① Per ) = I

② En C- 7
,
Enn F-e=§ for m≠e

D •

PI V En ) = ≤ RIEN)
A- I n =\

[ Referred : _ function on sets satisfying
to as Probability =

Axioms ① and ② ]

Discussed : Need for each abstraction and Examples of

Bernoulli /G) Uniform Cosi )
@ , 7,17) - probability space - Binomial Cmb) Normal foil )

PoissonCX) Mixtures

◦ Assume ( [ 9. b] , Bea ,b] , d^ )
> lebesgue measure

Exists .



2 Random Variables : -

Definition 1
.
: - let ¢7,17) be a Probability

space . × : r→ IR is a random variable if

{were / Xcwu )≤a}- C- 7 t KEIR (1)

/

Remark -1 : -

⑨ [ Recall) f :B → ☒ is Bord - measurable

if {✗ c-☒ I text ≤ at c- BR V-ac.IE

③ [ Notation ) {✗ ≤ x } = {wer / Xcwu )≤x}
-

④ ( Exercise) ✗ is a random variable

it F' (B) C- 7 F BE B☒ .

- Will ensure that we can talk

about : - ☒ ( ✗ c- B) it BE BR .

⑥ (Non - measurable) Not all functions

✗ : r→B are measurable
.

( Problem 1 : worksheet 1)



E×ampI : ✗ ~ Uniform (s) isk•s≤lR_

r = S -

4,7, D)
7- = Pcr )

Probability
IP : 3- → [on] by ④ (At = ¥g , space

µ

X : r > IR ✗Cut = w ✗

Random
IPC ✗ = i ) = 1-

1st

* its
variable

✗ - is a point Uniformly chosen in S
.

- random variable
,
as any function is

.

◦ S = { 1,2, 3, 4, -5,67-

✗ = roll of outcome of a dice .

.
S = { 0 , I }-

2- = 5 ✗ +3 Range (21 = { 3,83

IPC 2=3 ) = Iz = IPC 2=8)

. S = { -1 , 0 , I 7

Y = ✗2 Rangel 'll = {out
"

Distribution
' (4--0) = I

3
oty

?⃝ (4--1) = }



\

Example 2 : ✗~ uniform / on ]
'

R = @it ] 7- = B[◦, ,] Cdw ) = dw • lebesgue on 10,1 )

✗ : R→r ✗ ( w) = w ( clearly Randon variable)

IP Cac ✗ < b) = b-a ◦ ≤ a ≤ bd

(
Distribution of ✗ is uniform onion )

✗ - a point chosen uniformly at
random in 10,1 )

r 4=4×+3

let AER
.

∅ A <3
hwan / Ycw ) ≤ a }-

C- 7
= Liver / Xcw)Ea]- = { [99¥ ] 3≤ a ≤7

say

[ 0,1 ] a≥7 Cases

/Y :r→B is a random variable )

Range ( Y ) = [ 3,7) 0 it 5<-3

RCY≤ y ) = IPC ✗ ≤ 9¥ ) = { 1 it 5--7

-

9¥ it 325<7

Ex:

"

Y chooses a point uniformly in [3,7 ]
"

.

It ☒ =P. 'T
"

On ( ( 3,7J
, B[z⇒ )

☒ ( cc ,d]) = d- C
;
3 ≤ c ≤ d≤7

2 4-
" <Distribution ogy

"

Y ~ Uniform ( 3,7 ) normalised

lebesgue

measure



Definition 2 : -

• f- : Ri > B is Borel- measurable it

{ aE / fix ) ≤ a } C- ☒
*
n

- Borel or - algebra

in Bn
.

Facts from Measure Theory

• fr ,
7
,
D) be a Probability space

•

n'71 Xi
,
✗ a ,

- . .

,
✗
n
be random variables

.

f- :B"

→B be a Borel measurable

function .

Y : r →B given by

Y= f- ( X ,
,
Xz
,
. .

.

,
✗
n )

is also a random variable .

Rema : _ Choosing n≥ / and f.☒→B

are ◦ CX
,
td for c. d C-R

all { • ×
.

- × -

random • X
,

2

variables
• ×

, + ✗a



◦ limits of random variables are random variable,

let ×
, ,
Xi
,

. . .

,
Xn be a sequence of

random variables such that

✗ n > ✗ f wt r as n→•
.

- ( z )

let m ≥ ' WER

F N st I Xncw ) - ✗cut ≤ tm f n ≥ N

let ae.IR

{wer : ✗ Cw ) ≤ a }-

(Ex)= { WE R : Hm ≥ , 7N ✗new > ≤ att , tn≥N }

= N U N { went ✗new > ≤ attn }
M ≥ / NII n ≥N

C- 7

As a c- B arbitrary ⇒ ✗ is no .



3 Independence : -

let ¢2,7;D) be a Probability space and

A
,
B C- -7 be two events

.

non - occurrence

Question : Does the occur era of B affect
the Probability of A

'

?

Example 1 : - Suppose we toss a coin three times

r=hh ,
-13-3

,
7- = PCR)

IP : 7 → [o
,
I ] bb

PIA) = 11-1/8 . AE 7

A -- { first toss ña head }- = 4h ha
,
hht

'

,
4th

,
htt }-

B. = { second toss is ahead }- = { hhh
,
hht , tht ,

thh}

PIA)= £
IPIAIB) = Plan B)

= ¥ = ±
RCB)

IPCAIB ' ) = IP ( An B ' '
= =L

PCB ' )

P(A) = CPCAIB' ) = RCAIB)
} - a ,

1- € RIB? = RIB /A) = ( BIA 's



Definition 1 : Two events A and B are

independent iH

⑦ ( An B) = PCA )(P(B)
- (2)

' f n≥ ' its tempting to define independence

of Ai
,
Ai
,

. . .

,
An as

⑦ ( Ain Aan . - A Ant =
,

Plait -(3)

Example 2 : _ Toss a fair coin two times .

Ai = { hh ,ht } , Are { hh, Htt, As -_ { hb , tht

RIA ,
) = PIA . ) = RIAS) = £

RI Ai NA;) = ¥ i≠j

RIA , A Aah As) = V4

i. pairwise independence holds as per

Definition 1
.

However (3) does not hold

f- oven =3.
.



Definition 2 : A finite collection of events

Ai
,
Az
,

_ . .

,
An is mutually independent it

(4) R CE
, NE, NE} . . ME

,
) =
# Pc Ei)
i. =\

where Ei = Ai or Aic i= 1,2, . . ,n .

An arbitrary collection of events At where

b- c- I for some index set I is mutually

independent if every finite sucbcollection is

mutually independent .

Remark I: -

• Mutual independence - [ 4) - Contains 2h equations. .

◦ (4) include , (3) and will ensure

pairwise independence ⇐ Mutual Independence
.

• It is easy to check that (2) ⇔ (4) ⇐ 7117 for

n=2
.



tire call
:

let fr ,7iP) be a Probability

space . × : r→ IR is a random variable if

{were / Xcwu )≤a}- C- 7 t KEIR (1)

- f. ☒ →R Borel nlb↳ ⇒ f-[✗ 7 is

R.UA
finite collection of events

Ai
,
Az
,

_ . .

,
An is mutually independent it

(4) R CE
, NE, NE} . . ME

,
) = ÑPC Ei)

i. =\

where Ei = Ai or Aic i= 1,2, . . ,n .

An arbitrary collection of events At where

b- c- I for some index set I is mutually

independent if every finite subduction is

mutually independent .

D=} pairwise Mutual



Definition -3 : A finite collection of random variables

✗
I
,
X.ae
,

_ . .

,
Xn is mutually independent if

the collection

{ Xi C- Ai }
"

is mutually
[ =\

independent for all Ai C- Biz .

Proposition 1 : - Let ✗ and 4 be two random

variables on CR
, 7.IP) .

✗ and Y are independent

it and only if

⑦ ( ✗ ≤ a
,
✗ ≤ g) = PC ✗ ≤ a) RCY≤ g)

-⇔
for all 2) BE B.

Proof : -

⇒ let ✗ and Y be independent

suppose 2L and y C-B. Then

C-*,ñ and C- 0,7] C- B.☒

=) IPC ✗ C- C-an] , YE C-•is] )

(Definition's )
= ?⃝( ✗

'

C- C-an] ) LPCYE C- 0,5s)

⇒ IPC ✗ ≤ a,Y≤ y ) = ☒ ✗ ≤a) REYES
.



⇐ We will need the following result : -

Proposition 2 : Let Q
,
,
Q
,
be two Probability measures

on f☒- B. ☒ ) . Suppose

?⃝ C-•in] ) =

QC-qnDV-ac-BIb-esQ.CA) = AIA ) f A C- BB
.

Suppose PC ✗ ≤ a) ⇒ + a c-☒

⇒ IPC ✗ C- A) =o FAE BB
Ex : Using
Proposition 2

⇒ IPCXEA
,
Y C- B) =o t BeBe

⇒ ( ✗ C- A
,

- YE B) = ( ✗ c- A) RCYEB )

suppose 7 2gER CPC ✗ ≤ 1) >0 .

Define a Probability Q on CR
, 7.D) by

(B) = PC ✗≤ no,YEB) B. C- Be .

- (6)

PC ✗ ≤xD



Now Q(C-ages]) =P( '/ c- C- •is] ) by (5)
←

←

: Q (B) = LPCYEB) it BE Ba
CPÉposition↳

Applying above on (6) we have

?⃝ ( YE B) ✗ ≤ x ) = IPC YEB ✗ ≤a)
.

facets
.

- (7)

( it Rc×≤a) =o above is immediate /

Fix BE Ba
,

s -t IPCYEB) > 0
'

Define a Probability § on CR
,
7,7) by

⑤ (A) = IPCXEAYEB) FAEBe - @
RCYEB ?

Using. (7)

⇒ § ( c- gig ) = PC ✗ ≤ n ) fat# .

and above

⇒ ⑨ (A) =P ( ✗ c- A) + A- C-B.

Proposition 2

(8)
⇒ ✗ C- A, YE B) = ①( ✗ C- A) IPCYEB)

. tBE%
( if PIYE B)→ the above is immediate]

As A , B C-Ba were arbitrary we are done
. ☐



4- Events that occur

>

infinitely often & almost all the time

We have seen in Worksheet 1
,

Problem 3
.

Example : Infinitely many coin tosses

D= ho.it#F-- o - algebra generated by

cylinder sets
.

A c- An RCA ) = IAI
In

-

Hn = event that the nth toss is head
.

[ Events of interest ]

Does Hn happen infinitely often ?
N ao

i. e. Does N U Hn occur ?
n=i n=N

Do only finitely many tails occur ?

so ao

ie
.

Does U A Hn
occur ?

N=l n=N

Definition 1 : - Let CR
,
7
,
# be a Probability space .

Given Ai
,
Az
,
Az , . . _

C- 7 we define
D so

limsup An := A AK ÷ { An occurs i. 0 . }-
n n =\ k=n

D to

limit An := N An :={ An occurs a. a. 3-
n n =\ K=n



Proposition 1 : _ Let CR
, 7,71) be a Probability space

Given Ai
,
Az
,
Az , . . _

C- 7

PC limit An) ≤ limit Plant ≤ linsop Plan) ≤ Pllinsup An)
n→o n→o n→io n→-

Proof : - { Plant}n
≥ ,

is a sequence of real

numbers
.

Therefore

limit Plant ≤ linsop Plan) - (1)

n→o n→io

is immediate
.

☆

Let Bn = NAK ttn≥ /

K=n

Bn '≤ Bnt, f n≥i

☆

⇒ {RCB.nl }
n≥ ,

is a increasing sequence

and
.

(by Problem 2) RIB
, )

^ ?⃝ (B) as n→o

H.w. 1
with B= ÑÑ Aic

N = I ✗=L

•

i. IPCÑÑAKI = 1in RCN Aia )
A- I k=n

n→• K=n
-¢,

Now
, PC ÑAKI ≤ Plan ) ten> I

K=n



⇒ limit LPCÑ Ant ≤ limint Plan )
n→o

n→ - k=n
- (3)

From (2) and (3) we have

PC limit An ) ≤ llñnt ⑦ ( As)
.

n→o n→o
- (4)

do

similarly working with Cn = U Ake and
k=n

Using Cn 3 Cnn ; Problem 1 Hw 1

One can show

PC 1in sup As ) ≥ limsop ④ (As )
n -Soo n -30 - (5)

Using 157
,
(4)

,
(1) we have the result

.

☐

Borel Cartelli lemma

Let CR
, 7,71) be a Probability space . Suppose we

are given Ai
,
Az
,
Az , . . _

C- 7
.

?⃝ If £ Plan) < so then IPC limsop An) = 0

n=l n→o

&

?⃝ It E Plan ) =p and {An}n
≥ ,

are independent
n=l

then IPC limsop An ) = 0
n→o



Remark 1 : - Independence in ?⃝ is needed
.

Take A C- 7 with 0 < RCA) < 1

let An = A 4^71

IPC Iimsup An) = PIA / .

n→o

&

Proof : - lit EPIA.ie ) < • =)
K=i

Real Analysis
: _

Tm =
£ 'PCAKI < • Fm-_ I
k=m - (f)[

Facts :] and Tm > o as m→o.

limsup An := Ñ J Au E ÑAK fm≥ ,
n→o m =\ K=m K=m

to

⇒ PC limsop An ) ≤ IPC U Aic )
n→o K=m

☆

( Ex : Use Facts 7 ≤ E. IPCAK ) Fm≥i

(V ) 4-8-2022 K=m

⇒ ◦ ≤ IPC limsup An ) ≤ Tm Fm≥ ,

n→o

Real Analysis] Using 161
,[Fact

PC limsop An ) =o
n→•

-



⇔ ( limsup An):(ÑÑ Am)
'

n→ to n=l M=n

D &

= U A Ari
h= , m=n

o n-11C

f n≥i A Am
c

≤ N Amc . the> I

m=n
m= n

o
n-1k

⇒ IP ( h Ame ) ≤ PCA Am
' ) Hk≥ '

M=n m=n

[ Independence of An
ntk

=)

Independence if Ana ]
=
IT PC Amc )
m= n

n -1k

= IT [ 1- PCAM) )
m=n ntk

E Plan )

[
◦ <a- ' ⇒ ] ≤ e- m=n
1-x ≤ e

- (7)

to

[ Real Analysis ]
As EIPIAM ) →

m =L

Fact
ntk

⇒ for≥i Tie = E DIAM]
m=n

> • as k→ao

- (8)



As argued earlier from (7)
,
(8) we have

for≥ , IP / Am
' )

= o

m=n

8•

n Am
' ) =o=)

.

IP ( U
(Ex) n=i m=n

☐




