
Theorem 1- ( Portmanteau ) : let Pn
,
IP be probability

measures on 413,1B$ ) .

The following
conditions are equivalent

[ is 1Pa ⇒ P

cii , ffdlpn → JtdP for all bounded

uniformly continuous f :B →A

Ciii) limsup Pn(F) ≤ PIF ) it F-closed

n→o

fin limint Pn (G) ≥ Pch ) it 9- open

n→o

Iim Rn (A) = PIA) for A- c- Bsa
( V1

n→o
S- t IPC 21-1=0 .

☆

Remark : - Suppose }
,≥ ,

are iv. on @ n
, Fn , )

and ✗ is a r - v . on CR
, 7) Q ) . we shall

say
×, ᵈ→ ✗ as n→•

it Anoxic . ) : = Pnl . ) ⇒ PC . )=Q .
I' c.)

on Be)



Proof : Fi ⇒ cii) ⇒ Ciii )⇔ciu ,
I
c)

is ⇒ cii ) is from definition of Rn⇒P .

Ciii ⇒ Ciii ) let F be a closed set
.

Let 8 > ◦ be given

✗ ER
,
dcx

,
F) = int / 1×-91 / g. c- F }

Ak = { NEB : dca
,
F) < { 3-

Ak 2- Anti & ÑAN = A
n =\

.

'

.

7 E > - such that

Petra : den , _t > <et ) < IPC F) +8

1 for 1- ≤ o

∅ /t ) = { l - t ◦ < c- < I

0
t ≥ /

let f- :B → R

text = 4C { deaf ) )



F- ✗ .
: - f- CHE - [0,1 ] f is

f- (✗ 1=1 ✗ C- F uniformly

1- (a) = o it dfa
,
F) ≥ c-

&

Continuous
.

• B. (F) = Sfdlpn ≤ Sfdlpn
Fn

• ffdlp = f f DP ≤ Pcha : den , -1-1<4 )

La : dca , F) <Et
< DCF ) +8

. ffdlpn → SfdD as n→o
.

⇒ Tim 11211=1 ≤ PCF ) tf
n→o

As 8>0 was arbitrary =) Ciii ) holds
.

☐



Ciii) ⇒ cis let t be a bounded continuous

function .

Range (f) € [ ◦ it]

Q be a Probability measure on * , Ba)

Fix K ≥1
.
F = { ✗ ER : text ≥ }

,
I ≤ c- ≤ K

,

i

be closed sets
.

kStd ≥
,

☒ ( Iii ≤ f- E)

k

= s i÷ [QCFI :)- OF:) ]
E- i

= ¥ ÉÉ Fi ) -①

ʰ
If @ Fi . , ) - Qlfi ) )Std ≤ ¥

. u

k

= ¥ + ¥
,

Fil
-②

he

ffdlpn ≤ ¥ + ± ⇐ Pnlfi )
02

SfdP ≥① £ €4
,

Ifi )



use ciii ) to get

hrissupsfdlpn ≤ £ + Sfdip

n→o

K ≥l was arbitrary =)

limsop Sfdlpn ≤ Stolp
n→•

Range (f) C- [ - M, M]

girl = 2 fix / tf and ✗ = In ; 13=1

Ranges ≤ [oil)

: limsnup Sgdpn
≤ fgdlp

⇒ llinsuoffdlpn ≤ ftdlp -③
n→o

Apply ③ to h= -f

⇒ limit Sfdlpn ≥ Sfdlp -④
n→o

③ and ④ =) ffdlpn > SfdP as n→o
.

÷ (it holds

Ciii , ⇔ Gus follow by complementation



Ciii) ⇒ e) let A?= interior of A

A- = closure of A

Rtt ) ≥ Iris, Raft ) ≥ II.• MA)

≥ Em Patti ≥ ¥3.4749
n-30

≥ CAT -⑤

Pldt)=o =) ¥2.1Bn CAT =P /At .⑤
A- = A -_ 1-

°

C) =) (iii)

F be closed set

Fg = { a c- CRI dca
,
F) =/Sf

dfj = { a c-☒ I dca
,
1--1=87

+↳

EI : 7 &k↓o Set . IPC dfga ) = O FK≥ /

FSK≥ /

limp
.
IF ) ≤ 1in Pal Fsu ) = Pits, )

n→o
n→o

let k → • 1in Ralf) € ⑦ F)
n→o

⇒ Ciii) holds
☐



20 Characteristic functions

characteristic functions are
"

Fourier transforms
" of

random variables
.

Definition 1 : - Let ✗ : r→R be a random variable

on Probability space Cr , 7 ,
.
Its characteristic

function % : ☒ → Q is given by

∅× (t) = F- [ Éᵗ× ] := F- [ Cosltx)]tiE[Sinks]

Remarkt :

r.%aa.ao.oo.ch, C.) is well defined for all t c- B

a.oa.aaa.ro.ro We will denote % ( .) by §

a.oa.aaa.ro.ro

Ex ; .
Suppose F- [IXIK] <0 for some K≥ / .

Then for o≤j≤ K

( j)

∅× Its -_ F- [ lixj'Éᵗ✗] ft≥◦
In particular

, 10×0> co) = ii F-Hi]

go.oa.a.owaoaa.ro For a measure µ on ④ , BCR) we can define



the characteristic function of it as

411-1 = Juett := )Éᵗʰµcda )
B

:= fcoslt >c) Medal + i Ssinltxluldal

It µ =P . ×
"

then & = % .

Two objectives : -

r.a.aa.aa.oo.IT?X-t--IP.Y-t ⇔ 4×11-1 = cfylt ) TER

Cinversion ) µ = r ⇔ Flt ) = TIE )

r.%aa.aaa.oo.si

.

✗n ↳ ✗
⇔ ∅✗n (t) > ∅×(t ) C- c-☒

Clontinuits) µ, µ µ^nltl >gilt ᵗ€R

Theorem 1 :(Fourier Inversion)

let µ be a Probability measure on CIR
, Ba)

with characteristic function

µ^ltl = Seitan (dat
IB

Then it a< b
.

.

T

e-
ita -

itb

{ ucla} / 1-{ luclbt ) +Mais) =
him t

- e pitt)dt
Too

21T §
it



Proof : - For T>0
,

1-

1- f e-
ita - ith
- e piltsdt

21T _T it

= 1- gtéita - e-its
it

( fé%cda) at21T
-T

B

Fubini

I = -1 f[ [ e-
it@ -e)

_ zitcb
- x )

d) Medal? 21T
→ it

T
ca'"'"

l f f sinctcx- a.)) - Sinctck -b.Ddt]µlda)=

IT
☒
?⃝ t

-①

we will use the following lemma

h

- lemma 1 : OER
,

T

(a) him SSi)dt=ITSignlO )
1-→a → t

(b) 714>0 Sup I Ñsi dtl ≤ M
T>0

,
@c-R

-T



From ①
,

T

e-
ita - itb

lion 1- S - e piltsdt
-1-70 21T _T it

lemma1
= I f [it Signac -a) - Signac - b)]µldn)

Bounded 21T
☒Convergence

Theorem

-

.

= { uchaf ) tlulaib)) + { µC2b7 )

☐

Proof of ⊕ :(Justification of Fubini )

1- 20

-ita
, e-
ith

b
b

e eita ≤ Iféitrdr / ≤ GéiYdr=b-a
it a a

T -ita
e - e-

its

.
: f f eita dt Mda) ≤ 2T(b-a)

B -T it
-②

-ita

Ct , >c) > e - e-
its

eita
is jointly measurable

it
on BxB

+
-③



-

② , ③ ⇒ Fubini 's Moren applies . ☐

Proof of lemma 1- : -

1- 70

0=0 . ⇒ F It ⇒
-T

=
.

Lim [ Sin @f) It = 0 = Sign lol _= Sign 10-1
1-→o -T F

-④

① ¥0
101T

T 5=10't

f sin lot > It = signee , JS Ids

→ E-
-101T

101T

= Zsignlo ) S Sings)ds -⑤
0

\

EI: - 101T
.

& 101T

① { SEE)du = { [§ Sines] e-
"
ds] die Cfabini )

101T

fsincs) e-↳ ds = It hco,T) - UGCQT)
0

I -162
( Integration)
by parts



where 910 → °

as T→*.
HCQT )→ 0

101T

DiiiIim f Sinead, = f 1- du = E
T→o 0 ◦

1+42

( Dominated

convergence)

part ⑨ follows from Ciii) , ⑤ follows from ⑤ ☐

We are now ready to resolve the first objective)

corollary 1 ( Fourier Uniqueness -

"

characteristic
" )

let ×
,
Y be random variables

'

on [R, 7.D) .

Then

01×11-1 = ctylt ) it t C- R

⇔
p. I

'
C.) = Do C- )

Piet : -
⇐ obvious

.

⇒ Theorem 1- ⇒ acts

D. Il Choi}- ) + P.

I' CLBH + IP. I' ( Cais)) = D¥ctoi}-)z+PbH + IP . ( Cais))

2

r



/
⇒ """" " """ """" ""

"
a. b € Knt

IP. I
'

@a }) =P . I'Cbt) =P - THAT) =P. -74531=0

⇒ D. Ill Caio]) = IP. Y' ✗ a ,bD

for a <b such b.act htntn
≥,

Ej P. I
'
= B. Y'

☐

:


