
18 Three Series Theorem

In Probability / Applications one is always. interested in

☆

i understanding how

Sn = Éxi behaves as n→o
,

i=i

where {✗ i } ; ≥ ,
are ii. d. 8. v. on ( r ,7,P)

.

Example :-

. Xi ~ Bernoulli / p) , then Sn is the number of

heads in n - tosses of a coin with probability

of heads = $ ; ◦ ≤ p ≤ I
.

. ×i={ +
' w " t

then Sn is the position of a
- I w - p I - P

random walk on 22
.

. ✗ i z.io then Sn is called a renewal process.

general( distribution )

A famous theorem that deals with sums is due to

Kolmogorov . It provides necessary and sufficient conditions

for Sn to
"

converge . .

They are given in terms .

. of three other

series . One assumes that { lxnl > It occur finitely often
,

the second assumes that F- {Xn / 1%1<-1 } sums up and

the third assumes that the variances of ×nlµg≤ , .

Sum up



Theorem '_(Kolmogorov three series theorem ) ÷ If {Xin
≥ ,
are

independent randonm variables then

Sn = E. XK Converges almost surely
1- = '

Equivalently
itt

& Yi = Xi tix;l≤ I

d) & IPCIXNI > 1) < •
• nÉ

,

( ✗i -1-7;) < -
n=l

• . §
.

F-Hnl <•

(il ) E F- [ Xn 11×-1<-1] < •
n=i . É ✓arm <•

Ciii ) £ F- [Hn 11%1<-1 - F- [ in fear ≤ i] )
"

] - •
A- 1

Proof : -

• sufficiency : Cis
, iii. Ciii ) ⇒ { Sn }n

≥,
converges as.

For this we will need the following result : -

Theorem 2 ( khintchine - Kolmogorov) let {Yn}
,≥ ,

be

independent v.v .'s such that

F- [Ya] =o taxi and % Effi ] <•
N=l

Then there exists t.io . Y such that

^

.u= ,

"% ? as n→•. .•
.
I YK

Assuming the result we shall finish the

proof of sufficiency [Theorem 1) .

let Yn = Xn that ≤ , - E[✗n1xnl≤ c) * ^ ≥!

Thin % 's are independent and F- [Yn] =o .

Further [ EH? ] < • bus ciii )
NI



Theorem 2 ÉY
, < • a- S .

=) n=i

a

Using cii ) ⇒ É✗n1w≤
,
< • as. ①

n=l

Now let 2n= Xn 11%1<-1

④ ( Xn≠2n ) = PCIXNI > 1)
8

Bb Ii ) E. (P( Xn -1--2-1 <•

n =\

Bord
⇒ PK Xn≠2n i- o .

) = 0 -②
Cartelli

i. ①
•

⇒ IPC E2n<* ) = 1
n =/

& ② D

=) PC Exn <• ) =L
n=1

⇒ PC Sn converses ) = 1
☐

• Necessary : Sn converges as to ✗ then cis
,
cii)&(iii ) hold .

we will need the following lemma for proving the

necessary direction .

Two series theorem )

I .emma3 : - It Yn's are independent uniformly bounded

V.v .'s i. e 7C>o IPC 1%1 ≤ c ten≥ , ) =\ &

◦ Tn = Éyj Converses a. s . to T as n→o

j=i
to

•

{ varfxn ) < •
.

then -

,

E- [ Ya ] < • and
n=l



-

Assuming the result we shall finish the
a

proof of necessary part . [Theorem 1) .

As Sn = { Xn Converges to S a- s as n→o

k=I

⇒ ✗ n
0 as n→o

⇒ PC Iimsupxn > 1) =o

n→-

Borel - Cartelli so

⇒ EIPCIXNI > 1) < • ⇒ in holds -③
Xnls are n=l

independent

4- Yn = ✗_ 11%1<-1 then we have

Plinth ) = RI lxnl > 1)
→

Using ⑤
IRC # f- Xs ) < •

n=l

Borel - Cartelli

⇒ PC Yn≠Xn i. o . ) =o -④

Using ④ & Sn = Éxn Converges as. we have
U =L

' £ Yn Converges as. - ⑤
k=l

As Yn 's are independent and uniformly boarded best

and ⑤ by lemma 3 we have

£42 < • and % var Ch ) <o

NTI n =L

which implies that Ciii and Ciii ) holds
☐



we will now pwe
Theorem 2 and lemmas .

one series theorem
a

Theorem 2 ( khintchine - Kolmogorov) let {Yn}
,≥ ,

be

independent v.v .'s such that

F- [Ya] =o nai and % Effi ] <•
N=l

Then there exists t.io . Y such that

^

with
Probability (f)

Tn = { YK
, in

" ˢ '

> ?/ as n→•
,

one
•

✓ =L

in

(quadratic)lii ) F- [in-45 ] > ◦ as n→ - and

}
Extra

not
mean required

•
For

Iii;) F-TY] = I E[ YE] < • proof

k=l of Theorem 1

Proof : n

-

Now : Tn - Tn =
E Yw

m ≥n
k=m-11

let Eio be given

PC Itn - Tmt > e) ≤ 1- F- [In -Tmj ]
EL

↳ -

b

= 1- F- ( É Yu )
"

El k=m-11

independence n

E Elliot& =
1-

EL KIM-14
Kk≥i F-[Yu]=o

6

By hypothesis that E F- Yu
'
< •

k=l

⇒ IN Itn - Tm ) >e) > 0 as n→•

Sup
m ≥n



Proposition 17.1 d) =) 7- Y ru such that

b
Tn →

'

y as n→• .

-

By theorem 17.1 ( Levy 's Theorem )
d) is done.

Tm Y as m→•

Now by Fatou's lemma

◦ ≤ F- IT - it ≤ him F- Itn- Tmt
K

m -70

independence •

E F-⇔] fr> I
≤

Q=k
&

As
E Ella] <• ⇒
k=l

( il) is done

F- [Tk - 75 > o as nn -30 .

-⑥



Kit) let E >◦ be given .

1- c- 7 F-Erika] ≤ 4[
Elita] t F- In-Ñ1a]

a

o 7N ≥1 St on≥N

Elton -751A] ≤
F- [Em

-7J < E b> ⑥

◦ 78>0 5¥ ④ (A) < 8 =)

man F- [Em-751A]] < E
man { Ekta] , m≤ N

⇒ Fm> I ① (A) < 8
⇒

F- [Tm'1a] < 4 [ ZE ]
=

See

unitormls integrable .

⇒ {Tri} an
M≥ '

By Theorem 15.3 :
F- [Tm2] → ER] as m→-

k

⇒ EH ] = 1in E. Elm
' ]

- *= '

Ciii ) done

D

[ 2- Series Theorem )

lemma} : - It Yn's are independent uniformly bounded
'

nuts i. e 7C>o IPC 1%1 ≤ c ten≥ , ) = I &

° Tn = Éyj Converses a. s . to T as a-30

j=i
to

•

{ varfyn) < •
.

then - SEEK] < • and
n=l n=I

Proof : -
let K >◦ such That '

(Ex ) BC sup /Tnt < K ) > o
n> I

•

S : n→B+0 Lot
.



'
• S= int f n > I / Itn) ≥kt PCS-→ > > o

Un = Timings ,nz =
É Yj 12s≥ 's }

j=i
-

AS n→• ,
Un

"
Ts

SYIUnt-sypltmincs-i.nu ,
+

'Ymincsnsl

≤ K + C

⇒ E Snuplunl < •

D- CT .

⇒ E @ n ]
→ F- Ts as n→-

Now F- [ Un] = £ RI 'S≥j ) F-Cj]

↑ 5=1

IITMKK :n<i } = IS≥i } E ol 't > Yo , . . ,Yj - e)

⇒ F- ] = F- [ Un] - F- [Unit

PCs≥n )

bn = 1- an =E[an]
- F-Can-1 ]

,

90=1-0--0

IPCS≥n]

An = Éaj
j=o

n-1
_
1- ]EtiD

§ EP ;) = F- ⑨ n]
_

E [ t pet≥;)

j=i
y

- 5=1 PIT ≥iti )

(PCS ≥n)
is of the farm

◦ Éaibi = Anbn - Aob, _ ÉÉ(bit, - bi ) As
5=1

Ean <o
'

bn bounded
⇒ jÉajb, < •



F-[6n7→E[Ts ]
D

⇒ SEC;] < • as CPCS = - ) > ◦

5=1

Now look at ↳ =

' { Hi - F. ,
↳ IFL.

5=1

choose 1,470 SE Pl Sgp Ital
< 6 , ) > 0

V= if { In ≥l /
1-41.745

• Note : ④ ( U =-3 70

V. = É (Yj -Eli ]) Icv ≥
's)

JI

Unh =
VnÉ + Lun_, (Yn

- F- An])1v≥n+

Hn - E
Iv
≥,

F- Un
'
= Eun? + ☒ ( v ≥n)

Varun)

⇒
F- vi. ≤ C,

⇒ ④ ( ⇒
E. vac> it ≤ Eci

] ≤ C ,

g- =\

⇒ £ Vor CYI )
< •

☐
g-=\



19 Weak - Convergence

µ , 7. P) be a Probability space . {Xn :n≥i} and ✗

be random. variables on it .

• Xn
"
> × as n→ - [ Convergence in Probability]

- Xn
"É× as n→o [ Convergence almost surely] .

[ Proposition 1 and 2 in 17]

Example : -

xn ~ Binomial ( ni ¥ )
e-
✗
ie

• Cfn ( {KY
) = PC Xn=k) ) HK-0,44. .

n→o If
-①

w

✗ n - Binomial In , In ) -→
✗ ~ Poisson (X)

n→o

> PC ✗ ≤n ) ✗ E-
. .

① ⇔ ☒ ( ✗n ≤a) n→o

◦ Xn - Binomial ( n ,
b)

2n¢aibJ) = Plac Xn-nD_ ≤ b)

EE

b
Binomial C- "T

g e-¥
>

-②
(De- Maire) n→• a ⇒

du

111

249lb])



② np . . Scale Binomial Cn ,
> Normal

.

G) 1)
.

np
. .
Centre

n→o

Pdf of2nd
• In ~ Nornalcn

,
1)

1

mass
n

>
"
Escapes to ao

"
.

n→o

Definition 1 : - Given a sequence of probability measures

{ Pnl . ) }n
≥ ,

on CB, B☒) we shall say

"

Pn C.) - Converges weakly to a measure IP
"

as n→o

denoted by ☒⇒ P

it ffdpn > SfdP for all bounded

n→o ☒
Its

continuous f :B → R

Remark :

Xn . - - law is given by µ .
CPCXNE . ) ⇐ Rnc. /

⑧

✗ . _ .

P ie
.

✗ E- ) IPC. ]

weakly > Sfdlp :=E{f(
×)]"

Xn > ×
"

: E④✗nD:=Sfd☒
n→ - f - bounded continuous t

% ⇒ P as now



◦
"
weak Convergence

"
. .
has connections weak * topology

•

" bounded continuous functions
"

_ captures
•

the topology

of B . I.e.
"

F- closed set
"

1-
⇐
C- ) f

bounded
continuous

← f-

-

. I 'a 1b¥a- In

• well - defined notion : ☒ ⇒ ☒ are Pn⇒Q

then @ =P ( true
:F

)
StdP= ftdcl

it f- boarded
continuous

theorem 1 [ Portmanteau ) : . let {P,}
.≥ , ,

P be Probability

measures on CR , Ba) .

The following conditions are

equivalent : -

(is R ⇒ P

Lii ) ffdt? → Stop for all bounded uniformly

continuous f : ☒→ R

n→ ,
n

≤ DCF ) H F - closed
(iii) limsup PCF )



Liv] limit ☒ (G) ≥ Pcb) fh - open

h→•

C) A C- Bp ④( JA) =0 then

Pn (A) > RCA) as n→* .

Remark 2 :

◦ Xnn Rn and X~P

"

Xn -7
""
x
"

⇔ Rn ⇒ P

n-30

¥> Fncxl :=RCXn ≤ a)
=
RCX~C-C-o.is)

> ⑦ (✗ ≤a) ÷ Fix)
n→o

n is a
continuity

Pando LPC 8C⇔nD=◦ ⇔ PC {at)=0 ⇔ point of Ff ,
\

[Alternative : Xn# ✗ as n→•)

• - Pidal = Uniform { In : i≤i≤
it

f- bounded continuous
,

^

,ffdlpn = { tnfcin )
Rie"" "→ { fix , die

in n→o

- Pedal = Uniform Con ) JfdP = { fondue

so Pn ⇒ P



(v ) - implications A- = n [oil]

% / At = 1
& ④ (A) =o

C) - not violated as ☒ JA ) = P( [0,137=1.

• {an}
,≥,

be a sequence in B. such that

In > 2 as n→o .

Rn C.) = San C- )
; Pfi = Snc . )

verify Theorem 1 (is . .
- e) : -

c;)
1- is bounded continuous

:
ffdlpn = f-Can)

function .

CB ⇒ D) Step = fix,
<

"→•

(ii ) f- is bounded uniformly [ True from Cis )
continuous

Liii) F- closed set

2C E F =) F) = 1 and clearly

Tsin B. IF ] ≤ I = ④IF)

n→o

X & F =) ⑦(F) = 0



F-c- open 7N : n≥N In € F .

I

XEFC

FE>- Bca
, E) ≤F =, ☒ (F) ⇒

a≥N

⇒ Tsin B. IF ] f- 0 = ④IF)
n→o

use

①v1 Take compliments & (iis)

C) A c- B☒ LPCJAI =o ⇔ n¢- 2A

⇔ 7- Eo >os.it (a- Ea
,
Ite, ≤ A

or

C- Eo, at E- ) C- Ac

⇒ 7N ≥ / St. n≥n

kn C- Cl- Eo, at % ,
≤ A

or

> ≤ Ac

⇒ 7N ≥ / St. n≥n

Rn (A) = I = CPCA)
i. c) holds.

or

1Pa At = ° = ④(A)

◦ laila
≥ ,

di Here from a

Ciii) F= hat - inequality is strict . C) A = Lane : U ≥ It

1Pa IAI has no limit


