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Probability Theory [ Second course in Measure

Theoretic Probability]

L

- Probability Theory [ as seen in undergraduate]
classes

?⃝
o Measure Theory - Review

•⇔ . " "" "

Basics : _
- H - w - due every week [ Moodle]

[ Question ] - Quiz every week (Thursday)
from
the H- w .

- Midterm / Final C straightforward )

website :

+ + scoring

\
Reference] we , ,

Teat
Notes H - W

Question / Direction of study : -

4- Need for Measure Theory ?



Measure Theory : _ Sample
space

&

I := any non empty set

[ Probability : - Set of all possible outcome, of an
experiment

7 ≤ PCR ) : __ Power set of r
.

[
-- algebra]

( is ∅
,
I C- 7 on- field

(is ) A C- 7 ⇒ A
'
c- 7

Ciii ) An C- 7 n ≥l Then

[•
> born≥i

Ñ An C- 7 algebra or

n=i field ]

[ Probability : - Event ( sub collection of outcomes)]

IP : 7 > [oil]

① Per ) = I

② En C- 7
,
Enn F-e=§ for m≠e

D •

PI V En ) = ≤ RIEN )
A-I n =\

[ Probability : - function on set, satisfying

Axioms ① and ② ]



Examples : -

fair)
Experiment / : - Toss a coin and let

✗ = { 1 it Head appear,

0 It tail appears

D= LH.TT

7- = Pcr) { ∅
,
R

, 21+7,21--3 }

[Model ] IP : 7 → [o
,
,] ( Probability )

fair
Pcl # 3-1 = { = IP @TH

X : r → to ,st=T
71--40,72-3,417

>
④ (411-1--11211--1) = ±
1014031=117 ✗⇒ =

. {

µ , 7. D) ✗ ) ( T
,
F ! )

random variable



Experiment :L : Let n≥ ) be given
.

fair
Toss a coin say n - times

.

v2 = TH
, Tt
"

7- = Pcr )

[ Model] P : 7 > [ 0,1]

. .
. ?⃝

Ex:{ ×n= counts the # → Head> in

n - tosses

1- = { 0 , 7,2, . . _ in}-

7
'
= ?⃝ ④ : 7

'
→ [ 0,1]

n- •

± )
"

show : ☒ Chkt) = ncic (1)
n

Binomial 1<=0 , 1. b. in

distribution

Theorem - P : - Coin with (biased) probability of
heads = Hn

-

P
k

Qnctkt) = ncic bʰ( 1-PF
"

s e p
n→oo

K !
( Toss a coin or times)

bias - Pls FK I 011,2, . . _



F- NY v67
,
7 = PCÑU .AT)

Poisson /☒ : -

Distribution ④
p
: 7 > [ 0,1]

by Q( { let):= e-
"
F
"

t KER
P It

[AE 7%plA1:= E Qptkt ]KGA

IPC ✗ = K) = ✗ - poison Rallo - variable

Theorem ¢.LT) : - Toss a coin n times

Hair )

✗n = # of Heads in n - tosses)

b

P( a- < Xn ≤ b- %

≠ ¥
) > SEE

n→o a#
dn

Tn

Normal
(distribution)

~=*

7- = BCB) - Borel 5- algebra on B

Pi 7 → [ ◦ , , ] - [Probability]
b

- Exists

§ ( (a. by) = - ) ÉÉ- unique !

•⇒
dn

L

☒ ( ✗ C- Cab]) ✗ - Normal random

variable



Undergraduate Probability - classification

[Discrete Random variables]

X : Bernoulli ( p) Binomial / p) Poisson ( X)

[ Continuous Random Variables]

X : Normal ( 0,11
,

Uniform 1011 ]

Define : ( Neither discrete nor Continuous)
Toss a coin fair ]

It
'

heads then W -4 Poisson et )

it Tail , then W =D Normally ' ]

Ex : fr , → P) that will

specify distribution of W .

First Motivation : - Set up Abstract
_

Measure theory .



Example : X : = uniform chosen number in

1011 )

L

R= [on ] 7- = ? IP : 7- → [ 0,1)

o IPC lab]) = b-a o≤a≤b≤ I -①

C.Proportional to length of
interval .)

• A
,
B to be two disjoint interval

[finite
additivity

]
RC AUB) = ⑦ ( Ah C- ⑤ (B) -②

[ Countable
° / En}n

≥ ,

Enn Ee =∅ then

additivity
]

a

IPC U Em ) = É ④ ( Ers) - ③
M=1 M =L

s ✓

well defined Event
Series Converses.

Questions : -

(is IP - have uncountable additivity ?

Ciii can there exists a IP
on Pll )

Sti
> ① ,

②

7 ① ,
②
,
③



Recall :

Q - need for Measure Theory
- why a.re each of the properties required ?

Bernoulli /b)
• Probability Distributions

Binomial In
,
b)

Poisson ( p)

Normal Coil )

Need for Abstract Measure Theory

'

> {mixture of Random- variables

uh
,
Pcr) =

"

too large
"

Need for 7 Need for IP



4-8-2022 i -

r - non - empty set

7 - o- algebra = {
~ / 4 c- 7

- closed under compliment
- closed under countable

unions.

IP : 3- → [on] ① PIN =L

② Em nEn=∅ m≠n Em C- 7 Hm ≥ /

PI Ñ En ) = ÉRC En)
n=i n=1

Given µ, 7. P) - understand basic properties

Facts : [ Proof - Exercise]

F-✗ ◦ (is PC Ñ Ei ) = ÉLPCE
. ) E

,
,
. . .EE 7

c- =\ in
Ennen = of U-M#n

Ex ④ A C- 7
,

B. C- 7 A ≤ B =) ⑦(A) ≤ PCB )

(il ) An C- Any
,
An C- 7

,
frat

-

A- = V An C- 7 [TRIn=i Positive]
THAI = 1in An ) measure

n→o

[ Ex : 7 Di Di C- 7 Den D; __ ¢ it's ]o

n

and An = W Dn
M=l

° Use countable additivity thereafter



Counter
(N) B

, ≥ Bz ≥ . . . Bn C- t
Example

:]( not true (B , Be , X )IPC % Bn ) = 1in PCBs) [for all

positive
^ = ' "→ °

Bn=fn,•)
measures )

(v) Cn C- 7 fr≥1

' Pl Jcm ) ≤ £ RC Gc)
ma K=i

' IP ( Tcn ) ≤ £ PCCN)
M=l M =\

my

[0,0) what

Cvi A
,
BE 7

①( AUB) = ⑦ (A) 1- RIB) - PlanB)

- General statement available for {Au3I=iᵗt

c) Plot
)⇒

,
P( A) =L -PCA

')

Existence of Uniform Coil )

R= Co
, ,]

B- Booed 5- algebra on [on]

Existence{ IP : B. → [ 0,13 st .

&

"

uniqueness
" . Pl Ca ,b) ) = b-a ◦ ≤a≤b≤ I

• Em nEn=4 Em C- [0,17 then ④( En ) =§zRCE )



Proof (Ex) : ~>
Outer measures Toon algebra,

↳
[ statement ] Caratbeodors Extension

Theorem

Booelr-algebra ]

B. i.= Smallest on _ algebra that

contains all {( a ,b] / • ≤ a≤b≤ I }
Ex : - {

= • { ( a. b) I o≤a≤b≤ I }

Regularity : - EE B = Borel o-algebra on [◦ it]

☒ z Uniform [oil ]

◦ PIE / = Sup {PICK) : KE E K - Compact}

= ?⃝ (E) = Inf 2 Ptv ) : F- E U U- Open 't

◦ Given E>o 7 K - compact & d- open

KE E E U : PCUIK ) < E

Ex : Proposition 1.7.2 in [ AS ]

Bernoulli Trials

fair
"

Toss a coin finitely many times
"

" Toss a fair coin infinitely mam times "

rn ≥ {@ i) : Wi C- 20,1 ]- ' ≤ i≤it
R= 40,17

"

Fn = Pun )
n→•

7 = ?

① =-D : 7.→ [on] ④ = ?
A) = 11¥ & dtbly additive


