C-12 Probability Theory Semester 1 2022/23 Homework 9
https: //www.isitbang.ac.in/~athreya/Teaching/c12

Due Date: October 19th 2022, 10pm
Problems Due: 1,3,4

Let (Q, F,P) be a Probability space.

1. Suppose {X,}n>1 is a sequence of random variables on (2, F,P)such that X, P X and
X, B Y as n — oo then show that P(X =Y) = 1.

2. Suppose { X, }n>1 is a sequence of random variables on (Q, F,P). Then show that X,, <%
X if and only if for all € > 0

P(] X,, — X |> € infinitely often) = 0.

3. Suppose {X,,}n>1 is a sequence of random variables on (€2, F,P). Show that for all € > 0

P(sup | X — X |>€) > 0asn — o0

m>n
=

sup P(| X, — X |>€) — 0 as n — oc.

m>n

Is the converse true ?

4. Let Z, be i.i.d random variables on (€2, F,P)such that

Define X,, = % for 0 < #. Decide whether the series with partial sums S,, = Z?:l Xn
converges almost surely or not ?

5. Suppose {X,,}n>1, X be random variables on (€2, F,IP) such that
E[X?] < 00,Vn > 1, and E[(X, — X)?] = 0 as n — oc.
Show that E[X2] — E[X?].

6. Suppose {X,}n>1, X be random variables on (Q, F,P)such that X,, “% X as n — oo.
Show that there is a K > 0 large enough that

P(sup | X, |< K) > 0.
n>1



