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Homework 5
Solution

1. Exercise 5.2.18 in [AS08].

Solution: {Y,,},>1 are i.i.d random variables uniformly distributed over (0, ).

Let, X,, = max{Y1,Ys,...,Y,}. Then given ¢ > 0 we have,

P(X,—0||>¢)=P(X,<0—cor X,, >0+¢)
n <0 —¢€) [becasue X, <6 Vn]
Y, <0

—61<k<n)

P(Yr <60 —¢€) [By independence of Y}’s]
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But, 0 < 2 < 1ife <.

Thus,
. 0—¢
Jm, () =0
Then,
lim P(|X,, — 0|| > ¢€) =0.
n—oo
Thus,

Xngﬁasn%oo.

2. Exercise 5.2.21 in [AS08].

- €)n [If € < 6. And if € > 6 this is 0 anyway]

Solution: Let F(x) = P(Y,, < x) so that F is the common cumulative distribution function for

all the Y,,’s.
Then,

P(|Xn| > €) = P([Ya] > ne)
=P(Y, > neor Y, < —ne)
= F(—ne) + 1 — F(ne)
Now, F satisfies lim F(z) =0 and lim F(z)= 1.
Tr——00 Tr—00

Thus, given 6 > 0 choose n., € N so that Vn > ny we have

N S

5
F(—ne) < 3 and 1 — F(ne) <
Then, Vn > ng we have, P(| X, | > €) <.
Thus, lim P(]X,| >¢€) =0.
n— oo

Thus,
X, %o.

We now do the second part of the problem. As X,, 2 0 if X,, ¥ Y then Y must be 0.



We can construct a random variable Z : (2, F,P) — N such that

7

P(Z =1)= .
(Z=0=77
Then, let Y,, be i.i.d copies of Z Vn > 1. We have X, = % Vn > 1.
Now,

o0 o0 o0 1

2 Xl =1 =2 [ ]

Thus, P( lim X,, = 0) # 1 [By Borel Cantelli lemma]
n—oo
Thus, X,, does not converge almost everywhere.

. Exercise 5.5.11 in [Ros06].
Solution: Let 2 = [0, 1] with uniform probability measure. Define Y, :  — R as follows:

Y2k+1_2+m = (2k+1 2 + m)I[

2k+1 2k+1]
with £ > 0 and 1 < m < 2k+1,

Now, given e, if n > 2* we have,
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Thus, given § > 0 choose k with ﬁ < 6. Then, for n > 2F = ny we have,

Y,
P2 > .
(=22 <e

Thus,
— > —
nl;rr;oP(| “| >€) =0.
Thus,
Y,
L)
n
But, "éw) can not
converge to 0
So {w € Q| hm 7(;") = 0} implies,
Y,
P( lim — =0) =0.
n—oo n

So, ﬁ does not converge to 0 in probability. But if w € €2, then
Y, (w)

< % and hence




Thus,

{w e Qf lim 12

n— o0 TL2

—0}=0Q

Y,
=P(lim % =0)=1

n—oon,

Yn a.s
=— — 0asn—oo.

n
. Exercise 5.5.15 in [Ros06].
Solution of (a): Let X,,’s be defined on the probability space (Q, F,P). Let E,, = X,/ '{3"},E, =
X, 1{-3"} then X,, = 3", —3"1, .
Thus, )

E[X,] =3"P(E,) — 3"P(E,) = 0.

Solution of (b):

|Sn|=|X1+X2++Xn|

2 | Xn| = [Xn-a] = [Xp—2| — ... — | X4
n—1
k=1
3" -3
— 3" _
2
3" 43
2
Thus,
3" +3
B(Sal > S0 =1

But note that,

3"+3
2

P(|S,| = )>P(X, =3" X, 1=-3"1 X, o=-3"% ..., Xo=-3% X, = -3)

P(X, =3")P(X,_; = —3""1)...PX, = —3*)P(X; = —3)[By independence]

1
T o
>0
Thus if r > ?’HQ—JF?’ we have,

P(|Sn| >r)=1-P(|S,] <r) < 1.
Thus, R, = L;S

Solution of (c): We have, R,, = 2253, Then,

. Rn . 3" + 3
lim — = lim
n—oo N n—oo 2N
li 3"
= lim —
n—o00 2n,
=00



Solution of (d): Given e > 0, we choose ng so that % > € Vn > ng. Then, Vn > ng we have,

|Sh|
> <P
n _6)_ (n

>—=)=1

R,
n
This implies,

1im]P’(M26)=17$0 Ve > 0.

n—00 n

Solution of (e): The random variables {X,,},,>1 are not i.i.d and do not have a uniform bound
for the variances or moments. So this does not contradict the laws of large numbers.

for errors/suggestions/questions contact Aritra Mandal arigabubabugmail.com



