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1. Exercise 4.5.13 in [Ros06]
Solution of (a): We first define Xt and X . Then, we take X = X+ — X .
Define Xt :[0,1] — R as:

1 1
oL <1
2 1f3<w72
3 'f1< <1
f-<w< =
XM (w) = 4 -3
1 1
and generally £ if P <w< %
0 otherwise
Define X~ : [0,1] — R as:
1 'f1< <1
if —<w
X_(w): 2 -
0 otherwise
Then, X is
1
1 1
o1 <1
2 1f3<o.)72
X(w) = gl <!
3 1f4<o.)73
d lly k& if L < <1
and generally i 1 w_k
0 fw=0

Define, X = X*I;1 o, <13. Then, X7 is non-negative simple function such that X + X .

Now, by Monotone convergence theorem , E[X 1]+ E[X T].

Then,
E(Xy,) = kizk(klirl) and E(X ™) = % — 0<E(X7) < oo
Then,
IE(X“‘):ki;k(klj_l):ooandE(X_):; — 0<E(X7) < oo,

Solution of (b): Let us use X, X' and X~ from part (a). We define, Y = —X. Then, we
have
Y =XTand YT =X".

This implies,
E(Y )=occand 0 < E(Y") < co.

Solution of (c): We first define X and X . Then, we take X = X — X .



Define Xt : [0,1] — R as:

. 1 .
X+(w): k 1fk+1<w§%andklsodd

0 otherwise

Define X~ : [0,1] — R as:

1
X (w) = k ifk+1<w§Eandk‘iseven

0 otherwise

Then, X is

k if <w < — and k is odd

k+1 -

-k if <w < — and k is even

E+1 -

el = e

Define, X = X+I{i§w§1} V¥m > 1. Then, X, is non-negative simple function such that
X, t X*. Similarly, X, is non-negative simple function such that X5, ., 1t X~.
Then

EX )= — 0 andE(Xy, )= — .
() =2 Gn =1z 4 EXzn) n; 2n(2n + 1)

Now, by Monotone convergence theorem , E[Xt] 1+ E[X ] and E[X,.] T E[X].
Then

—  2n—1 - 2n
EXT) =) ——— = dEX )= — " — .
X =2 o0 and E(X™) 7;2n(2n+1) o
Solution of (d): Consider the Pareto distribution with density function

oaxry, .
Ix(x) = “Tta with a € (1,2],x € [z, 0).

Then
E[X] —/ Lm g
Tom x®
_ axy, Tm
(1 —a)z 1
_amy,
Ca—1

But, E[X?] = oo.
2. (Tschebychev Inequality)
(a) Find a random variable X with Range(X) = {—1,0,1} such that

1

with 4 = E[X] and 02 = Var[X].



(b) Construct another random variable Y (different from X) with Range (Y)= {y1,¥y2,v3},
EY]=p and
P(Y = |>20) > P(| X — i[> 20),
so as to get
P|Y —pu|>20) >

o~ =

Decide whether Tschebychev Inequality is violated ?

Solution of (a): X :[0,1] — R where [0, 1] has uniform measure.

Let

1
< = ta
A 1<w kandklbodd

1 1
k+1<w§Eandk‘iseven

Then, EX]= -3 =pando=Var[X]=1-1=3 and P(X + | > ) =P(X =1) = L.

Solution of (b): Let Y : [0,1] = R

2 if§<w§1

Then, E[Y]=-2-3+42- 3=l =pandP(Y +1[>2-3)=P(Y =2)=2 >
Since Var(Y) # o, Tschebychev inequality in not violated.
. Exercise 3.1.12 [AS08]

Solution: X : Q — N is a random variable. Then,

X|=> nP(X=n)=) > P(X=k=) PX >n)

n=1 n=1k=n n=1

. Exercise 4.3.4 [Ros06]

Solution of (a): If X and Y are independent and f and g are measurable functions then f(X)
and f(Y) are independent random variables as:

Now if f(z) = max{0,z} and g(z) = max{0,—z} then f and g are measurable. Hence X+ =
FX), YT =f(Y), X~ =g(X), and Y™ = g(Y).

Thus, X7, Y+, X~ , Y~ are mutually independent to each other.



Solution of (b):

Zt—Z =(XT-X)(YT-Y")
=X"'YT+ XY - (XTYT+ XY

Now, XtTY+T + X-Y~>0and XtY~ + X-Y* > 0. Thus,
Zt=X"YT4+ XY™
Z T =XTY +XYT"

Solution of (c):

(
=EXTYT+ XY X YVT-XTY")
=EXTYN+EXY)— (E(X YN +EXTY "))
=E(XNEY ) +EXTEY ") - EX)E(Y ™) - E(X)E(Y ) by part (a)]
=E(XtT - X E(Yt-Y")
= E(X)E(Y)

7. Let (Q, F,P) be a Probability space.

a. Suppose X,Y are simple non-negative random variables with X < Y then show that
E[X] < E[Y].
Solution of (a): Suppose

X = i aiIEi
i=1

where E;NE; = @ and Y = Z?=1 bilg,.
by Yi=1,...,n.
We may assume a; and b; are distinct.
Then, E[X] =>" ;a; <> b =E[Y].
b. Suppose X,Y are non-negative random variables with X <Y then show that E[X] < E[Y].
Solution of (b): Suppose ¢, (x) = min{n,27"|2"z|} where n > 1.
Now since X <Y = ¢,(X) < ¢,(Y) ¥n > 1.[Becasue ¢, (z) > 0 and X > 0]
Now, ¢,(X) T X as n — co. By monotone convergence theorem,

[a; > 0and b; > 0l and X <Y = q; <

El¢n(X)] T E[X] as n — oo

and similarly
El¢.(y)] T E[Y] as n — oc.

But, by (a),

Thus,
E[X] < E[Y].



c. Suppose X,Y are random variables with X < Y then show that E[X] < E[Y], provided
both exists.

Solution of (b):

X (w) = max{0, X (w)}
X~ (w) = max{0,— X (w)}

Then
X<Y = XT"<Ytand X~ >Y".

Then, from part (b) we have,
El¢n(X )] < El¢n(Y")] and E[¢n(X )] > E[pn(Y )] ¥n > 1.
Thus,
E[¢n(XT) = ¢n(X )] < E[pn(Y") = ¢u(Y7)] Vn>1
Then,

E[X]=E[XT] -E[X]
= nhﬁrréo Elgp,(XT)] - nlgnéo E[¢,(X )] [By monotone convergence]
< Tim E[p, (v)] ~ lim E[g, (V")
=E[Yt] -E[Y]
=E[Y]

for errors/suggestions/questions contact Aritra Mandal arigabubabugmail.com



