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3(a). Let {X,}n>1 be independent random variables on (2, F,P). Suppose X,, ~ Normal(0,1) then
show that
P( lim sup ——— =1) = 1.
(nﬁoo P 2log(n) )

Solution : We first derive an inequality regarding tail probabilities of Gussian random variables
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Since {X,,} are independent using Borel-Cantelli lemma we have
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Thus,
P( i — <1 =1.
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Suppose A4, = {nlgn;o sup% < /14 L1} then A, C Ay, and by the continuity of
probability we have

P(Np>14,) = lim P(4,,) =1

m—r oo

= P( lim sup

Xn
—— <
n—00 v2logn —

i 5 3 < Xn —
Again we show that P(nlgngo sup s > 1)=1.

=1

Now

)

Xn
Pl———>1) = P(X, > 21
S s 2 1= CR(Ya 2 Vo)
3

> Z ——————exp(—logn)
> 4+/27m/21logn

3 1
T o8r 7; ny/logn

S 3 /°° dx
~8/m )y xlogx
< o0

Since X, are independent using Borel-Cantelli lemma we have,
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because if P(A) =P(B) =1 then P(AN B) = 1.
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. Let {a,}n>1 be a sequence of real numbers. Suppose = {—1, 1} along with
P{w € Qmp(w) = (b1,Wa, ..., Wn)}) = —
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for any (W1,Wa,...,w,) € {—1,1}". Show that

P({w € Q| anan < oo}) € {0,1}.

n=1



Solution : Let A, C Q be the event {w, = 1}. Considers distinct n1,ns,...,n; € N. Wlog
assume nq < ng < ... < Ng.

P(A,, NAp, N...NA,,)

=P({w € Q|my, (W) = (w1, ..., wn,) Where wy, = wp, =...=wy, =1}) =5

and P(4,) = 1 Vn

Thus, P(A,, N Ay, N...N A, ) =P(A4,,)P(Ar,) ... P(Ay,).
Thus, {4, }n>1 are independent. If we show that

{w S Q‘ anan < OO} S mk21U(Ak;Ak+1; .. )

n

then by Kolmogorov’s 0-1 law we will be done.

Now, B ={w € Q| ), wnap, <00} =M, Un>1 Ngsp>n{w € QHZZZP Wnn| < £}
Observe, Ngsp>n{w € QY0 wnan| < £} € 0(Anr, Aniga,...) VN' > N

Thus, E € Ng>10(Agk, Akta,-..) Vk.

Thus, E is a tail event. So, P(E) = 0.

. (Constructing independent and identically distributed (i.i.d.) sequence of Uniform random vari-
ables) Let Q = [0, 1], F = By 1) the Borel-o algebra on [0, 1], and P(dw) be the Lebesgue measure.
Consider random variables dy, : [0,1] — R with di(w) being the k-th digit in the binary expansion
of w.

(a) Show that {dj}x>1 is an i.i.d. Bernoulli (1) sequence, i.c.

i. Show that P(d = 0) = P(dy = 1) =  for all k > 1.
ii. Show that {di}r>1 is an independent collection of random variables.
Solution : If we fix the first (k —1) digits of w then the set of all w with these (k — 1) first
digits and k—th digit 0 forms an interval of length 2% and as we vary the first (k—1)—digits
we get 271 disjoint intervals of equal length 2%
Thus, P(d, =0) = 1
Similarly, we can show P(dy = 1) = % again if k1 < ko < ... <k,.
]P)(dkl = w1, dkz = Ww,... 7dkn = wn) [where w; € {0, 1}]
=P({® € Qwi, =w1,...,wk, =wp})
Again fixing the first k,, digits gives us an interval of length 2,%" and the first k,, digits can
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choices which give 2=~ disjoint intervals of length 5.

vary over 2(

2kn—n 1

Thus, P(dkl =wy,dg, = w2,...,dk, = Wn) = T9Fn T 2n

= ]P(dkl = wl)P(dk2 = UJQ) N ]P)(dkn = wn).
Thus, {dy} are i.i.d Ber(3) random variables.

(b) Show that U =: 332 | % is a Uniform [0, 1] random variable on (Q, F,P).

Solution : 377, % = 7z iff 0.dids .. . is the binary expansion of z [with 2 € [0, 1]].
Thus, P(U € (a,b)) =P((a,b))=b— a[-- 332, %) — )

ok

Thus, U is a uniform random variable.

dor—1

oo 2 2m—1

(c) Let Up =37 | =—am=t
variables.

Solution : Now if A4, = {2¥-1(2m — 1)|m € N}

. Show that {Uy }r>1 are an i.i.d. sequence of Uniform random



Then Aq, Ao, ... are disjoint subsets of N and so that random variables that make up Uy
for variables k are all independent of each other and hence {Uy}x>1 are independent.

Again in 6.(b) we saw that if {by}r>1 is an iid. Ber(3) sequence then 3°,., % is
Unif(0,1) random variable. -
Thus, Uy ~ Unif(0,1) Vk > 1.
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