C-12 Probability Theory Semester 1 2022/23 Homework 3
https: //www.isibang.ac.in/~athreya/Teaching/c12

Due Date: 24th August 2022, 10pm Problems Due: 3(a), 4,6

1. Construct a probability space (Q2, F,P) and events {A,},>1 such that Y 7 P(4,) = o0
but P(4,, occurs i.0. ) < 1.

2. Let {X,,}n>1 be independent random variables on (€2, F,P). Prove that

P(lim X, =0) =1

n—oo
if and only if
Z}P’(| Xn |2 €) < oo, for all € > 0.
n=1

3. Let {X,,}n>1 be independent random variables on (€2, F,P).

Xn
(a) Suppose X,, ~ Normal(0, 1) then show that P(limsup ————==1) = 1.
n—00 2 log(n)
loglog(n)

(b) Suppose X, ~ Poisson(1) then show that P(limsup X,

=1)=1.

4. Let {ay}n>1 be a sequence of real numbers. Suppose Q = {—1,1}" along with
o({m (B) : B C ()0 > 1})

where 7, : Q — Q, denote the projection onto the first n coordinates. Suppose P : A —
[0, 1] given by

P({w € Q|mp(w) = (@1, 02, ...,0,)}) = o0
for any (@1,w2,...,w,) € {—1,1}". Show that

P({w € QY wnan < 00}) € {0,1}.

n=1

5. Let F' be a distribution function, namely:
F' is monotonically non-decreasing - i.e. x <y = F(z) < F(y),
F is right continuous - i.e., limy, F'(y) = F(x),
and F' satisfies lim, oo F(x) = 1,lim,, o F(z) = 0.
Let Q = [0, 1], F = By 1) the Borel-o algebra on [0, 1], and P(dw) be the Lebesgue measure.
Show that there exists a random variable X : 2 — R such that P(X < z) = F(z).

6. (Constructing independent and identically distributed (i.i.d.) sequence of Uniform random
variables) Let 2 = [0, 1], F = By ;) the Borel-o algebra on [0, 1], and P(dw) be the Lebesgue
measure. Consider random variables dj, : [0, 1] — R with di(w) being the k-th digit in the
binary expansion of w.

(a) Show that {d}x>1 is an i.i.d. Bernoulli (5) sequence, i.e.

1



i. Show that P(d, = 0) =P(dy = 1) = 3 for all k > 1.
ii. Show that {dj}r>1 is an independent collection of random variables.

(b) Show that U =: S.7°, % is a Uniform [0, 1] random variable on (€, F,P).

k=1 2k
doe
(c) Let Uy = > o % Show that {Uy}r>1 are an i.id. sequence of Uniform

random variables.

7. (Constructing i.i.d. sequence of random variables) Let 2 = [0, 1], F = Bjy ) the Borel-o
algebra on [0, 1], and P(dw) be the Lebesgue measure. Suppose we are given a probability
distribution Q on (R, Bg). Construct a sequence {X,, },,>1 of random variables on )2, F, P)

such

(a) {Xn}n>1 are independent.
(b) P(X,, € A) = Q(A), for all A € Br
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